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PREFACE 


Tm ftuUusTielffiiii lo reviM m eu‘li«r book of tbe umo tHiio, 
but niUiod tbftt H vould be the paii of wiidom to attempt 
A iHW book eriUi only bcidoiUt refareoce to hia flnt text. 
What bi hare off^ k oot a reviaion, lo ttn usual sense, but, 
m beiiora, s rkber exposiUoa of metbodolc^ of teadUng. 

It Is hoped that tbe reader will find this book more than a 
numuat of method. 

Throe primary objeotivia have beoa kept in mind: 

Fint, to arotoe to the reader a keen discontent with teach*' 
iflg procediuo baaed on pmsonal <^on. Throughout the 
bocA, the atodoi ia i^von a sununary of the roiearebes re« 
iatad to the qmedfio Bubjeei undiir diaeiMdon and is 
to (kdermina whether conetusive data have aa yet bemi de¬ 
duced to juittly a finaT (Won. Thus, be ie gradually mho- 
dneed to many of the experimental itudlee in die field of' 
etementary mathematHW and to the technicpiee of seientiSe 
madiod in modem (duealion. 

Second, to supply for every teaching techniepje that ia 
advoMted a Justification in toms of accredited prlnciplw of 
adueational psyohotogy. Principles and praeticet are inti- 
mMy aasoeiated in the belief that prineiplei without praetko 
HO empty cerbidhnna, and that practice without prij^ptes is 
blind {mocedure. 

to lead the itudkct to reediic that tbe nuphaeia 
must be i^aced m learning rather than on teaching arithme^. 
Each fundamental oparatkin la, therefore, reduced to its hi^ 
portant unit sldlii; model of administering ade(|[uate diipoitie 
tests and of fmmuiatiog indlviduallied, romeiaf j^wetioa m 
tMed timeout. Tbe toachar is helped to itiMfy the t»iptl,vv 
to diainoiA hia weaknesiee, and to deviae corrective meainnsi/ 
The into tried to be over nditofui of actual icb(ml (Wtioik - 
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PART I 

VALUS3 AND OBJECTIVES 




CHAPTER I 

It'- 

WHAT CAH AEtTHMSTlC OrVE THE CHIUDT 

HMd m ftMtiBHilitiag AiOA In a ivi»ei Aay tmcMilf 
ntetbod miy be iimkI, end fi® mdhod of teaching may Ito 
entinJy adequate. Not the technique of the method, but the < 
degree to which it icbime ite goal detemtinee ite worth aa » 
futKNedtne. Our imtial probtei)}| therefore, ii to fonnn* 
tite a act of *««« oe objectives to he aUai&od through ihe 
teechifli of arithmetk. In tenoa of Iheae, we ahaii Judge the 
Worth of mam of iludy, oethodi of teaching, aod tecbi^aea 
of testh^^. 

We must between the alma of a auhjeot aa a 

whole and the aima of a ipesilie leeaon iu it. In tlm foroua' 
aenee the term tm la flmonymom! with uafus; In the lattnTf 
the term am refers to mwtwy of a tpm/lo tMl or compre¬ 
hension of a definite procew. 'Hms, a counie of itudy in atitb- 
metki ante up three aims to be achieved to Uio fifth and atxth " 
gra^»-4o liwrvaae accuracy, to encourage {danoing of 
oedure, and to reduce the chocking of wwlta to bidrit. Hun 
doariy are Uiree values which children are to attain tbreu^ 
learnt arithmetic in two school yeare The aim of a i 
ticular leason in midUplication of frreticna ia to lead puplli 
uadaretaod why multiplying by a fraction Hiat ia Isai than 
abvayi producea a reauJt amalter than the muIUpHcandj 
of A keabn k ifivirion may be to fadUtato the fin^g of ;0^| 
aureeasive quotient figurea, lo that, In dividing i!iM3 by 
eliitotriUn!^a&emw4l8]»d^^ 

into ISO. write 6.” In the firat of theee two ksaosi otit aI||]| 
ia to lead to undenUmdiog of a partimOar preeeaei to ifl 
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fit trttltoartte. Tto uiiiitUrMii \ *imB vS 
^longolttid to HtKHy K» fmHtMRdj 

Tte ito)>ieit toutitx^ of tbufjr 
MfUito waiBber totli uxl »<flntM»' 
oMott in tutb emrdAjr MxiAl •«<# 
iNO^Mum, wairilng dttaie!, cououng ntooef, 
-ui^'a' oate&dtft laytof «i( eouriii nod ptiiy 
« bopbold <x ft {MnoRAl ImidAiHi, rvodini * 
A petnnal oeeoasti BUiktoi a mortl of 
bskptmt hmnK tad «uu»> 
,, nftrt of tin letivltto* tbai io«k« 
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wted duriaf qm dty'* Aotivi* 
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lieuund Vni tor dnOVi tk»^, 
^ btiifat tor lUL Dotib t»M* 
U aBp ondar, TiMo laoto to fMn». 
, iiAm to StMmll <loB. l«n^h of lip 
totOd tbtoilit. (M mtor m ftoli 
t ^ tor diHHn. Qronp nuito dbttit 
‘>^^ 1 $. pAdto^ tMHRmil dMaaei to bo 
Mnto timw wit «( 
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WHAT CAN AHITHMETIC GIVE IHE CHILDf S 


SMti ifumtf- money; cbtldrpn adond to icU bow 
iiaiioii ibey boiiitbt. Suunp tnooey. H<nr mticb bat#(, 

Cmmting. Sm^ oif tio}-« ami fpTla pnsMntt. AniiotiJ cmekem 
(natb ebiid helped boiiwif to « i0\m numlwr). Royw tniilt a bant, 
«offiit«d aaitnidii fo fiU the sUiUi. "BAfk chiM asM to uAo two fmm 
paper, Fiiw {iiotiire»~to obooie otw. Otw boy took "ttw foii^ 
from tbe md,” ‘ 

But ismtx^ip is mottortt dvitiied loeidy reqdrei utora f 
tbta Uw bore outline of irithmdkel knowledge bore wif* 
gei^. We miwt have atii^)i>nt akili end undsnteodbg o| '' 
quantitative relaUona to decide whether we can aBord to main 
eerteiD parehaaes, wbether inaUllment buying k aafe under 
certain cireumataneea, whether to buy or rent a home. W« ; 
taurt know bow turn m levied, bow the return cm an mveat- 
memt i» computed, and how an average i» oblained^diric^, '. 
the txanmaa btauneea {nactiece of social life. 

The study of atithmeUo must lead to a fuller understand* ‘, 
ing of many of life's probimns from a quanUtaUve point of 
vim. We study eurrent prohicma from economie, ooelal, artb* 

Ue, and ethieaf aspects. ffimJlarly m may inlerprat these queoo ; 
lions frcrni a eUiiaiieat or a quantitativs dewpoint. To Imirtr :i 
that the United States produces cotton, grain, and lumber b to 
poasees colorlcRS gcc^phirai information; to realise that the 
United Btates produces thrce'Hfths of the cotton, <me*fhird 
of the grain, and onc>Uiird of the lumber of tbe world addb 
meaning and vital sijpificaneo to these facts. To find thigfc 7 ; 
the attendance in a given achool increased in one year from V‘ 
90Ki to 2M5 may give no adequate approeiatioo of its growth,' 
but to know that tbe increase was i^ost one^half, or abmtd 
ISO per cent of the ori|^l attendance, stirs the mind to a 7 /; 
vivid lUKtentanding of such unususi devetopmenk Not nun^ 
peofde in a ^ven trade seemed to understand tbe stotentent,* 
*Trae, tbe cost of Uving hss increased 80 per eent during ilueto 4 | 
ten years, but wages have not stood still; toe average ws|te ht | 

- _ -. .- _ . - - I - - ■ - ■ .-■ 

1 on AHihmfttjQ*' b Pourth ffcsHbooJb 6 f Uie 
Buperlatmdiince of tin Natkmid Bduestioa AauolsUon, Waihi||Ptei)r,yi 
B. C, Februuy, tOH, pp. Ito-IBA ,, 
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Ihe^ juc^gment, toents iocluiion in tibe scbool rntmuhim. 
tJslon we Kse^rtaitii •salysiog typical commercial, indua* 
tria.1, domeedle, and ncreattonal mtuationa, the ariUimeUfl 
koowlod^ and skill actually needed, cmirBes ol study will 
eonUnae to expresa pettuoal vbtm tw tiio prevailing but nonth 
ibe>leas temporary opinioa of ptofeaBtoni^ ednentors. A good 
bfief can be made out kt the ineluaicm of many topios that 
ai^iear tweleaa. What an Imposing array of suppcHliog m»m 
«an be presented to jusUfy the teaching of nutnbw pnaileel 
Yet omnnum sense override Uiem all and puxslea are, genet- 
ally npeiddntig, escMed from grade tencbii^ 

A second aonree of difficulty arises from the fact that 
eifio voeMiona, which have betm studitid to diacot'er what arith* 
m^eat akilla are needed, yield eoafltcUng data and point to 
seemingly irreconctl^le conclusions. An analysis of the arith- 
metleal needs of clerks in a deparUnent store seems to indicate 
that we ehould teach little beyond the four procesees, the tak¬ 
ing of such fractional parte as one-half, ooe-Uiird, one-fomib, 
ons-cdgbth, and subtraction of reasonidile amounts from flvs, 
ini, and tmmty dollars. But cinks mployed in the catatog- 
pubikaiion department of wholesale bouses seem to need that 
much condemned “Case III of Discount.*' (te the ottm hand 
H is difficult indeed to find vocations that Justify the iims and 
iiuigy spent by the nhool in developing expertness in multi* 
pUeation and division by large inb^^. 

It was found that toe average adult, in a group of Iffil 
ssleeted from toe memberahlp of parent-teaehsr orga^toffli, 
rotary clubs, and similar groups, exceeds the ^th-grad^ 
fionn In certain processes, but falls fasbw this norm in othsrs.* 
3^ Ctevtland &aveii Tati in ArUhm^ was used and 
yielded grmind for tim foQowing ooneluttmis: * 


*Of wtttM adtttui sni not to the sum onuUlkn of tnialag as eblU, 
tirea io the e^th gnuk; iriUt a Uttie pmetios thar can imhahbr mate 
aa'aweekbts inqworatftsat. Nor is it ttet ths dapM of ddll 

peaiiHm by dtdrarm of QnrU 8 wiH rHXwte constaat. 

•Ciriatan W. Wi^runw, '"^oehit ^actoss in ArtthaMtio ...... 

suniala'' ftewstoy Sokeol /oi 0 ii «4 Vrd. 37. Bqitenber, 
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liEiii''r«aKMni^ to Rdaeo ixcMtiHtoy ratifiiiaitp «m ft»piitm 
and ctivlaaii of Mtv^ym 

w xttidiMaadiog of tbo praeooM*, ittl jJSvmini; hto'* 
i^$o: tiw pmetiee tliat tncmum «k)il. In nddUMm as^ 

of iiitetsen wt DnM ttko oar ftanchnl*; m fitri, ttr rm 
ia tluM *Yet tbe ateiO m iImm *« do noi 
gfliio ^ ioqiOXt vitl fab fanpartod, io tnaioy eamw. bj* Mv ttnnFli.'' * 

suMle to Bad (be eitthmetkel nrecb in 

fiflcda itt putiettlar vocoimn*. btn foil 
ft bommoB denamtuftbit of ihJii i», 
koowledwe and okiito nKiuiiml by 
Uist to toy ^ voetuim n'tolmly 
wbea we compftre ito ariihmrik »rv«to »iili 
^ beet elemenUrf-ftcbool imbooko to iJvto 
|^fe,-1^;6i¥0O^bho8 also nveal that eumtxtt buutMhM } 4 'o«y 
ahtipBiy ftrithmeUetl opemUoiw by in«thw!« of 
bsSag toe oontoofc of perkhjpni, nod owMiIving; 
i|^g ec^fts and tables.* 

yaltwe cf arlthawtk. Altoo«ith wtibim-ito 
f^**^*^®*^ ** * aebjcei, many 

«lft :eubjaofcrioh to diseipitoary valtm. Tbr fwnwnifteni 

iw^Kiivior m> it* dt#. 

of too fonoer wfaon ibey employ 

K|#fwbio." toe child waa «|vi«d. “for it will 
*1 ^fuatlon, to eoaie (o a dwbitoo. to 
^ pereeiw mlaittmaktiw. 
P«^«™ «wk 
^ nuntber of 
«*“*•*»*'*« find ihe 

bttt you wlU ac^ for nil luoo 
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WHAT CAN AIUTHMfiTIC GIVE THE CHILD? 6 

inviUuAbis luilriU of U»«ght, ccmeentnitkiD, aad aocurtcy." 

Um <UKipltn&ry ooeffickol oieribed by tbeM 
loBotKn to oritbinelic ifl onummliy bi|^, anil accmmta for tb« 
omtioliing ptaoe it held ao loog, 

Extmoe diaeipibnta have an ttnabakatde fidUt that all 
tbeee dedrabhn hiddU of mind aeqotfed to arlUtoieUe will be 
trawferred to otlw earperieacai whore aoeuracy, eoneoittax 
tioQ, aod keen thinkiiv am eaiestial. Do we not meet pto> 
foMon of maUteuaiiot who iiuist that all who eie {Hropariag ; 
for profcaeioDal and technical ealtiniEi duiuld atudy matho* 
natici, even though Ita body of facu and akilie nay not niter 
into tiblr future daily taslu? To quote: 

An you to ha a lawyer? How can you bare to analyw a oompll* 
eated tecal nwe, if you eaimat Imra to aiulyw a aimple prapantlan 
of tMKneiryT An you a eludwt of hwiory? Bow no you determlna 
the indueoee of Napcdcoii m the worid'i dev«)ot>ai«nt if you are ia* 
Mpable of deiennmiag Uw iiiflueace of a eoefikkmi in a aitnple rela- 
ikm of al|«bn? Are you a iinfubt? How will you tnadate a nuii«l> 
idem, with tia nyriad aludm of mmniog, from one laoiuip into 
moihar, if you eutnot ban to imttdaio a triduui; ’“nadinf pnb- 
tem’’ into (ha oomapoiidiJic matiwnuitiea! aymbofai? Am you to ha 
a pbyibihusT How wdl you dia|;now and eWiato a dMaaa, with Ita 
eamj^kated, ambiguoiw, and ohaeun aywptouw, II you lade dia 
fieultini tM^rd to diaKOow and dimioale die uaknown quandtjr out 
of an demenlary equation? 

Mathamatke typifiea a method of nwmoinx ... aU life prob* ‘ 
lenu nuat uudeno analyw before a aoluiirei can Ire ebtaioad. ., i 
1^0 be eapalde of hniidUnii a aituation b pomw, mpnlieM of (Msspax 
don or eodd podiiott. The aiudy of mathematia a one of the nuwt 
effea^ neaaa to euch an end. 

To tbuN teaohen the mind w a vast reservoir into whioh > 
fiow powen which will be drained oSf as occasioD arises; they 
see aund as a great etnage battery that is riiarged vrith ; ' 
BMSttal energy by mathematics. When Uiinking muid be pere , • 
fomed the battery trees the power that has been stored la ii 

Lfmttotibns of the ducip^iary vim. The posidon of the 
diB(dpii&isU is tmtesidtle; the mathematioai training of these ,,’i 
very students has not Mved them from slo\wnIy thinking. 

Ail rabjeets, ptopckly tauihfi have discipltnacy vaiues^ 
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becBwe tt aids in the aoluUoa of rettsoning wtujliona in 
•lithmetie, but beeetiae it » oecetaary is commercial and in-* 
dtt^al life. To conclude that no tnnafer of aeeuraejr taltee 
plfttm would be going bej'ood U» limits warranted by the 
faete, for Urn accuracy developed hi pure numerical oporaUona 
aide in Urn numericai ealetUationi involved in the aolotion of 
atty problem. Starch,* aUidyiiig thia problem of transfer of 
ability fn»n mte branch of arithmetie to another, eonehidM 
that auch proficiency aa eem* to be transferred la due to a 
eertain general ability which U developed, and which k cap* 
able of be i ng med aa much in tlie mechanical operadona aa k 
the reiaoning problema. 

I^emona /or troditioml mpham on the dwdphniwy vaha, 
Tbe place of honor which the diacipliniata have always 
aecorded arithmetic la not due to imsre blind continuance of 
eustom. Arithmetic requiraa a rather biifb order of mt^Ugenee 
for iti mastery. Thoee who wfve {wofieknt In arithmetic were, 
of couiw, the intelliisat pupila who were frcquwBlly profit^ 
in most other subjeots with tbe poasilde eseepUmi of drawing, 
muaie, and physical training.* Too frequently an unwarrMted 
Infemnee wa« drawn that tbe learning of arithmetie developQd 
a aurplmi of mind, which the child could spend on his other 
studies. The devotees of nrithmeUo overlooked the fact that 
the child's mastery of arilhmeUc gave evidence of favoraWa 
kitlal Intettigeoee. “Scsores on arithmetie-fundamental testa,* 
H waa found, “correlated more higibly with the problem scorm 


♦ 0. m en** I “Tnuatcr of Tniotiw in AriU»mslh»l Opwathma^ 
Jmmel of Pei/duOavy, Vol, 3, IWI. j>p- 80MW. _ 

sMoen fimb diat Uw ootretsUoa •ntaas tbs scvml puns of 
nsde is ptwilive and fairly bigb. Buckinabajin b led to tbs aurprl^ 
ihat the cmrcIsUan bslweea aeores i» arithiaette tosls aiM ba 
tp rrf^i idtstlifeMs b tow. White thase atatemmla are twA proved to 
IbiM toveiligatiowi, they •«» worthy of cowidiitatioB. The ^Msaetom 
the test may pwduee the kind of eorretoltoo BncU^pism r^nrta ^ 
S. C. Mooto, The Ito<diote«y of Numtof : A 8^ of Numw^ 
AbUlly.“ Jminml of gsperwiiealaf P^m> vot. 4,4«n«i Wt8> PP- 
m 8. a. IhiddBtdism, “Matbemadwa ^Bty as Hato^ to OeM, 
toWsence,'' StM SefwM and MatAemstto, Voi 3t, blareb, IRll, pF 

assm 





m<mra of arithmetic 
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tad help the ekiid Ui onmiiAiic hmtwpU in 
Thue, the child whn bee eMfuif^d 3 ». 3 y 

fc fX4,3X8,1SX3, sect eoou(h ia 31 lo b(>t|t him in no 
in, hs later diviekme. (4) PinalJy, ««. 
tBS^ijoie from the oipmiutkn of en wie-ritnw tiMio 
», i^lcTOte or oangtilocol elennanui. Uetw wp o»mi* Klome 

’‘''**** ihe 

-ef4he demenu, rather than the mm c«.ip«pp nf ihe 

L mtum he aeea the orpkntiainvi of the 
m path^ or arnuixetnenle nf iadi. 

Md thue he arqMim a 
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Astel *nl5* *rf A^iiiSip 

ffumiit, Obio aute fftimaity, Vwt. 


Bf^ * A dtaMrtimi Bur. 
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WHAT CAN ARITHMETIC GIVE THE CHILD! 1* 


ktie tuteuTMy, and cultivates a "reverence for truth, irrei^ee* 
tive of «ect, prejuditse, and aelf-intercst.'* But the writer wtw 
ttudtei these promises (or arslhmeUc fails to add the iieceswurjf 
quaUfying expression, "in all matters dealing with arithwetkal 
solutions." The student who does his arithmetical smk wHA 
system and neataesa may not carry hia neatneis and iiyitoea 
beyond the papm* that boars the solution of the problons* 
To J. W. A. Young, mathematics can mculcate an estbeya 
aatse, for "it has a beauty of its own, a symmetry and jmo* 
portion of rwnilts, a lack of euperfluily» an exact adaptation 
of- meant to an end which can be found only in the worta ol 
the greatest beauty." When viewed as an exprenion of faiOt 
bt mie's qMotalW* thk statement is comprehensible] at an 
eiqpreesion of actual fact, it is entirely at odds with the rosuHa 
of dispassionate atudies on the controiling values of arithmetio 
and mathemayes. 

Conctwum: Siffni/kanee of modem conception of trtauf«r 
for Iho teaching of arithmetk. The correct understanding of 
the dlaci]dinary value of arithmetic is vital and far>reacbing 
in its consequence." If power developed in mathematics it 
transferred to all othixr experiences, then we need not eoncena 
ourselves w'ith the (ask of including in ariUimetie only such 
facts and processes as are useti in actual social life. Any prdb'* 
lem, however artificial, or any mode of solution, howevw.^ 
archaic, will serve to inculcate certain mental powera. But a 
clear comprehension of tlie extent and the nature of tmmfer 
of abiliUes leads at once to a realisation that arithmetic must 
be more than mental gymnastics; that it must draw its con* 
tent from commercial and industrial life; that apart fmim 
eaqpiaining social practice and answering social needs, it hisn 
no place or purpose in the emirse of study. Recent studies <m 
transfer have rendered no little aid in ridding the elementary* 
school course in arithmetic of its arbitrary character, and in 

>iTbe tmAfr wtU find a worthwhile diwriuaion of tbo (UwiipllnMy 
vsJuss in the RrpoH of the Nslional Cofflmitkie the ItsanSaisste 
of Mathomaltes in Beroadntv gduAtiem (The Mutheinsdesl 
tkn of Amerim, pp. 8^. 





s^ii|^th«ie»eeluu>iKi» 
ve,. Tiiaoittfliofflfy balance eoorgy aod 
^ely^ baniffopfc In vitality, vith tife^ 
U8» Wbfle we really'never know 
af oouree, reeiet the temptation 
^^pii^OBe, and to rationallie her behavior 

often been traced to an 
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rhjrtbmio mam. This is sot the plsee to diMim whettuer w> 
bring an awarenein of rhythm to life, or whether toe riiytomio 
eatpericneei of life inatii this rhyihoric sense in tw. Wo have 
stnple erid^ce for the sssertion that very yottng obildrai 
ntoibit unmistakable pref^enoe for rhytot^o r^tetitosil. 
Pu^ls in toe iolroduot^ grades enjoy the rfaytomio iqwti* 
float in countingi 

5. to, IS, 30,2S. 30, 3 $; 3, 4 , 0,8. 10 ; 32,94, 38. 


They team much about numbta- when they become aware erf 
toe riiythmie patterns in their tkipping and hopping gain«. 
Few adults, widking beside a fence, can peeist the temptation 
of touching every alternate, every third, or every fmtrto 
picket ; or, walking on a flagged sidewalk, of stepping only on 
idtomate cracks. Who can maintain an even backward and 
forward moveroent while rocking in a porch chair? Before Imig 
we accent evwry forward movement or c\'cry altomato baek- 
wazd fflomnent, In the sleepless Imurs of the night the tick** 

’ feodk of the clock soon asnimes a rhythm of accented and ua» 
oiimcatod ticking that k as metrical as simple poetry. What' 
are these satlsfytog rhytomicai mqpericnces but aspects . 
number? 

A pusile is usually a eballcage, that w« refuse to ignmv. 
Our minds wander back to toe tmsolved piMwtc when ws may 
be most eager to focus thought on a rest probtmn. What 
valuable hours have we spent reeolviag too pre^ament of too 
man who had to ferry too goat, toe oab!^, fuad the wolf 
acran the stream, one at a time, but could not leave mm ' 
mas of these on the other bank lest the goat eat the oabtotge 
toe woH devour toe goat. Drills in too mechanics of aritomstip 3 
can be made interesting by organising toem aa number games, 
In presenting the short cut for multiplying by 13%, 3S. fml. 
125. a teacher did not announce that toe day’s Ireson wocld ^ 
teach a new way of muttiptjnng. She was convinced tost moeit 
eidIdrcD feel one way is quite adequate. Instead the teatoj^ 
atoed the elase to try toe multiplications indicated on 
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{jiftokboard to discover whether uijr pupil can obtain the an* 
: as rapidly aa ahe. All began at signal. 

; 1842X1214 ISi2X125 

teacher wrote her answen and put her penet! down with 
P^’^C^gh noise to attract the attention of the clam. The children, 
l^r^lii^riced at her speed, continued to arork. At the completion 
task, anawars were compamL The bencher's were cor* 
li^tj'oi! coitraa. Then hands were raised. 'TIow did you jiH the 
P^JsniWers so fast?”’ The teacher tbeu asked, "Do you (hiok 1 
LSd by % i^en by. 12, and then added?" She foliomsd 
Kptt®, negative answer by, "Then how did I obtain the answara 
examples in twenty secondsT' The children knew, 
i'You have a trick.” 01 course they were esger to Icam U» 
^ll^k for they wanted to use it on their frietuls. Arithmetic 
KiY^tiatiohs, properly preaented, invlLe eoluUm because they aiw 
®ai‘.Jil8ile fficperienoes to children. 

E li ..'Who has not experienced the joy of aebisveincnl? An ade- 
psychology of success has yet to be written. The chal* 
of aa arithmetical situation holds out hope of miemsful 
' '"ition. The joy of finding one’s anawor correct and one's 
verified are genuine motivating fseton beeause they 
1 to much that has become second nature in us. 


nuniorioal procesBes and symbols sew 
"^^d' and quaint imagery. Pupils tell us that 4 repiw- 
and 7 a tall lady; that 9 calls up the picture 
Ilf V ^ "bpeak into 24 but 4 stoqpi it and 

into 42 beGa;u8e 7 that wee simpoeed litt tiatelt 
Wak to stop itk” In many teste pupils sewi ft sd'lh' 
pUoe and even numbers in tm' 
six, seven, and nine play important 
rin mythology-and early leli^ous ritualism. 

|i| Tlnodnsoious desire to acquire a mastery of tlie quao* 
%e phases of life, the rhythmic sense, the lure of th« 
L-f .r'® promise of successful schievcmwit, tbs image. 

numbers-all coBperafe to give the child 
gt^casure m mastering number facts and number processes 


WHAT CAN ARTTHMEnC OIVE THE CHILD? It 

Teicbert tHiai dm to uUUxe tbis nAturd Aa<l omKnUoned 
prefAfene* for Bumber, ami to Amieavor to relate tbeir teaciu^ 
of ariUimetir to Uie cbild's fund of IntoreBt#. To negkct tbuB 
i* to «dnee mimber study to a mechaokal and arbitmiy tsrki 
of symbols and proeewet. 

Cultual valtm <rf uittonstk. Soeisty freqmentty maltM 
aHdtnury dsmattds of edueation; adherenee to thorn oan bo 
cqrlaiDod oo tradtdoaal grouads only. We esqpeet people to 
kaow, even thoiigb they may have no oi»!asl(m to em{d^ 
sueb e^rcssionii as tKe qmtwiU figwre, changing mtc«, pro- 
partumai rahuion, reciprocal, pmW/<T, and os bam os fAo 
tguare cm the hypolettme. To a limited extent we must lerog’' 
Mse opd satisfy the cullura] demand, but we must bold it to 
oheek and not permit it to assume a eontrolling plaee in teaeh- 
tog anUunetio or to shaping the coune of study, 

4t is not always simple to dimooiate the eultural from the 
value. The latto baa its le^Umato claim. The farmw 
refera, to oar ducoasian, to more or leas arbitrary standards » 
set up by society. In a world to which science and the scimityGlo « 
method are assuming ever-increasing signifioanoe, mastery of 
number concepts and of the techniques of elemsntary math- ’ 
ematics is a primary function of education. Our quarrel is with \ 
subject-niulter that no longer functions in life. 

Prepatatory value of ariamstic. A final value that Is often : 
urged for arithmetic is its ability to prepare the child for ■ 
later studies. The child who knows the fundamentals of aritb- : 

meUe can solve some of the quantitative problems that arise .-i 

to physics and can grnap with greater ease the basic opera- 
tions of algebra. The teaelicr of bookkeeping and aecountanoy | 
finds his task complicated by pupils’ lack of mastery of the ■ 
fundamental facte and skills of arithmetic. Teachers of trade ;*;■ 
subjects complain bitterly tliat tills same lack retards th^ ^ 
class work. Before teaching the technical applications of arith- ' 
metio to various crafte these teachers must give drills deeiped 
to help the adolescent school graduates understand the obvious i 

difference between H of 12 ^ and 121 /j+i^, or to lead them 

' jiHlw nndmetand that .1 is more than .OSS. In these days of^ 
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^pi||illftto sBhoola, trade Kbottfat. and roi»fo«Kial hig h 
the preparatory value of AriLhiDHiK' » vrut for it 
aa ever'inereasing aombrr of bujn and girlit who are 
^y|lg''pMpared for a definilo calling. We do not Mnp> that tha 
the elemeatary arbool be voeaik*na!iu«il by Uw 
of a variety of lechakai appliratkeui. but ratber 
M|^daibantal faeta and proeeaMH be m ibaroujdd.v maa- 
^^^at tbs gradoatee trill bring an lul^iaic bAMk of aktlJi 
^gps iWijjhftte of algebra^ of bookkeepinx, w of ib» tradea. 

^ot^ttiPry and eoaeloaioas. Our niudy ha* (n Justify 
^» ls|phiag of aritlmtette on a fivefold be«M: the |)rBciicai, 
^^;«mplmaiy, the pleoniro, the ecmveniitmal. and the pro-' 
Ip^ry. We have ptemted here oo coordinate *ct of vahiea. 

1b a relalavity of trarth diet iwart be eiearly ixveeivod 
ooiiBtaatly kept in -dew ae the guiding prinriplc in tewif 
Wd SBleoting the aabject^atto' of ariihmeUr, \V» aro 
making for a netr arithiMlic. The prwot-day inter* 
of the doefrine of the Iranefer of abibtier, U# viw 
i:^^5eaucation aa a socialisutg funcUoo, the demtwd# «f indue- 
IJie more sympathetic comprebeneion of child lifc^oU 
are oofiporating to hunuudie the mibjirl, and to teach 
gthp praetioal value of aritbsietie la primaTy. To it. ail 
t^mes moHti bead. A eoorae of etudy in eriihmcUc, •». 
ocgauiied with the uUUtaiian aim in view, may be 

PaoBwitB foa SrooT aho Dimtcmion 

-A rtidi TO M 

lo wnat extent has each of tbe obMcitvM -«■ - • 

■•• iTO. iMOT ta aTtaSss: 


l?i Jispam a test on' 
* BtB^eate, (6) 10 
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PART II 

THE COURSE OP STUDY 




CHAPTER ir 

THE CONTENT OP THE COUHSE OF STUDY 


The coarse of study a determining' factor In efficient. 
teaching. The course of study in arithmetic is one of the basic 
factors in determining, the efficiency of the school course in - 
this subject. If the course of study errs in the selection of 
subject-matter, teachers and pupils spend valuable time on 
content of no social "worth; if the course of study is organ¬ 
ized with no regard to sequence and gradation, the children’s 
minds are confused by the rapid succession of difficulties; if 
the cffurse of study does filbt indicate a proper allotment of 
time to mechanical and to thought exercises in arithmetic, chil¬ 
dren are overdrilled in the fundamental operations, and are 
rendered helpless in arithmetical situations that deviate from 
the type form; if the course of study sets a fixed limit for all 
children in a given grade, some are discouraged by being re¬ 
quired to attain a standard that is unreasonably high in rela¬ 
tion to their abilities, while otliers, more gifted, are marking „ 
time. In the final analysis the course of study determines the. 
possibilities of introducing efiective modes of instruction, and 
of developing in our school graduates such arithmetical ability ' 
as will meet life’s needs. 

The course of study must he definite in its requirements. 
Much confusion arises from general statements and indefinite 
requirements in a course of study in arithmetic. The following 
assignment is on illustration of an inadequate course-of-study 
prescription; 


Ord. Daily drills to develop power, accuracy, and alertnecs. Orjd 
work to review, introduce, and supplement written work, involv- 
ing both abstract numbers and concrete problems. Terms-^base^'j' 
rate, and percentage. 

Integers—Daily practice in the fundamental operations^^ 
' \ ^'th attention to accuracy and rapidity. ■ 


: 28 



teaching as AEmiMETtC 

‘Addition, subtraotion, multipUeation, and divWon of 
PSSns and ndxed numban,. Pnn«pl«: ' 

p'v ior multiplies fraction; multiplying denomnalor, difldw Irac- 
dividtag numerator, divides fraction; dividing tlanominaUir, 

lIl^iiultiplieB fraction. 

3;h6 weabieBBes of Buch prffloriptioM become evident as 
to carry them out. Each succeeding assignment eat- 
the samB futile hope that "power, accuracy, and nlert- 
riil be developed, and yet no teacher, in any one ^de, 

_'what degree of "power, accuracy, and nlertncaB" her 

i^iis are expected to attain. At no place in ttio couree oi 
Su'ciy^flLre thess terinB defined. If thoBC objocliVGs tire rcftl 
bale, then teachers must have approximately similar concep- 
ipna of these qualities, and must know what degreo of skill 
^er pupils may reasonably be expected to achieve in each of 
We must avoid such statements as, “develop proficiency 
E§i"multiplyiiig and dividing by decimals, inculcate habits of 
%|:4y8tematio arrangement of wor'k, lead children to plan work 
**|^;ftiBfore bepnning any operation," and the like. They are all eo 
^i^weral as to be meaningless. To be valuable a prescription 
^ii^^t'be.set forth with quantitative norme representing iicliml 
^isyeiage achievements of childrai in a pven grade, or of chil- 
a given age. 

|;’';/;I;,et,ue iUustrato the type of definite assignment that may 
|!%^cinably be expected in a course of study. 


Number of 
Exiunplca 


Time in 
Minutca 


4 8 . 

7 ■ 6 
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Sample of Task to Be Accomplished with 
a: Per Cent of Accuracy 

Number of 
Examples 

Time in 
Minutes 

i 

8. Ability to divide by 7, 8,9; dividend 8 or 4 
places; first place in dividend smaller than 
divisor; no rotnalnder. 

Example 8)8840 

10 

1 

10 

4. To add 3 fractions, dissimilar denominaiors, 
but common denominator easily obtained 
by inspection. % 

5 

1 

1 

10 

6. Two-atep problems of the addition-aubtrac- 
tion type, aumless than 26, paper and pencil, 
for example: 

Bought a 12-cent loaf of bread and a 0-cent 
can of peas. How much change do I receive 
from 25 oontsf 

1 

1 

10 

1 6 


To be sure, there is danger in any system of supervision 
that sets up standards excessively specific: teachers may curb 
the originality of their pupils or their desire to exceed the 
specific demand. But the advantages of goals definitely and 
quantitatively defined seem to outweigh the dangers, espe* 
eially when teachers are made to understand that these stand¬ 
ards represent average attainment. 

How can definiteness of course of study be attained? Let 
us now consider a few simple devices, which introduce into a 
course of study a degree of definiteness that will help to insure 
concentrated effort toward clearly conceived ends. 

1. Terms must be defined. As we have seen, courses of 
study must not ask teachers to develop “alertness, power, good", 
arithmetical habits, proper algorisms, modes of thought in 
arithmetic, modes of attack.” These expressions have no fixed 
connotation and vary with the past experience and the profes- ,• 
sional training of each teacher. To some teachers alertness 
may mean speedy mental reactions; to others it may mean.'.. 
sagacity. ' s 
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2. Quantitative norma vrith definite illustrations must Iw 
, given as the approximate average performance to be expected 
. in Bucoeaaive gradfea. Assuming that the terras taken from 
f"-'■ courses of study are actually defined and illustrated) it is cvi“ 
that the degree of profidency varies with each eucemiing 
p'lrade. Accuracy in addition in the fourth year is far below 
p4hat expected of a fifth-year class. How is a teacher to know 
Bichat degree of neatness, accuracy, speed, and ability to meet 
arithmetical situations is expected of her pupik at the 
llind^of a school term? How is a teacher to know what incaa- 
of these techniques she may expect at the beginning of a 
^ade? Specimens of children's papers ought to be submitted 
In the course of study so that teachers vnll know the de^ce 
oi neatness expected each succeeding year. Experimental work 
lli," in establishing quantitative norms in arithmetic has gone far 
|?Jj)enough to warrant progressive school authorities in setting up 
the best of. these as tentative standards for their school 
^;i:';8y8tema> ■ 

3. Throughout the grades types of problems should bo 
'identified by illustrations, not by classification. To assign, 
'“Teach Case 11 in Percentage,” does not delimit the scope of 
i^gj.the field. Strictly spealring, each of the follovdng examples 
Ipbelongs to Case'll: 

0 . Balk listed, at $4.80 a dozen are bought at a discount of 
by a dealer'. "What is the rate of discount allowed to dealera? 
j . i. Tennis balls listed at, $4,80 a dozen in the catalog cost the 
»|6:^xpkeeper only $3.60. What is the rate of discount allowed the 

A dealer paid $3.60 for a dozen tennis balls. He was allowed a 
PJ '"''tjisebunt. of $1.20. What rate of discount are dealers allowed? 

Which of these types of Case II should the children be taught? 
|.|:. T.he first-the simplest only? Will that meet the demand of 
;the course of study? Must every reasonable variation of 
H’.; - Case II b e taught to all pupils or only to the more gifted? 

'V' '■ .' * ' — - - 

■; .iPor detailed study of quantitative norms and scientific ovalimtiona 
j ;..See Chapter XIV. ^ 



27 


CONTENT OF THE COURSE OF STUDY 

These questions should be answered by the makers of the 
coui’se of study. 

4. Definiteness may be attained by proscribing uniform 

procedures and algorisms. Some prefer the form of V- 

for all divisions, others advocate its use only in long division 

but retain the old form )_ for divisors under 13. One 

teacher encourages the writing of “carry figm'cs” in addition 
another opposes the practice vigorously. Of the various sanc¬ 
tioned arrangements of work in adding and subtracting frac¬ 
tions with dissimilar denominators, one should be prescribed 
throughout the grades so that children will not bo required 
to unlearn one algorism and learn another with each change 
of teacher. Some courses of study make refei-ences to textbooks 
that are frequently found on teachers’ desks in order to illus¬ 
trate each prescribed form. The following are examples of 
this device taken from better courses; 


Reduction of fractions to dcdmals: 
larger than those found in Th’s- 

B fractions: follow the gradation and arrangement 
suggested in H. and P s- —, sections a and 6, pages x-y. 


use no fractions with terms 
^ •, pages x-y. 


5. When a subject is to be taught through a number of 
grades, there must be a limited allotment for each grade, 
Thus one finds. Business Forms, Tables of Weights and Meas¬ 
ures, and Abbreviations Commonly Used in Business, assigned 
m a number of grades. If business forms are to be taught in 
5A, 6B, and 6A, it is obvious that each grade teacher must 
know the limits of her responsibility. Under the general assign¬ 
ment, each teacher teaches all the business forms so that the 
pupils may be ready for any business form that may be given 
in the examination set by her supervisors. With this undue 
increase in the scope of work in any grade, time for habitua¬ 
tion is insufficient; the forms are learned imperfectly and must 

be retaught in the succeeding grades, but with no better 
outcome. 
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The Content of Coubses in Arithmetic 

What determiaes the content of the course? Two princi** 
pies are recognized as guides in determining the content of the 
course of study in arithmetic. The first is the child s interests. 
That certain interests of children are satisfied by number 
experiences we have, demonstrated. Young people frequently 
^ do not know their interests. As they get into new experiences, 

, new interests manifest themselves. The child is entitled to live 
his present life, but, in a deeper sense, his life is only a bridge 
‘ to his real life—the life of adulthood. Hence a second prin- 
‘ ciple is introduced to help in selecting suitable subject-matter 
■'' —the demands of society. The subject-matter must transcend 
the immediate interests of the child*, social need must be met 
regardless of the temporary interests and attitudes of child- 
■ hood. If only children’s interests prevailed, courses of study 
’ would be filled with puzzles and number games almost to the 
,, exclusion of the significant phases of the subject. In teaching 
’ arithmetic we must show the child the social need of the 
topics under discussion. If the child is interested, so much tlic 
' better. If not, he must learn them anyhow because life de- 
mands them. This may not be pleasant learning but it is 
motivated and rationalized learning, 

,' ; I frequency of occurrence as o measure oj social need. We 
„ ue ready to grant the priority of social need as a measure of 
' importance of curricular material. But how may wo determine 
what is socially necessary? An objective measure of social 
''jl f need, according to many, is frequency of occurrence in the 
. dady regimen of. life. The argument runs, “That which occurs 
i; most often is most important." 

Studies have been made of the frequency with which cer- 
H . tain number facts appear in everyday life, What if a count 
were to reveal that 2+3 is ten times as frequent as 8H“9? 

, Ninety-six per cent of all the fractions which occurred in one 
.' . study consisted of %, 8 / 4 , yg, y^, in 

. another study, 93.9 per cent of all the fractions consisted of 
l ; %, Vb) Vs.* What are we to conclude from these 
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facts derived objectively and with much travail? Are we to 
neglect 8+9 in our teaching, or supply for 2+3 ten times as 
much drill material as for 8+9? Is the correct answer to 
8+9 therefore only one-tenth aa important as the correct 
answer to 2+3? Are Ave to neglect the fraction % beeauso 
it is in neither list? Fractions witli denominators of 12, 16, 
18, 32, and 64 do occur in non-technical content. Shall they 
be excluded from our teaching? 

It is not altogether unwise to argue that what occurs most 
frequently need not be emphasized in teaching. Life will teach 
the most common facts by natural repetition; the relatively 
infrequent but necessary facta will not be learned from every¬ 
day living. Hence some teachers ai-e driven to conclude that 
they should stress, in class, the less frequent and the more 
difficult. This gives us, again, a conclusion that is not free 
from sophistry. 

Urgency, not frequency, is urged as a measure of social 
significance. How often docs one have to swim? Yet swim¬ 
ming skill is not less important than other skills because the 
need for it is infrequent. The very significance of an emer¬ 
gency lies not only in its unexpectedness, but in this infre¬ 
quency of need. 

We are not very near to a solution of the question, “What 
constitutes social utility?” To be sure, our objective studies 
have yielded much data, but qualitatively they are not ade¬ 
quate to serve as a basis for a final judgment. Many of these 
studies, though sincere in objectives and scientific in tech¬ 
niques, have not risen above the level of professional busy work. 

Flexibility of courses of study. A sound curriculum is 
constructed so that it can be adjusted to meet varying needs 
and capacities. To teach all pupils the same subject-matter is 


‘ H. E. Mitchell, “Some Social Demands on the Course of Study in 
Arithmetic,” in tho SeucnCcent/i ycarhoofe of the National Society for 
the Study of Education, Part I (Public School Publishing Co., 1018), 
pp. 7-17. H. E. Benz, “The Arithmetic of Department Store Transac¬ 
tions," Mnater’s tlieais, University of Iowa. Quoted in tho Twonly-Ninlh 
Yearbook of tho National Society for the Study of Education, p. 44. 
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1^5 Neither possible nor desirable. Children of limited inlelligcnrp, 
X' t who will leave school as soon as the compulsory-educational 
If' permits, may well be spared the discouragement that 
forvwonld attend their attempt at learning multiplication by 
20306, division by mixed numbem, and decimals beyond tlirec 
g|plapffl. Nor is it necessary that they know how to find arenj! 
^^.;Of triangles, or how to find the base when rate and percciilage 
K'are'.given. 

^ ^ “ arithmetic to indicate 

fethree levels of achievement-one for the average, another for 
retarded, and still another for the superior child, 
nom, quantitative in form and objectively derived, should 
I* :.ibe given for each of these three types of pupils. With the 
growing tendency toward homogeneous grouping such n dif- 
&:-fei®htiated course of study is absolutely essential. The present 
|fe:,^otic 0 IS to set down for each grade the assignment for 
1^: “^erage class of normal-progress pupils.” The following 

p....is an example of such a grade prescription, taken from a 
- .carefully devised course of study; 


5B (Fifth Yeab, Second Half) 
Course of Study 



numbers < ivieaauren 
frsntions Problems 


Oral 
Measurement 


Review 


W: 
*<- ■ '■ ■ 


Written 


gj.;);. Writing nmbers Decimals . Graphs 
. Common fractions Measurement Pioblsms 


Review 


Numbers 


Syllabus 

Oral 
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Common Fractions 

Changing a mixed number to an improper fraction, the integral 
part not to exceed 9 and the denominator of the fractional 
part not to exceed 10 

Changing an improper fraction to a whole or mixed number, the 
numerator not to exceed 99 and the denominator not to 
exceed 10 

Multiplication of fractions* by multiples of the denommators, 
multiples not exceeding 100; by non-multiples not exceeding 
12. Multiplication of a fraction * by a fraction *; finding a 
fractional part* of a fraction* 

Finding what fractional part one ntunbor is of another, neither 
to exceed 36 
' Measurement 

Table of United States money 

Use of inch, half-inch, quarter-inch in measuring lines and smaH 
common objects 


Written 

Writing Numbers 
Four-place decimals 
Common Fractions 

Addition and subtraction of fractions and mixed- numbers, the 
number of addends not to exceed 6 
Changing a mixed number to an improper fraction 
Multiplication of fractions and mixed numbers 
Finding what fraotionol part one number is of another 
Decimals 

Addition and subtraction, limited to four decimal places, the 
number of addends not to exceed 0 
Multiplication; decimal in multiplicand, in multiplier, in both 
Fraction in product limited to four decimal places 
Effect on decimal of multiplying by 10,100,1000 
Measurement 

Interpretation of simple scale drawings; determining distances 
represented on maps used in the geography of the grade by 
means of the scales to be found on these maps 
Graphs 

Line graplis of pupil progress constructed and interpreted by the 
pupil 


* Denominators not to exceed 12. 
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Oral and Written 

Problems 

Problems should arise from projects or activities. The activities 
and problems should provide for the introduction and the 
significant use of all the formal facts and procc.sses of the 
grade, the problems being kept within the limits of the formal 
work. Include problems without numbers. One and two 
operations. 

Review 

Frequent drills on the fundamental combinations and processes, 
and other work of previous grades to develop accuracy, 
facility, and speed 

Remedial practice for the correction of weaknesses in computa¬ 
tion and problem-solving as revealed by standard diagnostic 
and other tests 


■; if' - 


■H'-' 


The slow child may well be limited to decimals of two 
places, but the gifted child learns not only to read and write 
decimals of four places, but acquires so thorough an under¬ 
standing of the principles of our whole system of notation that 
decimal fractions appear merely as an extension of a notational 
system of whole numbers. In dividing by a decimal the work 
must also be suited to varying capacities. The slow pupil may 
leam the process through dint of practice, and may even be 
limited to dividing dollars and cents by a whole number. The 
.normal pupil should meet the demands of the course of study. 
The gifted child should learn the process with that degree 
of understanding which would enable him to divide 87 546 
by 600 by first dividing both dividend and divisor by 100 
and thm proceeding to divide by 6. The differentiated assign- 
ment, therefore, is. not solely quantitative; it is qualitative as 
well, for it seeks to give an insight into numerical relationships 
that not all children can comprehend. An illustration of this 
- typ^of fleable course of study is offered in table on page 33. 

course of study does serious injustice 

■imhpdf+' 1 ? The former is 

tS,tiS M pupil. He soon graap.s 

this material and. is then forced to mark time while his sloww 

classmates struggle for mastery of a process which cale to 
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Samplb op Flexible Course of Study with Differentiated 
Absionmentb 

(Number of Example, Time Limit, and Cliarncter of Exa mplng to Be 
Derived by Experimental Data) 


Sample of Taelc to bo Ancom- 
pllsUed vith a Per Coot An. 
ouraoy 

Norm for the 
Averago Child 


Norm for tho 
Clifted Child 

Number 

of 

Example! 

Tlmo 

in 

1 Minutes 

Number 

of 

1 I'ixnmplcf 

'J'imo 

ill 

1 Minute. 

Nuiiilicr 

of 

Example! 

Time 

in 

1 Minutoe 

1 . Ability to road and rrrito 
deoimala with and without 
whole numbora 

4 

plocCB 

1 

2 

places 

1 

■ 


it. Ablllby toaddaoinmonfrAC* 
lions, diaaizniUr denoinluA- 
tors, common dooomioAtor 
found by inapeobion 

Oof 3 
addend. 
ea.ch 

8 

ft of 3 
addend, 
oach 

10 

Oof 3 
Or 4 

addend. 

each 

0 

8 . Ability to subtraot, 2 bor¬ 
rowing., docimala, for ex¬ 
ample, 86.42 

39.24 

a 

Ui 

a 

Hnbitu> 
ation 
with no 
ratiohali- 
Botion 

2 

3 

irebilu- 

tttion 

with 

Romplote 

ratiuneli* 

xaltun 

1 

4. tlndlngwhatfractionalpart 
ono number 1. of another, 
neither number to bo over 
38. 

A. Hod 24, loot 8; what 
part woe lent? 

B. Had 24, bad loft 10; 
part lost? 

C. Hod loft 10, loot 8 , 
what part lost? 

Bxompleoprcaentcd In writ¬ 
ten or printed form. An- 
Bwer to bo given by inepoe- 
tion. 

5 

3 of type 
A; 2 of 
type 11 

a 

4 of typo 
A only 

2 

6 

2 of oaeli 
of type. 
A, «, C 

3 



----- erioru. Aswe irom the loss of his 

time the gi^fted child finds no mental stimulation in a sub¬ 
ject that should be a challenge to him. The lot of the slow 
child IS no happier. He is expected to attain a level of pro¬ 
ficiency which IB beyond him; he is harassed and beset with 
discouragement; little by little he becomes convinced of his 
inferiority, A properly organized course of study does full 
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S'justice to the children at both ends of tho scalo of ability. 
;;By indicating the minimum requirement if. inmircH IIioko pupils 
„ who are destined to limited schooling a innatcry of tliusc 
. Thafles of arithmetic most useful in meeting the demands of 
i; \Overyday life. 

„ Cautions in formulating minimum coitrsps of study. The 
^',|r,actioe of formulating minimum expectations for each grade 
not without its dangera. Under inefficient BUpervisitm the 
I^^B}inimum, too often becomes the maximum requirement, and 
||h«i class as a whole is reduced to the level of tlic mediocre 
worse, of the backward. Supervisors must exercise great 
operation of a differentiated course, 
knowledge of the supervisor should children he 
iyt '.'hmited to the minimum requirements. 

L;^..A second danger in the differentiated curriculum is that 
ma^m course may include much that has no social 
• rvalue. The same standard, social utility, must control in 
^formulating both the minimum and the maximum course, the 
. t^er containing what is relatively more useful, the latter 
is^relati^ less useful, but nevertheless unmistakably 
At no time must the maximum course degenerate into 
obsolescent computations that arc 
gymnastics to young 

a ^5! must give the superior 

ll^ild a deeper insight mto number relations, a higher degree 

iolS v“ operations, a veritable hierarchy 

Ilf good workmg habits, and an adequate understanding of 
pusihess customs and practices. er^wicung ,of, 

cogent of the mliiimuitt course of study. Selecting 
fc.fhe,bMia of, relative social need, we find an irreducibk 
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sors not larger than 4 places. Terminal and middle *eros 

included. 

2. Fundamental operations with common fractions. The denoini- 

natora limited to 2, 3,4, 5,0, 8, 0,10,12. Cancellation. 

3. Fundamental operations with dcciniaLs. Limited to three 

places. Emphasis on Umted States money. 

4. Problems; 

Froctiona; to find fractional part of whole number, frac% 
tion, mixed number. 

Deoimals; to find decimal part of whole number, decimal, 
mixed number. 

Percentage; to find per cent of any reasonable quantity. 

Finding eo-st of a quantity, given the rate per 3, 5, dozen. 

100 , 1000 . 

Problems requiring keeping of a budget. 

5. Percentage: 

, Direct case (First Case) of any of the common business 
applications of percentage, namely, profit and loss, 
commission and brokerage, interest (years and 
months), commercial discount. 

6. Business forms: 

Bills, receipts, receipted bills, checks, stubs in check book, 
deposit slip, cash-book account. 

7. Tables of weights and measures: 

About six of the commonly used tabl&s. Selection of the 
tables to be determined by the needs of tlic locality. 
Simple computations with these units limited to two 
steps in changing from larger to smallor units, and vice 
versa. 

8. Mensuration; > 

Finding areas of rectangular figures and volumes of cubes, 
rectangular forms like boxes and rooms. 

9. Special applications of fimdamental processes to industries 

and business of the local community. 

10. Simple graphs and statistics: 

Bar and line graphs. Averages. Reading of tabulated 
material. 

We have here no course of study, but an outline of those 
topics that are usually considered the absolute minimum in 
meeting the most pressing arithmetical needs, Those who use 
this tabulation of topics will find it necessary to make suitable 
allocation of materials to the different grades; to correlate the 
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processes of any one grade, so that the class learning to 
' multiply whole numbers and fractions will also learn how to 
apply this knowledge in making out bills; to define with great 
clearness how intensively each of these topics is to be taught; 
to > set up a concrete or a quantitative measure of the approxi- 

■ 'mate degree of proficiency to be attained at the end of any 

■ .one year. This outline, it must be reemphasized, is not a 
course,of study; it is only a guide in formulating the minimum 
arithmetical requirements,' 

f-,:;, ...Provision for individual differences. We have urged dif- 
''':'ferentiation of training for children of different levels o£ 
> ability. A study made by the Denver schools leads the authori- 
' '-ties to conclude, “The assumption is true that children of 
, the same mental age in the normal and borderline groups do 
- .practically the same grade of work until the mental age of 
elev^ is reached.”* We accept the findings but we must not 
forget that the test was limited to mechanics of arithmetic and 
' to the operations with whole numbers. No evidence is pro- 
sented to show the reactions to common and decimal frac- 
, tions. It is probably uneconomical to teach the borderline 
child to add beyond two columns of 5 addends, or to subtract 
'^..' ifbur place numbers with all the zero difficulties. 

Provision for individual differences may be made in vari- 

dUs wayB: 

1,-1 ' , 

r .1. Use of minimal, average, and enriched day-by-day assignments, 
gjj:, 2. Teaching from three different bourses of study flRsignBd for 
Gfij, children, who are slow, average, and gifted, respectively, 
j'j ,; ,, 3. Teaching the same basic course but with different rates of 
ijg. , progress for the different groups. The gifted group is expected to 
I'*/ , conaplete the course in far less time than the average group, and the 
[;» slow group in more time than is required by average children. 

; 4. Varying degrees of efficiency may be required. The passing 

"grade changes with the ability of the group. 

If® of large units of work in which each pupil carries out 
,V',, that part most suited to his abilities and interests. In the disousjioii 
j*-'' ; of the project appropriate illustrations are given, 

, *West, Greene, and Brownell, "The Arithmetic Curriculum,” in the 
H Tyrnty-Ninth Yearbook of the National Society for the Study of Edii- 
'49 , cation CPublio,School Publishing Go., 1930), p. 121. 
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6. Individualization of work through scif-sturiy ns in tho Dalton 
plan. A later chapter dealing with recitation patterns discusses 
more fully this mode of teaching. 

The general course of study. How complete a study of 
number shall be made. Teachers of arithmetic are divided into 
two distinct camps concerning the completeness of tlie course. 
One is uncompromising in its insistence upon the elimination 
of all but the most useful facte and processes. The second 
group would give a reasonably complete study of number 
and number processes. This latter camp argiic.s that no under¬ 
standing of the simplest relationfships is possible without a 
varied contact with number; that we have no means of fore¬ 
telling the pupils’ arithmetical need.s in their future voca¬ 
tional or personal relations; that an adequate sense of accu¬ 
racy is impossible without an experience with number that 
transcends the mere utilitarian phases. To these teachers 
arithmetic is not solely a tool subject. It is not and must 
not be made an end in itself, for arithinotical skills and iminer- 
ical thinking are part and parcel of thinking in almost every 
other experience. To limit arithmetic, as tho utilitarians Insist, 
would destroy the true educational significance of a time- 
honored school subject. 

The limits of a reasonably complete study of number 
are not easily defined. The folloiving outline probalily com¬ 
bines the best judgments of those who have given earnest 
thought-to the problem, and is hero ]>rcscnted, year by year, 
with indications of the extent to which personal opinion varies. 

Fibbt Ysar; Incidental number work tlirougli games, music, mnmml 
training. Introduction of ideas of relative magnitude; little, 
less, more, higher, lower, longer, shorter, much more, much 
less, etc. Simple units, cent, foot. 

Degrees of variations: From no number work to formal drills in 
addition, subtraction, and simple multiplication. 

Second Year: Number work through correlation. Addition and sub. 
traction emphasized. Multiplitaition tables begun, Common 
Units: foot, yard, cent, nickel, dime, pound, Also measure', 
ment with defined units that are not standardized, such as 
cupful, hand, pace, etc. 
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,p’' 

I. 

Vh. yf 


- ■ Yaridtions: From no number work to drill on simple division, 
rl. Thdid Yeab; Addition and subtraction mastered. Much time to 
multiplication and division tables. Further work with defined 
1; and standardized units of measure. 

Variations.' From mere introduction of arithmetic to considerable 
drill in fractions that can bo added and subtracted by 
■ inspection. 

l^' FoTniTH Yb 4 b; Multiplication and division mnstcred. Informal work 
in fractions by inspection. Denominate numbers continued. 

: Yariationi: From mere introduction of formal computations and 
■' inniHantal work in fractions to formal work in fractions. 

Ymh; Fractions mastered. Decimals introduced; denominate 
fe; numbers; perimeters and areas of rectangles, 
ft'.; ' Variations: Too wide to be formulated. 

^ixTH Year: Decimals mastered. Percentage and profit and loss, 
Denominate numbers. Business forms. 

Variations; So great as to permit of no systematization. 

;B'i' '• Aim of the First Six Years; To develop skill in the fundamental 
operations as applied to whole numbers, common and decimal frac- 
tionB, and to teach the necessary number facts. 
j^f’JSEVBNTH AKD EIGHTH Yeaub: Percentage and every variety of hits- 


tr. 


iness application. Business forms and an understanding of 
business practices, especially banking and the principles gov- 
eimng sound investments.* Mensuration applied with great 
variations in extensiveness of treatment, greatly reduced in 
best oouises of study. Simple ratio and proportion. Longitude 
ij'pi,;: , jSnd time,. Metric system. Square root by inspeotion. Simple 
;' ■ statistics: keeping of accounts and budgets. Drawing to scale. 
V;,' 1 .Reading eimple floor plans, Reading of meters. Post-office 
_ arithmetic—money orders, parcel post costs, etc. 

|;7j, Aim of Last Two Years; To develop power to understand arith- 
aJ^ioal' solutions and manipulative quantities in problems varying 
!|Fb|h.the type. . 

This composite course of study, whose constitu*. 
| Knt . courseB represen t the best efiorts of supervisors in repre- 

I'V ' tSu(A arithmetic is studied with a minimum of ■ computation. Thus, 
bankmg;,arid Interest, the following ore discussed; Whet is a bank; 

bank do with the many daily deposits; why banks pay 
^West; tfie legal-rate; the safe rate on investments; the differences 
saving and checking accounts; how to compute interest; how 
Wpte a check; how and why the stub is filled out; when, a clicck may 
endorse a check; how to make deposits and fill out 

A*®* ^ to stop paymont: 

vj^rtioea checkfl; the monthly statement* 
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sentative communities in the United States, reveals clearly 
that personal opinion still controls in the selection of cur¬ 
ricular material. As was shown, inquiry into social needs has 
not resulted in a clearly defined standard in terms of which 
subject-matter may be selected and rejected. The sequence of 
topics and the gradation of skills need no longer bo left to 
personal judgment. Experimental educational psycholo^sts 
have combed the field, and have identified the specific skills 
that constitute general ability in arithmetic. These matters 
will receive adequate treatment in later portions of the book, 
which present methods of teaching each of the important 
processes in arithmetic. 

What to omit from the traditional course of study. Analy¬ 
sis of existing courses shows clearly that most of them have 
undergone serious simplification in the last decade by elimi¬ 
nation of much of the content that seems no longer to play 
a part in the business life of our day. Progress in the teaching 
of arithmetic, generally speaking, is no longer retarded by 
the presence of obsolete subject-matter. Two factors are re¬ 
sponsible for this change; our restricted faith in the doctrine 
of transference, and the inability of trained investigators to 
discover what, by common agreement, must be included to 
satisfy social needs. There is, however, reasonably common 
agreement that the following topics be excluded from the gen¬ 
eral elementary course in arithmetic: 

1. In Fractions 

a. All fractions whose denominators are larger than sixteen, or, 

if smaller, are unusual in actual occurrence, for example, 
fifteen, thirteen, seven, and eleven. 

b. Greatest common divisor and least common multiple or 

denominator that cannot be found by inspection. 

c. Ratio beyond the mere interpretation and the expression in 

fractional form. 

d. Complex fractions, 

6. Compound fractions should not be eliminated. The form 
. % of % is useful. 

2. Denominate numbers 

a. All uncommon tables of weights and measures, for example, 
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Troy weight, Apothecaries' weight, Surveyors’ measures 
etc. ' 

6. Units of measure, obsolete, imaginary, or not used in the 
child’s environment, for example, long ton, long hundred¬ 
weight, small measure {half bushel), hand, rood, furlong, 
etc. 

c. Reduction ascending and descending, division and multipli¬ 
cation of denominate numbers involving more than three 
units, for example, "Reduce 1 mile, 2 mils, 3 yards, 2 
feet, 7 inches to inches.’’ "Rcduco 6,24f),489 inches to 
^ high denominations." "How much will 72 barrels hold, 

capacity of 1 barrel is 15 gallons, 3 quarts, 1 pint, 
and 2 gills?’’ 

3. Percentage 

a. Unusual and obsolete business applications, such as partial 
, payinenta; true discount; interest in cases where tho 
rate is not used in actual business, or in cases where 
princij^ must be found; life and fire insurnnce.s com¬ 
puted by rate per cent on the dollar, thus; "Find pre¬ 
mium on a fire-or life-insurance policy, the rate being % 

per cent; annual interest.” 

, 4. Problems 




■ % 


a. Indirect Cases that is, Cases II and III of percentage. 

Many teachers still favor tho inclusion of these indirect 
but would excuse backward cliildren from learning 

b. Partn^hip Corporate, organizations more common, honce 

partnersbp with tune may be omitted. 

c. .Compound proportion; Examples of this type: "If 54 men 

20 days budd a wall 750 X 16 X 2 feet, C 

^ measuring 
St al p?opoS®“ ^ Some authorities would 

that form no part of industrial and commeroial 




a. Areas md volimea of uncommon figures, for example area 
oHrapezoid surface of cone, sphere; voS of cone 

SS 'topics should bo 

' W+inir J ®®®°°dary-8chool course in geometry or 
Vn«+- course m arithmetic. ^ 

' vocationahzed Arithmetic 

“■ compuMc™ Of .prii. and 
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Bpecialiaed industrica should not he made the subject for 
study by all children. Only thc»so phases of arithmetic 
which contribute to the understanding of the common 
ejcperiences of life should be incorporated in a general 
course. Examples in plinstering, ctu-[ietiiig, paperhiuiging, 
gilding, etc., are subject to specinlizetl trade practices 
and should be omitted. 

7. Miscellaneous subjects 

a. Square root of number too large to be solved by inspection 

or factoring. 

b. Cube root. 

c. Longitude and time beyond simple c.ise of computing 

appiuximiitc difference, allowing 15 degree.? to an hour. 
Kept simple, this subject is both u.scful and interesting. 

(i. Metric system. The generally advocated practice is to teach 
the metric system in science where tlie pupils apply the 
new units immediately in the laboratory exercises or in 
their science problems. 

e, Foreign Money. Children should learn the name.? and the 
approxinuate vtdue of the unit of the most common 
monetary systems, for cxtunplc, £, fmno, lire, mark.® 

Courses in arithmetic have grown in content, gradually 
but persistently, until the channel of eubjcot-matter has in¬ 
creased in width but has suffered a proportional diminution 
in depth. In formulating the table of what can be profitably 
deleted from traditional courses of study, the nutlior has sug¬ 
gested only those subjects and processes which are generally 
condemned by recognized students in the field. Too much has 
been attempted in arithmetic, and the result has been an inevi¬ 
table superficiality of understanding and serious lack of skill 
in fundamental operations. Simplifying the course of study, 
by eliminating material that is of comparatively little social 
use, will narrow the channel of knowledge and afford the 
teacher adequate time to insure thoroughness of comprehen¬ 
sion and skill of manipulation. 

° A full treatment of the reduction of the course of study is found in 
“Curricular Problems and Their Scientific Solution," in the Third year¬ 
book, of the Department of Superintendence of the National Education 
Assooiation (Washington, D. C., 102S), pp. 36-110, Also in 0. M. WilsoHi 
Conneraville Course of Study in Matiutmatics for the Etomentary 
Grades (Warwick and York, 1022), pp, 13-14. 
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The unified junlor-hlgh-school course in elementary math- 
emjitics. Soon after the beginning of this century elementary 
“ schools consisting of Grades 1-8 made it a common practice 
■'to introduce algebra in the seventh or eighth grades. In 1915 
; about 35 per cent of the city school systems taught algebra 
in the last two grades as an independent subject. With the 
^development of the junior high school the need of a new unit 
! of mathematics became apparent. Since the arithmetic taught 
Hh the traditional eight-year organization is not satisfactorily 
^completed by the end of the sixth yeai', junior-high-school 
tinathematics usually continues the study of arithmetic. The 
'.'Weakness of superimposing a year of unrelated algebra upon 
'eight years of arithmetic became apparent, and gave rise to 
a unified course in elementary mathematics for the junior 
< high school. This consists of interrelated work in arithmetic, 
'algebra, intuitive or experimental geometry,® and simple trigo- 
, nometry. The Report of the National Committee on Mathe¬ 
matical Requirements ’ suggests five plans for the reorganiza- 
j.tlon of the work in elementary mathematics. All plans include 
. applied arithmetic and intuitive geometry for the seventh 
year, algebra for the eighth year, trigonometry for the ninth 
f;-y§ar, while four advocate demonstrative geometry for the 
,„iii^th year, 

L. " T^e vital problem is to decide whether we shall evolve a 
vilified and integrated course in elementary mathematics for 
:;; these grades, or rest content with successive mathematical 
subjects: first, completion of arithmetic; second, elementary 
jr-^gebra; third, intuitive geometry; fourth, simple trigonom- 
i’ etry; fifth, . demonstrative geometry. The latter plan follows 
an organization that is distinctly lacking in merit: the grada¬ 
tion is defective for much in algebra is distinctly simpler than 
. certam topics in ariiiimctic. Similarly, introductory matters in 
> geometry ^re less difficult than the later topics in elementary 


i’;' with reference to the learner, of eourae. 

’■’-.n ■‘h® Reorganization of Mathematics in Secomiarv nnlmniB 

Committee on Mathematical Reouiremont 
f Mathematical Assoeiation of America, Hanover, N. H., 1023 ), 
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algebra. The usual college course in mathematics, consisting 
of advanced algebra, solid geometry, trigonometry, analytical 
geometry, and calculus, is now presented as an integrated 
course in mathematical analysis. The division of mathematics 
into its several branches has meaning for the adult mind 
familiar with the field of maUiemntics, but not for the novice 
who is often harassed by lack of understanding of funda¬ 
mental concepts. The study labeled as a unified course in 
elementary mathematics is frequently little more than the old 
course with its isolated arithmetic, algebra, and geometry. 
In, any one year the child studies in these ill-conceivcd and 
poorly integrated courses something in each of the three, 
but they remain three discrete sub-subjects. Although we 
have not achieved a generally accepted unified course in ele¬ 
mentary mathematics, many of the unified courses seem to 
have proved themselves superior in the judgment of experi¬ 
enced teachers. 

Reasons for inckding algebra in the ekmentary come. 
Many reasons have been offered to justify the inclusion of 
algebra in the elementary course of mathematics. Briefly, 
these may be summed up under five heads: (1) to aid pupils 
in analytical solutions by giving them mastery in the use of 
literal elements; (2] to aid them in interpreting industrial 
formulas; (3) to enrich the coui’se in elcmcntary-Hchool math¬ 
ematics; (4) to interest pupils in the work of the liigli school 
by giving them glimpses into secondary education; (5) to 
bridge the chasm between elementary-school and high-school 
curricula. To these Smith adds, (6) to train pupils in the logic 
of mathematics, and (7) to give pupils the ethical sense which 
mathematics can inculcate. The practice in European schools 
of giving more elementary mathematics that we do in the first 
eight or tine years has undoubtedly been a factor in broad¬ 
ening the scope of our work by the inclusion of elementary 
algebra. 

Despite their merit these reasons are not sufiicient to 
justify the teaching of algebra as a separate subject, Pupih 
should be given skill in using literal elements and in inter- 
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pretmg simple formulae, but this objective can be attained bv 
teaching the simpld equations of algebra and by making tliis 
■ an integral part of arithmetic. The course in arithmetic 
be more properly enriched through varied applications to com¬ 
mercial and industrial life, rather than through condensing 

Whether or not teaching algebra in the elementary course will 

and give a new inteLtTLX 
school work IS ^tremely doubtful. The disciplinary and lie 
ethical values of, algebra can be derived from ! 

Mittaetic Good elementary-school practice inti-oduces the 
equation form v®y early. In simple number combinations the 

rr^i’ 

f, • f-9, etc. In learning to find areas 
he used A=bXa, from which he is taught to deduce h = and 

In the follortig ^ ^ 

' 7=pyrv# interest the child learns 

ered and illustrated. further consid- 

. With the mShoX of teISib?mMsJ°”f-?i®satisfaction 
the selection and simplification of ®'“thmetic led to 

for the elementary and junior hieh q S^ometrical facts 

- *00 OI.™ Je'Sr:?' 
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forms and formulas for obtaining areas and volumes through 
severely deductive lessons devoid of all concrete experience. 
The revolt against such unpedagogical practices led to a cur¬ 
tailment of this branch of arithmetic, to the gradual intro¬ 
duction of inductive leason-foiins, and to the correlation with 
manual training and drawing lessons. Thus was formulated 
that simplified geometry which is called invcntioml or 
intuitive or experimental geometry in which the laws of areas 
and volumes are'derived by the pupils througli useful manual 
activities. 

It is very important not to teach all this geometric work 
in one grade, but to introduce it gradually and make it coex¬ 
tensive with the entire course in arithmetic. The great danger 
of assigning all this work to one of the upper grades is that 
it then becomes not a natural application of the fundamental 
processes of arithmetic, but a superadded, emasculated sum¬ 
mary of tlie demonstrated geometry taught in the fiivst or sec¬ 
ond year of the high school. 

We shall present here in tabular form the charuetter of 
the new course, but the actual content and illustrative lessons 
will be reserved for the chapter on denominate numbers (see 
pages 418 ff.). 

MateriaU to Be Used: ruler; T-squarc; drawing board; triangles; 
compass; protractor; graph paper 

Terms to Be Learned; distance; parallel; vortical; horizontal; 
oblique; perpendicular; degree; angle—right, obtiwc and ueuto; 
square; rectangle; triangle; perimeter; ba.se; altitude; area; vol¬ 
ume or cubical contents; culm; parallelogram; circle; semi-circle; 
sphere; hemisphere; diameter; radius; circumference; pi (ff); 
scale 

Types of Applkations; garden plots; cement walks; automobile 
runways; cementing garage and cellar floors; floor coverings; 
real-estate layouts and lot sizes; tiling; volume of rooms for esti¬ 
mating air capacities; water and gasoline tanks; making esti¬ 
mates of distances, areas, and volume; drawing to scale; reading 
and interpreting maps and scale drawings 

We must stress again that these terms and processes are 
introduced incidentally when minds are intent on such manual 
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activities laying out, on tlie sand table, a neighborhood 
V' |ark, with appropriate drawings to scale, or making indi¬ 
vidual boxes of suitable size to hold drawing and writing 
media used by the pupils. It is not essential that the children 
. be able to define the terms or give technically correct explana- 
! ' fions of the various geometric forms. If learning occurs inci- 
' dentally through actual manual participation, the concrete 
'^.experiences will give adequate understanding of the basic 
s!- 'concepts. 

ii.,, Industrial and commercial arithmetic. The elementary 
jchool must teach industrialized and commercialized arith- 
metic, not industrial and commercial arithmetic. Its function 
f' is to teach those facts of number relations and to develop 
J ..those habits of manipulation tiiat will insure intelligent rcac- 
tion to any number situations. It is not designed to make a 
• detailed study of the technical arithmetical practices peculiar 
. to any industry. The specialized arithmetical needs of the 
' electrician, 6f the builder, or of Uie import clerk must be met 
in the vocational training provided for these callings. Only 
.arithmetic that relates itself to all tlie activities in the child’s 
life, and that is common to all or most of the vocations in his 
environment is adequately industrialized and commercialized. 


Problems for Study and Discussion 
See end of Chapter III 



CHAPTER in 


THE OEGANIZATION OP THE COURSE IN ARITHMETIC 

Our discussion has thus far concerned itself with the con¬ 
tent of the course in arithmetic. We turn now to an equally 
important problem: how to develop and integrate the many 
topics of arithmetic. Theory and experience have led to the 
evolution of two very distinct plans of organization of sub¬ 
ject-matter—the ladder and the spiral 

The ladder plan: exclusive attention to one topic for a 
considerable time. In the earliest courses of study each branch 
of arithmetic was like a ladder rung. Effort was focusefl on the 
mastery of one process in one grade or semester. The pupil 
felt secure on that rung before he mounted the next. In one 
grade the subject of notation and numeration was taken up 
in its entirety; in the next grade addition received exclusive 
attention. Similarly, subtraction, multiplication, division, frac¬ 
tions, denominate numbers, decimals, and percentage were 
taught successively, one by one, and completed, before the 
next subject or process was attempted. In the "addition grade" 
children added any quantities within reason. In the "fraction 
class" or classes, all manipulations with fractions were under¬ 
taken so that vigorous and persistent drill was assured. 

The old schoolmasters justified this organization on many 
grounds. They argued that it gave opportunity for thorough 
grounding in essentials; that the organization provided for 
necessary drill; that concentration on a single line of thought 
was encouraged; that weaknesses in arithmetical knowledge of 
pupils could be traced forthwith to the proper gi'ade, and thus 
responsibility could bo fixed; that the child realized clearly 
that be was acquiring a new branch of the subject; that there 
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■was a definiteness of assignment too frequently absent in 
‘ present-day courses; 

That there are advantages in the course organized on the 
ladder plan must be admitted by its opponents. But its inher- 
ent weaknesses are very serious. Exclusive attention to each 
"'of the separate and succeeding branches of arithmetic tends 
r to mechanize the subject. The richness derived from a course 
- which contains variety of application is lost. The various 
■.branches of arithmetic are mutually supplementary, and, when 
-properly interrelated, contribute towards clear comprehension. 

' Tinder the ladder plan of artificially partitioning the subject, 

. the child did not realize that % and .831 pej cput ],ftve 
..same value; that decimals are fractions and that percentage 
and decimal forms are similar. It is obvious that the subject 
as a whole must be taught as interrelated functions, and that 
,, its component parts must not be isolated. 


This system of exclusive attention to each topic in arith- 
; metic is responsible for lack of intelligent gradation. In a 
, genwal way, it is true that, subtraction is more difRcult for the 
child than, addition and that multiplication ranks next in the 

- scale of difficulty. But in the development of these processes, 
■■tthis succession of addition, subtraction, multiplication, divi- 
. '■sion^ represents no gradation. It is much simpler for the child 

Jeam to subtract 32 from 78 tlian it is to add ten numbers 
.-/Of five orders each; it is simpler to multiply 23 by 3 than to 
V subtract 243 from 702. Similarly, it is more intelligent grada- 
, ; tion to teach the child to divide 936 by 3 than to postpone 
ms type of example until he can multiply 7394 by 608, 

- There IS no reason to justify the teaching of all the cases 
ana the forms of one process before taking up the next. A 

;. vmd,realization of these limitations in the method of exclu- 
,;»ve attwtion to each branch of arithmetic led to the modern 
, plan or-the course of study, 

' Under the more modern plan of organiza- 

arithmetic are taught siraultane- 
■ but in pvii’ tashion, are repeated in successive grades, 
m ever-widenmg circles. A helpful illustration of tht tyim 
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of spiral oreanization is found in an analysis of the revised 
course of study for the schools of the City of Now York. Let 
the reader select any one topic in arithmetic—say addition or 
common fractions or decimals—and trace it through the 
grades, vertically. He will then sec tliat it is not taught com¬ 
pletely in any one grade, but is repeated through several 
grades and always in progressively widening circles as the 
course grows. By tracing the total grade assignment horizon¬ 
tally in the accompanying tabular summary of a spiral course, 
he will perceive at once the variety of work taught in any 
one semester and the limited number of skills which are devel¬ 
oped in any one branch. 

Figures 1, 2, and 3 show how one topic in arithmetic— 
common fractions, decimals, or percentage—may be distrib¬ 
uted over a number of grades. The student of educational 
practices who is concerned with the justification for any par¬ 
ticular type of assignment is doomed to disappointment be¬ 
cause he will find not only disagreement among makers of 
courses of study, but the unchallenged rule of personal or 



Pia. 1j— OBAPHIC refresentation of qrades in which common 
FRACTIONS ARE TAUQRT. 


Line A representa a sdiool system which teaches fraetione in three 
years, line B, in three years, but not the same years; line C, years; 
line D, in 1 year (from middle of the 4th year to middle of 5t]i); 

line E, In 6 years; .. ^ 

Courses represmted ihy :4i Bt fE: am 
oourses lepresenteq form^' 
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Fid, 2.-^FHIC REPBBBENTATION OF ORADGS IN WHICH DECIMALS ARE 
TAHOHT. 


Lines A—1 repiesent different school systems. Courses rcpre.scnted 
by A, Ej I are evidently spiral; by B and F, modemtely spiral; by 
C, D, H, opposed to spiral plan. 

Note difietencee: Course Q teaches decimals in second half of tho 
4th year; G, in first half of Bth year; D, in first halt of the 0th year. 
Course A distributes the work over 4 years; courses C, D and 0, 
limit the work to only one-half year. 
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FIG. Sr-OEAIHIC HBPBBBENTATIOn OF GRADES IN WHICH rERCENTAOD IS 
TAUGHT. 

Lines A-/ represent school systems. Point out differences in time 
required by different systems. Which ore extroinoly spiral? Moderately 
^iral? Opposed to spiral plan? Compare courses F and J, courses 
y and G, ■ ' 
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local opinion in allocating the various branches of arithmetic 
to the several grades. 

Reputed advantages of the spiral plan, The advocates of 
spiral courses in arithmetic set forth many advantages for 
them. They argue; a. Pupils who leave school before the com¬ 
pletion of the eighth year are introduced to a richer and a 
wider range of topics in arithmetic. The arithmetic of practical 
life presents a marked diversity of topics and processes. 

b. Greater correlation of the various branches of arith¬ 
metic is made possible, for in one grade the child learns that 
common fractions, decimals, and percentage arc mathemati¬ 
cally the same despite their difference in form. Children learn¬ 
ing to add and to multiply fractional quantities apply these 
processes at once to business forms, mensuration, and denomi¬ 
nate numbers. Such correlation affords natural and varied 
applications. 

c. This correlation leads to more rational associations, 
and therefore to better comprehension and more lasting 
impressions. 

d. All spiral courses arc replete with opportunities for re¬ 
views of the work of preceding grades. The child who could 
not master the initial concepts of decimals in Grade 5B has 
not permanently lost this branch of arithmetic, for decimals 
will be taught again in 6A, and the 6B work will bo reviewed 
as an apperceptive basis for the lessons in the higher grades. 
In tlie final analysis, the spiral plan makes for distributed 
learning, 

e. Another important advantage in a spiral system is found 
in the fact that the subject is better graded, is more psycho¬ 
logical than logical, and is therefore better designed to insure 
full mastery. As the child grows older and gains in mental 
power each of the various branches of arithmetic gradually 
increases in content and in difficulty. In the older system, in 
which fractions were completed in one gi’ado or in one year, 
the young child was naturally required to learn the most 
difficult processes in fractional computations. But many chil¬ 
dren were not mentally matured for such thoroughness. In 
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' the spiral course fractions may be taiiglit in three or four 
• grades; only the simplest concepts of fractions are developed 
early in the school course, and as the semesters progress, the 
necessary facts and generalizations arc introduced in a 
,graded development that parallels the child's increasing ma- 

■ turity. To attain these reputed advantages many curricula in 
f’ arithmetic are organized on severely spiral linos. 

; Limitations of spiral courses. An extremely spiral course 
' • ,often suffers from the defects of its own virtuc.s. 
f ' ;o. Incidental reviews and drills in correlated suhjcct- 
; matter are always helpful, but when these teaching practices 
are employed beyond all reasonable needs they become drags 
on teaching. Superior children, we are told, lose interc.st in the 
subject because they do not need what, to them, seems a riot 
of, repetitions. They see too little new subject-matter in suc- 

■ cessive grades. 

b. Lack of unification of subject-matter is often another 
danger of the spiral unfoldment. Many teachers are not fa- 
•; miW with the entire course of study, and fail to see tlio 
. assignment of their respective grades in relation to the wliole 
' .subject. They unwittingly set the whole spiral system aside. 
■• Thus, teachers of fifth or sixth-year classes often teach 
^ - muneration and notation in the early part of the year, drill 
! in fundamentals in the second part, fractions in the tliird part, 
etc., and thus revert to the system of exclusive attention to 
.one topic, not for a Whole grade, but for part of it. Other 
:■ teachers try to cover the entire assortment of topic.s each 
week. On Monday notation and numeration and fundamental 
.processes, of whole numbers are taught; on Tuesday fractions 

■ take the whole lesson; on Wednesday, decimals; on Thursday, 
problem work; Friday is devoted to a grand review of the 

■ weeks experiences. Obviously, neither of these two plans pos- 
sesses mMit Inept and inexperienced teachers find it exceed- 

^ togly difficult to plan their grade work when assignments are 
. so varied. 


c. Indisraiminate correlations create at least as many diffi¬ 
culties as they solve. Interrelhtions do not necessarily clarify 
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a situation. To a student who has a bird’s-eye view of a 
subject and an elementary knowledge of its basic concepts, 
interrelations give new viewpoints and deeper grasp. But to his 
classmate who is merely threading his way through a new 
experience, these very interrelations may become sources of 
confusion. The child who has an adequate foundation of the 
principles of common fractions, decimals, and percentage, and 
has had varied practice in their application, usually experi¬ 
ences no difficulty in thinking of as or of 200^ 

as "2 times.” These are different aspects of the same relation¬ 
ship. The pupil whose contact with common fractions is lim¬ 
ited to a single semester cannot follow the explanation of a 
fraction as ratio; he does not see that refers to “2 out of 3." 
The inexperienced are not ready to perceive new rclationship.s 
and to formulate new generalisations. 

d. Severely spiral courses of study make difficult the fixing 
of responsibility in a large school. When any one teacher 
presents six or eight branches of arithmetic, introducing some 
for the first time, and carrying others already met in an early 
grade to higher technical levels, the supervisor may not bo 
able to trace wealmesses to their sources. 

The modified spiral development. Theoretical analyses and 
practical experience point to the need of evolving a modified 
spiral course of study in which the spiral characteristic is 
basic throughout the course, but in which each grade Btresses 
certain branches of arithmetic so as to mark them as the dis¬ 
tinctive contribution of that semester. There is every reason 
for retaining the spiral system in the earlier grades. But begin¬ 
ning with the intermediate grades (fourth year), opportunity 
must be given to focalize attention on fewer topics and pro¬ 
cesses so that drills may be more intensive. The severely spiral 
course presents a merry-go-round of topics in each grade, and 
invites a feather-duster treatment of each. In the modified 
spiral system it is possible to subject each topic to careful 
study so that thoroughness of comprehension and permanence 
of knowledge may result. 

Conclusions. We have no body of objective data, sciontffl- 
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oally derived, to settle the issues here outlined. We do nnf 
really know the comparative difficulty of the various arith- 
mefacal operations, and are therefore uncertain about their 
jiTOt to ae various grades. As a rule, the introduction 
of an arithmetical topic m a grade is determined by the 
emands of oth« subjects of the curriculum, or by the text¬ 
book that the children use, or by the book that the teacher 
follows, or, too often, by mere tradition—by almost nnv fac 

::ro?2r 

The Time to be Devoted to Abithmetic 

theconsiderable importance concerning 
the tame to be spent on arithmetic present themselves to thn^ 

making a course of study. How much of thr>+n+oi 

■hould go to arilhmetic? Wh JZfo, *',! ^ 

Sr 4™ “ 

.lotted to oriltaolio ta 

interesting fact-the widS ramre of one 

there are no scientific data to guWe us inX^I^- 
mately what part of the schno? ? '"V r approxi- 

A priori, it would seem tliat the +° *o arithmetic. 

mg of arithmetic, 

hsi- the pupils. But investieationH ° ^Proficiency developed 
do not warrant .ud. .n 

to mdicate no relationshio /ence. They seem rather 

■results of instruction. H we werto 

from a list of schools that mw random a school 

arithmetic, the chances are 

chosen a school where the workt S f 

versely, if were to selecra Ih ^ and, oon- 

deMe less than average time tethe 

B ^mie to the subject, wo should prob- 
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ably find the children doing superior work in it. It was found 
that schools attaining a rating of 80 per cent in arithmetic 
and those scoring only 25 per cent in the same teste gave 
the same time to the teaching of this subject.^ 

The general drift of these findings is somewhat disturbed 
by the conclusions of Rice.® Ho found that there was positive 
correlation between efiicicncy in arithmetic and time devoted 
to tlie subject, but that the correlation was not large, only 
.365; that within any one school system there seemed to he 
no relation between the standing of a school in arithmetic and 
the time devoted to its study. 

The following tabulation gives a general idea of the prac¬ 
tice in American schools with reference to time allotment to 
arithmetic. It seems reasonable to conclude that about 10 
per cent of the available time is taken by arithmetic. 


Timb Almtobd to Aihthmbtic 

Average Number of Minutes per Week Devoted to the Teaching of 
Number Work * 


Reported by 

Grades 

I 

II 

III 

IV 

D 

VI 

60 cities in 1914. 

71 

140 


231 

223 

226 

42 cities studied by F. C. Ayer about 







1924. 

■tif 

143 

UHi 

206 

211 

211 

62 cities In N. J., 1926. 

97 

106 

216 

231 

228 

'220 

444 cities in 1926. 




211 

216 

216 


* For bibliographio data and for figurca from wliich thia tabulation ia mode, aae pp, 
7S-70 of Uio Tvitnly-Ninth yearbaoh of tho National Society for Iho Study of Educallon. 


More recent studies bear out the results of these older ones. 
The time devoted to arithmetic is not among the most impor¬ 
tant factors determining efficiency in tills subject. The con- 

^ C. W. Stone, Arithmetical Abilities and Some Factors Dclerminmff 
Them, Contributions to Education, No. 10 (Tenclicrs Collogc, Coliimbift 
University, 1008). 

*J. M. Rice, ''Testa in Arithmetio," Forum, Vol, 34, November and 
December, 1002, pp. 281-297. 
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sttuotive character of the supervision, the wise use of diag¬ 
nostic tests and prompt application of remedial and differ¬ 
entiated drills, the rational motivation of drills, the stress on 
real problems—these hold greater promise of growth in arith¬ 
metic than the mere matter of gross time allowed to this 
subject. 

length of teaching period in arithmetic. Questionfl con¬ 
cerning length of teaching periods invariably revert to dis- 
.'cussion of fatigue, a condition as little understood in educa- 
tion as shock is in medicine. Experience and the composite 
judgment of teachers seem to point to the following limits of 
teaching periods in such subjects as arithmetic: in the first 

^ fourth 

pars fifteen to twenty minutes; in the fifth and sixth years 

twenty-five to thirty minutes; in the early jimior-high-school 
grades, thirty to forty minutes; in the later junior-higli-school 
pades, forty to forty-five minutes. While it is wise not to 

set, modifying conditions arise which may insure good work 

m p^dB. Genuinely metiveted work S eneWe 

to ehdd to epply htaeelf to e tank tor period, twice « w 

khlr Supervised learning of arithmetic by a 

ties into'mitSr ^ “^^«on of manual activi- 
came u^rf ^^ds. The writer 

bZ ® pupil in a Dalton School who liad 

■'““““toe mean; now I oan 
a Hko with fraction. “btraot and do what 

Wgue, Im h™ of o' 

■development of fatienp « i circumstances the 

:^^to “that oidldr^ .ro 

:favorable circumstances thpm ^ 

.rate, pf. development of fatigue. ^ retardation in the ' 



THE ORGANIZATION OF THE COURSE 68 

Relative efectiveaess of mornitxg and afternoon sessions. 
With the development of the platoon plan of school organisa¬ 
tion and the departmentalization of instniotion, the question 
of the relative effectiveness of morning and afternoon sessions 
becomes more persistent. Tradition has doereed that arith¬ 
metic be taught early in the morning session. Is it not the 
most difficult subject in the curriculum? Should it not receive 
the most favorable period of the school day when minds are 
most rested and ready, therefore, for tlio most exacting tasks? 
Unfortunately, the answers are not as .simple .as these ques¬ 
tions imply. Arithmetic is undoubtedly the most difficult 
subject to some pupils, but, surely, not to all. Some parts 
of the subject fail to interest even those who arc proficient 
in it. Genuinely motivated work is often done very well late 
in the morning session and in the afternoon session. The 
time of-the day is only one factor and, generally speaking, 
not the most important factor determining the quality of one’s 
performance. 

Thus far experimental studies point to the conclusion that 
for arithmetic the afternoon session is only slightly lo.ss desira¬ 
ble than the morning session; that this preference does not 
hold for all children; that for some children the afternoon 
session is decidedly less favorable. These conclusions are far 
from final because of the number of conditions that were not 
factored out in the experimental studies. The selection of 
socially vital experiences and tlic introduction of effective 
teaching practices will usually counteract the diminished 
adaptiveness of the mind in tiie late periods of the school 
day.* 

• For more detailed accounts of these studies, the reader is referred 
to the following: 

J. M. Glass, "Curriculum Practices in the Junior High School and in 
Grades 6 and 0,’’ Supplementary Educational Monographt, No. 25 (Uni¬ 
versity of Chicago, 1924). 

W. H. Winch, “Mental Adaptations during the School Day os 
Measured by Arithmetical Reasoning,” Journal aj Educational Pty- 
chology, Vol. 4, January and February, 1013, pp. l?'-28, 71-84. 

Studies on fatigue frequently diaauss the question but they do little 
more than skirt around it. 
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■When shall systematic teaching of arithmetic begin? A 
^lea for loiter introduction. There is a growing sentiment 
among intelligent laymen, as well as in progressive and child- 
centered schools, for the postponement of all formal teaching 
of reading, arithmetic, spelling, and iwumansliip. Tim reasons 
are not especially new nor aro they based on anything more 
accurate than personal opinion. Objective tests given by one 
investigator to children in tho upper gi'atles seem to indicate 
that systematic number lessons may well he "deferred until 
the end of the third year of the school without placing the 
student at a disadvantage in relation to tlic acquisition of 
skill in fundamentals.* We cannot accept tliis conclusion be¬ 
cause another group of studies leads to a contrary decision. 
“The evidence is now sufficient, it is believed, to justify a 
decision to teach regular—perhaps formal is not the w'ord— 
number work in the first grade.” “ In the light of these con- 
flictmg findings we have no adequate data for eliminating 
, regular instruction in arithmetic from tlie first throe years. 

Before the discussion proceeds we must define our con¬ 
cept. By formal or systematic teaching of arithmetic we mean 
the direct attempt to make automatic tho handling of certain 
number combinations and the recognition of number relations. 
Surely we do not mean keeping number experiences out of 
the child’s life, for that cannot be done. 

Those who argue for delay in formal teaching of arithmetic 
urge the introduction of a rich experiential background for 
later'number work. Children who handle things, who plant, 
who ^eed the classroom menagerie, who cut and fit materials, 
.who play in groups, and who are responsible for tho distribu¬ 
tion and collection of classroom equipment, are constantly 
coming into varied relations with quantity. An intelligent, il- 
' literate person exhibits considerable understanding of number. 


_ * Ganison and QaniBon, The Psjfnhology 0 } ElemmilaTy..Sckool Sub- 
jeok (Johnson Publishing Co., 1920), p, 433. ' 

"The Soeial Value of Avithrootic,” Twenly- 
mutk ymbook of the -National Society for tho Study of Education 
(Public School Publishing Co, 1930), p. fil. 
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Life, not formal schooling, taught him his arithmetic knowl¬ 
edge. Hence a rich background of well directed experienres 
in the introductory grades will do much to quicken formal 
learning of number in later grade.s. 

The plea for delay continues: Children will i)r()l)ul)ly learn 
the fundamentals of arithmetic better when they are two or 
three years older. With increasing maturity, the i)upil per¬ 
ceives the need of arithmetic skill, and learning is thus aided 
by real motivation. To postpone systematic learning and sup¬ 
plant it by informal learning promises liygienic g!iin.s for most 
children. Here we have psychological, pedagogical, and social 
arguments, though no proof, for the exclusion of formal arith¬ 
metic from the first two ycai-s of the school course. 

The case for early systematic teaching of arithmetic. In the 
absence of conclusive proof a tenable case can 1)0 made out 
for the opponents of delayed introduction of nritlnnctic. They 
express the fear that informal teaching will rP.solvc itself into 
no teaching, and that the child will abstract from liis con¬ 
crete experiences number ideas that are vague and perhaps 
inaccurate. Since the introductory phases of arithmolic aro 
concerned with acquiring formal skills, not with comprehen¬ 
sion, it seems wise to let the child form his basic habits in 
addition, subtraction, multiplication, and division as early as 
he will accept them. Prom some children wc cannot keep 
number experience. But when these children work without 
supervision they may acquu'c a set of imdosirahio number 
habits that involve undue dependence on crutches of their 
own invention. Unfortunately, the period of scliool educa¬ 
tion is deplorably short for many youngsters. For tlicm, num¬ 
ber facts and number skills must, of necessity, be acquired 
very early. And, finally, we are reminded that normal chil¬ 
dren of seven show conclusively that they can master 
the basic number concepts usually taught in the first two 
grades. 

Early instruction in arithmetic need not be formaliml. But 
it must not be assumed that because aiitlimetio is made an 
integral part of the work of the first two years that it is 
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‘ (|,dvisable to return to the deadening grind of tlic mechanical 
drills in additive combinations or in multiplication tables. 
'■ Modern psychology forbids such procedure; modem meth- 
odology condemns such practice. Although the work of the 
earliest grades is definitely and formally preecribed, it may bo 
, enlivened in many ways. Every number fact or process must 
, be motivated by showing its social worth or by relating it 

■ to the instinctive life of the child; throughout the devclop- 
' ■ ment of the early lessons the inductive method mu.st prevail 

■ so that the child is the active discoverer of knowledge; every 
: drill must he presented through some form of physical activity 

so that it appeals to the senses of the child. Arithmetic so 
taught need not be devoid of real interest." 

Arithmetic in the kindergarten. It is commonly believed 
that children of four or five are usually too young to grasp 

■ number facts. Although no attempt should be made to give 
' formal instruction to these children, certain raatlieinatieal 

knowledge, as we saw, cannot be kept from them. Tlioir work 
and their play call for considerable arithmetical activity, for 
example: counting to twenty and even to thirty, recognizing 
certain geometric forms and small groups of objects, adding 
and subtracting small quantities, and using halves and even 
, quarters. But all these arithmetical facts should bo taught, 
.not by consciously setting out to add them to the children's 
stock of knowledge, but incidentally, in the round of pleas¬ 
urable activities that should make up tlicir lives. 


Problems for Study and Discubbkn 

1. The quality of instruction in any. subject cannot rise above the 
charaotei of the material prescribed in its course of study. Discuss 
with reference to the teaching of arithmetic. 


® This, question is discussed helpfully in the following roforencea: 
W. A, Jessup and L. D, Coffman, The Supervision oj Arilhmetio (Maq. 
..millan Co,, 1016). . ’ 

' J. S. Taylor, “Omitting Arithmetic in the First Yoai',” Journal o} 
SrducoUonal Administration and Supervision, February, lOlfl, pp, 87-03, 
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2. Criticize the following as grade assignments in courses of 
study; 

(а) Develop habits of accuracy in this grade. 

(б) Tench the use of short cute. 

(c) Develop speed consistent with sccuracy. 

(d) Teach two and three step problems. 

3. If Rousseau had been ashed what arithmetic to te-ach children 
of school age, ho would have answered, in all probability: 

(o) What the child will need most when he grows up. 

(6) What he thinks ho needs now. 

(c) Teach him no arithmetic; leave the task to life. 

Which of the three statements would you ascribe to Rousseau? 
Why? Substitute for Rousseau, other educational leaders liko Pes- 
talozai, John Locke, Horace Mann, or John Dewey, Which state¬ 
ment expresses the position of each of these? On what facts do you 
base your answer? 

4. Fortnulate course-of-study assignments for each of tlirec levels 
of pupil ability in the following topics: (a) division by a common 
fraction; (b) reduction of common fractions to percent equivaleute; 
(c) finding the cost of a quantity (expressed by a mixed number, 
3%) after the cost of a fractional part is known (what will SVa cost 
if % cost 9 cents). What part of Chapter II will help you in this 
task? 

6. Plan a research project designed to reveal what is most useful 
for children to learn in arithmetic. Phrase your problem carefully, 
indicate the plan of the inquiry, the method of obtaining data, the 
cautions to be observed, the method of checking the reliability of 
your procedures and of the result, and some of the dillicultics you 
would meet. 

6. List the arithmetical activities that you must perform in the 
course of a typical day or a week. Compare your apparent need in 
arithmetic with the content of a course of study in arithmetic. What 
difference do you note? Make two reasonable inferences from the 
comparison, 

7. The text gives six ways of making provision for individual 
differences of pupils. Supply for e.aeli of those luothods a very defi¬ 
nite illustration. State age and grade of the pupils you have in mind 
and the specific objective of each lesson. 

8. Analyze a textbook in oleinentnry mathematics designed for 
the junior high school. Are the branches of mathematics genuinely 
integrated or do they follow in succession? Support your atiiSwer by 
apecifio references to the bonk or boolcs, 

9. Secure a course of study in arithmetic with which you are not 
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CHAPTER IV 


THE DIFPICULTIES THAT BESET THE LEARNER 

Dissatisfaction with the results of instruction in arith¬ 
metic. Pew complaints against current teaching come with 
greater frequency than those directed against the teaching of 
arithmetic. It is charged that the graduate is inaccurate, un¬ 
duly slow in his calculations, and unable to meet a new 
arithmetical situation, even if only slightly varied from the 
type. To answer the indictment, school superintendents have 
analyzed the charges and have ascertained the amount of 
arithmetical knowledge and skill which representative business 
men require of our elementary-school graduates. Invariably, 
the total requirements are few and simple when we consider 
the extensive course in arithmetic and the high standards of 
proficiency prescribed in it. 

Two firms that are among the largest employers of school 
graduates in New York City presented the following as spc' 
cimen tasks which they expect young people to perform 
accurately: 

1, Addition of sums like. 


$ 1.58 

.65 

.49 

2.98 

10.77 

1.38 

3.10 


67 
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2. Multiplication, fractions, addition, filling out a sales 
slip, computing the values, and adding tlie amounts as shown 
below: 


Bought by Henry Wise, fiiO Cliwiwn Ave., Bklyn. 


Sales No. Carrier Charge Date 

168 18 Ch <5/10/33 

...Quantity 

Items 

Amount 

, m 

3 

White lace @ 67o. 

Spools white silk @ IQo. 

White silk ® 93o. 


Amount 


These two specimen tasks were given to members of Grade 
SB m one of our largest city school systems. Of the 1023 

I"''' 'vero correct; 
of the 962 who did the second, only 66 per cent wore correct. 
,The lowest class record in the first was 68 per cent; in the 
econd, 42 per cent; the highest class record in the first was 

' ^ standards which teachers set 

mL!i achievements; between the 

has^evw^ap! ®very circumstance that 

so comolex n o''® 

and may be grouped inte numerous 

the pupil- (gSl ^ inadequacies of 

:■ of sSperviioi ^ ^ inadequacies 

A £vj.£^y®“ “5'>ta- 

y meagre, or his knowl- 
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edge of common business practices may not extend beyond 
simple store purchases. But none of these may be tbo causative 
factors in a given case, for we find that some children who 
fail in arithmetic have high intelligence quotients, or give 
evidence of genuine ability in reading or in the social studies.^ 
And yet, arithmetic is responsible for a greater number of 
failures than any other school subject.* 

Tho explanation often takes a different form. Arithmetic, 
we are told, is a subject of cmnulative and progressive skills. 
The loss of one branch of the subject makes impossible success 
in those branches that follow. Which of us in toaching per¬ 
centage does not lay the failure of some of our pupils to their 
ignorance of decimal fractions? Still others argue that the 
diflBculties experienced in language, in reading, in social 
science or in the manual arts arc largely objective, and are 
revealed at once in the very responses made by tho children. 
But how different in arithmetic! Here tho child struggles with 
his number difficulties in silence; the struggle is subjective 
and internal. When the answer is correct, we assume that the 
challenge of the example has been met through planned and 
intelligent execution; when, on the contrary, tho answer is in¬ 
correct, we make the contrary assumption. But the child’s 
explanation of a solution may deceive us completely by its 
correct repetition of set phrases, well memorized, but little 
understood. A teacher was completely baffled by one of his 
pupils who invariably got the wrong answer to type III in 
percentage despite his correct statement: "If the milkman who 
delivered 660 bottles of milk, served % of his customers, then 
% of his customers is ^4 of ^69, which is 70." The child's vocal 
apparatus learned to say what is considered correct; but his 
limited understanding of the situation told him “Ys is iiot Y" 
and ho invariably computed % of 660 instead of Y of 660. 

Tho nature and the variety of the relationships among 
quantities set up many interferences in leaniing. Wo have 

1C. n. Judd, Measuring ike Work of tho Public Schools (Ruesoll 
Sage foundation, 1910), pp. 26-29. 

* Ibid, 
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' become so accustomed to these situations that 'we take theni 
for granted. But to the immature pupil who is not gifted with 
. superior intelligence arithmetic seems rich in apparent incon¬ 
sistencies. To illustrate: Multiplication connotes to those chil- 
r., dren, "Make larger.” Is not multiplication only a short and 
- convenient form of addition? But 8 Xy 2 givo.s 4, an answer 
:';,.that is decidedly smaller than tlie original quantity. One half 
;.times 8 means, of course, not all of the 8, but only half of it. 
';':,-^ut "%X” produces no more than of.” The children may 
find this puzzling. 64X1 produces 64, a product even le.S 3 than 
' the.sum of 54 and 1. Similarly,-they assume that the process 
of division always yields smaller quantities. 8-r2 gives 4—a 
, result that seems reasonable. But S-i-i/a produces an un¬ 
expected increase to 16. In we obtain not % but 3/i. 

, In the result is %. To many pupils the puzzling ques- 
', tions, therefore, are when should numerators be added, when 
should denominators be multiplied, and why should multiply¬ 
ing yield a smaller result than adding? 

Subtraction does not seem a consistent process to many 
V children. Let us see what they find baffling iri two different 
subtraction examples. 




From 4 bu., 1 pk., 2 qt. 
.Take 2 ", 2 ", 1 “ 


From 534 
Taler 147 


• ^^’^^^o*h -^”rowing.is involved, A pupil changes 1 bushel 

/ j V ^ which he takes 2 

3 pecks left. In the second example 7 units cannot 
, e taken from 4* units. A ten, is converted into units and iO 
jmfe are obtained. These ai-e added to 4 units, making 14 
. units from which 7 can now be taken. To us, the two forms of 
. retong a higher denominator to a lower (one bushel to pecks 

■ T ‘Jrfferent num- 

, bMs_of the smaller denominations. To the learner this may 

is obvious. Progress 
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must bo slow and children’s difficulties must be met under- 
standingly as well as patiently, 

2, The cause of failure may be found in the technique of 
unskiUful and inexperienced tcachino. Ungraded subject-mat¬ 
ter presents too many difficulties at one time. Unmotivated 
teaching may fail to arouse attention. An indefinite lesson aim 
may fail to focus pupils’ minds on the specific objective of 
the lesson. Absence of necessary objective aids renders simple 
statements empty genernliaations. Failure to provide for vary¬ 
ing capacities of children leaves most pupils uninfluenced by 
the teacher’s efforts. Taught as a succession of procedures 
without reference to any of tlie activities in the child’s life, 
arithmetic becomes an unrelated complex of skills. Practice 
without focused attention on the specific weakness of in¬ 
dividual pupils does little to establish habits in arithmetic. 
The list of teaching errors may be increased to a startling 
number. 

_ 3. To inexpert supervision we may ascribe many of the 
difficulties which beset children in learning arithmetic. Among 
the improper''conditions which we charge to inadequate super¬ 
vision we may list the following: courses of study cluttered 
with outdated arithmetical practices and problems; the use 
of textbooks poorly conceived and poorly written; failure to 
provide the best printed drill material; infrequent visits to 
classrooms and less frequent conferences on methodology with 
teachers; inadequate equipment of illustrative materials and 
visual aids to instruction; lack of use of standardized testa 
to discover the true measure of children’s attainment by com¬ 
parison with norms of children of like mental age and grade; 
neglect of diagnostic testing to reveal the specific weaknesses 
of individual ohildi-en. Supervision that is sympathetic and 
constructive helps to make the arithmetic lesson a stimulating 
suocosaion of challenges to teachers as well as to children, 

Our introductory discussion indicates that this section will 
study in detail a series of teaching principles distinctly psy¬ 
chological in their implications, which aid in devising meas¬ 
ures for the removal of many causes of failure in arithmetic. 
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PlIOBltllSmitaYANDDlSTOlOlt 

4 , SeiiiitB tie privilege of olwing tlirec or four people rvlio im 
. ■ deicieit k iritketie, Mel of tie caits listed undor' Witicocies 
, k tie piipi' seem to ooeoiint for the troidde that fee ciiildmi 
•- ore osperieiickgl Hoir nouid yoa plan to help the cMdim over- 
^, com tlo diffioidtiea yon obiotved! Wkt feraing coiillicis nw ton- 
' :fiioii^tbeieiidreif 

2, Ik tho^ keWvo tending pnictices tint may aemnt fo. 
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dologioiil principle w violated k fc kdicctivc procedure, 

:; 3, i pn^ tho is kident k nritlmcilc has been nifcmd to von 
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CHAPTER V 

TEE LANGUAGE AND THE ALGOlUSMS OP AEITHMETIC 


The language of arithmetic. Every body of knowledge 
specialized enough to be designated as a separate subject has 
a vocabulary peculiarly its otsti. It is assumed that the child 
will learn the meaning of these technical terras incidentally 
through their repeated appearances in successive situations. 
In a measure this assumption is justified. But, like all indirect 
and incidental learning, much needless difficulty is encount¬ 
ered. It is the part of wisdom to anticipate tlicsc difficulties 

of language by explaining each new term as it arises in its 
natural setting. 

Children in Grades 6 through 8 were asked to give the 
meaning of area as used in the examples they wore solving,^ 
Among the many which Stevenson found are the following: ' 


The sum you get when you add different lands, 1 acre+ 3 
acres = ^aeres; length and width added togetlior, 2 ft. long and 3 
it. wide-3 ft -area; number of miles; width of a field; miraber 
01 feet in a mile_; number of people that live in the United States; 
the size of anything 24 ft. + 28 ft.=: 62 ft.; the area is 55 feet below 
the sea level; it is the boundary of a country. 


Each teacher took for granted that the word area carried 
the correct meaning for each child, and no teacher ever 
stopped long enough to give the word its true connstation. 

Confusion often arises because teachers fail to realize that 
a amiliar word may be used in a peculiar sense in aritlimetic. 
The expression, How many, usually carries the idoa of m uch! 

’•P. R. Stevenson, "Difficulties in Problera-Solvine.’' Jmrml ol Mtlu 
cakoul ReBmch, Vol. 11, Eebi-uoiy, 1926, pp. 96-103. 

73 



THE TEACHING OF ARITHMETIC 



of quantity, and seems to invite increase or addition. Never- 
■ . ^eless many examples ask, "How many marbles did John 
^ have kft if he began his game with 24 and lost 9?” Clearly 
the subtractive idea of how many is new. 

, Most new books use such terms as quotient, difjmnce, 
product, and result. In actual practice we say, "Find what 
was left,” not, "Find the difference”; "Find how many hooks 
I can buy," not, "Find the quotient.” Economy of time and 
j. other considerations force these terms upon ns. But it is im- 
portant that we recognize that these words are technical and 
^ as unfamiliar to children as the terms delta, tributary, and 
plateau met in their geography class. We are not for the 
elimination of useful technical terminology, but for its gradual 
introduction with due attention focused on meaning. Almost 
, every new procedure in arithmetic requires an introductory 
language lesson, 


■ .Thorndike reports* that almost all of the following words 
and expressions are found in the first fifty pages of arithmetic 
textboolra commonly used for beginners: 

'ontiiinml in, difforpneo. 
ut/L ■ equal, e,arniug, gain, gros.s liave 

^ .S’ less, loss, lose, nSiLo 

■ multiplied by 3% will prwlifce'lsV 
profiVpurchase, retain, receipt, taxes, total, vnlVaudSk 

'mr! rf ‘average is 

S i egP on.” How frequently do their 

, books state: A brood of chickens laid 98 eggs in a week 

■ eggs did they lay on an average each di^^?” What 

^ aSurnTtllTln Ivt 

■ deposit their Xom^kinS " 

°l Antnmelio (Macmillan Co.; 

^wppfementorv Punflamt-nkla of Arilh- 

; Phikgo Press. FebruTry, S7p.?^^^^^ No. 32 (University ot 
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Add: Find the mim. Find the total. Find the amount. Find the 
value. Find the cost. Find the distance. Find the whole. Find the 
length. What is the sum (total, amount, value, cost, distance, whole, 
length) ? How many? How many in both? How many together? How 
nwiiy in all? How far? How long? How old? How much aro they? 
What is the combined cost (distance, length)? What i.s the price? 

Subtract: Take away. Find the remainder, Kind the balance. 
Find the difference. Knd what is left. How many more? How much 
longer? (taller, heavier, farther) ? How many are needed? IIow many 

are lacking? How many othera arc there? Not counting-, how 

many more are required? 

At times the difficulties of language are intensified by tlie 
peculiarities of the situation demanding arithmetical solution. 
The teacher of arithmetic will be repaid for the expenditure 
of time required to analyze each of the following examples 
selected from class assignments and textbooks; 

1. How qiuch must I buy? I have 17 marbles and need in. Many 
children could not understand why a boy should buy 2 marbles when . 
marbles are won, not bought, nor why anyone should need just 10 
marbles. 

2, At what time will Bob reach home? He started at one o’clock 
for the lalce, spent two hours fishing, and one hour each way in 
travel, 

Tlie children had no difficulty in adding 1, 2, and 1, Some said, 
"four” and gave the answer, "Four o’clock.” Others were baffled by 
the expression, “spent two hours fishing” because they invariably 
associate epont with money. 

3. Four children are malting fumituie for their play-house. They 
deiiide to make 7 chairs, After the fifth chair is completed, they must 
make how many more? 

Note the difficulties: 

0 . Four children. Why four? Why confuse the situation by telling 
how many children? 

b. Visualizing the situation, for example, what are the children 
trying to accomplish? How far have they carried the plan? What 
remains to be done? 

c. The use of comparative subtraction; 7 is how much more than 
5? or 5 is how much less than 7? 

d. The introduction of the qixlinal, fijth, for the quantity, five. 

4, John is 12 years oldj Mary is 9. In how many years will Mary 

bo as old os John now is ? > 
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; data to support our insistence on aVtentkln to c ' 
an^metio. Brooks" analyzed five books dcsiprd for £"^-1 
grade. In them he found 420 different wor.l«.^4„ H 
words were counted that appeared more flum fit. r ^ **’**''* 
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■reasons: it Jves 1 ^'nnoty of 
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S-8. Brooks. "A 26. Januaiy. 1926, pp. 367 _^ 
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number of "bales required” would be found. Only the answer 
is labeled. The more iiitere.stcd one become.^ in the problem, 
tlio more impatient is he to reach the end of the calculations 
and to obtain the answer. It is not uncommon to find children 
who have obtained the correct answer going over the prohlem 
and inserting names to accompany the numbers. By doing this 
they avoid incurring the displeasure of the teacher. Nothing 
is gained by forcing the child to arrest the solution in order 
to associate every number with tlie concrete object that it 
represents. Labeling all numbers is often an obstructive 
practice. 

“Crutches." We frequently find auxiliary figures and mark¬ 
ings taught children w'hen new topics or operations arc intro¬ 
duced. To teach a child, in column addition, "to put down 
the units under units, write tens in the corner, and thcji carry 
the figure to the other tons"; in subtraction, "to change tlic 
figures in the minuend”; in division, "to make chocks under 
each figure of the dividend as it is brought down”--the8c are 
illustrations of forcing children to resort to "crutches.” Num¬ 
ber work with the aid of crutches takes on the following ap¬ 
pearance; 

34 


346 


TIO 

14)4836 

218 


3g4 

1 

1 

1 

347 


m 

236 

32 

238 

63 

m 

24 

66 

42 



7 


The tendency among recent writers is to reject all these 
crutches for reasons that are serious. It is argued that children 
who learn to use these aids develop habits of arrangement 
that must ultimately be discai’cled. Every auxiliary check 
tends to keep the process, already understood, a rational one, 
and retards rate of work. Crutches may tlicroforo bo doviccs 
that render temporary aid at an excessive ultimate cost. Por 
these reasons the prevailing attitude towards crutches is dis¬ 
tinctly hostile. 
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■This is illustrated in the following use of crutch figures 
in the minuend; 

984 

m 

619 

Theoretical analysis may justify this position, but practical 
e^erience often refutes such a sweeping assertion. Teachers 
who grade their work carefully and give sufRcient drill for 
■, each step find ^at many children can be brought to a desired 
level of proficiency without the use of accessory algorisms. 
But there are young pupils who, for one reason or another, 
cannot master a new solution without the aid of crutches. To 
"force Buoh^ children to abstain from the use of these aids re¬ 
duces their speed and accuracy, and makes the learning 
process an experience of continuous worry. Such children 
should be encourapd, but not forced, to work without them. 
Before a final decision is reached in the matter of crutches 
supervisors and teachers ought to consider these riuostions:* 

worrisome children? 

. Granted that the crutch is not needed in the final product, 
.,may it not play a useful part in the learning stage? Have 
not most of us discarded crutches we found extremely useful 
as,children? Is not the time required to write a crutch in- 
“ay not the worry about "not forgetting" 

the DoSe'rnrrI ^ objective basis for 

the positive condemnation of all crutches? The entire ques- 

“ be before a ilaa. Sn ta 

While we are awaiting accurate data in terms of wliinJi 

-m Jit be a helpful compromise to eliminate all temunrirv 
ru^es mid m their place give the child necessary wS 
in the early exercises. To illustrate: ^ ® 
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The work would then be carried out as follows: 

fiS Child thinks 4X8, 32; siiys 2; writes 2. 

4 Child thinks 4X5, 20, plus !3; says 23. 

^ Writes 23. 

This miikes unnecessary the crutch so frequently seen in the 
following form: 

(3)4 

"232 

The correct7ies8 of all aUjorisms. The term nlgorisin refers 
to tho arrangement of an arithmetical solution. Arithmetic 
must be made the instrument of developing precision of speech 
as well as accuracy of thought in quantitative matters. Text¬ 
book writers object to the formula 5 ft.X4 ft.=20 sq. ft. on 
the ground that the multiplier cannot be concrete, and even if 
5 feet could be multiplied by 4 feet, tho conversion into square 
feet would be impossible. They suggest tho form 5X4X1 sq, 
ft.=20 sq. ft., an algorism which the child hardly understands, 
and which makes the multiplier no less concrete to him. Nor 
is it correct to permit a statement like the following: 

% = $3.60 

% = $1.80 

%=5XS1.80 = $Q.00 

The correct form is, of course, % of tho money saved is $3.60. 
Children can be led to realize the absurdity of the incorrect 
statements by reference to concrete things. 

No aim in arithmetic can be attained unless it is made a 
goal in all phases of the work. To insist on accuracy in num¬ 
ber manipulations and to indulge in inaccurate statements 
will inevitably develop looseness of thinking in all arithmetic. 
On the other hand, we must not become too pedantic in mat¬ 
ters of form. To be sure, the symbol, =, is not an equal’s 
sign but a sign of equality, but such a distinction is hardly 
worth maintaining with young pupils. Unreasonable insistence 
on these matters, which must seem very small to children, 
harasses them. Teachers must be flexible in these matters and 
thus avoid fetishes. 
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The exaggerated Importance of formal definitions. Arith¬ 
metic has a terminology of its own tliat cliildren must learn. 
But ability to remember sot definitions of important terms 
gives no assuranco that they arc understood. The child who 
glibly recites a formal definition of number, unit, or ratio is 


repeating a statement imposed by his teacher and formulated 
by a person possessing mature insight into number relations. 
, iNor are all acceptable definitions correct and immutable. The 
definition of a fraction most frequently given by textbooks 
is the traditional "one or more of the equal parts of a unit." 
But % is not always % of 1, The traditional definition of a 
fraction does not suggest, even remotely, its utter incom¬ 
pleteness. Formal definitions are not the necessary aids which 
an older pedagogy assumed them to be. 

But it must not be assumed that all definitions may bo 
eliminated in the teaching of arithmetic. We must draw a dis- 
• tinction between very useful and relatively less useful defini¬ 
tions. It is obvious that the primary grades must be free from 
formal definitions because the children arc too young to 
formulate the definitions themselves, and too immature to 
read meaning into those that are given to them. 

Some terms merely help to identify arithmetical elements. 
They coirtribute nothing more helpful to a pupil. To define 
.these TOth any degree of precision is unnecessary. The terms 
, amnd multiplicand, multiplier, and quotient are examples, 

■ Reoopition of these and ability to give illustrations of them 
, meet very adequately all the demands of arithmetic. 

■' i“oro inti- 

Definitions of factor, rectangle, and denominator do 

iin 1 ^ ^ arithmetical elements. They sum 

, ttat havo a beamg on aotual com- 

7“ I™™ ■>” undorstaada Iho 

, rf may taU to reoogniae tho square and 

. ng aa reolanglea or ha may aaaign tho paralWogram, 

. . <C7 to tha alaaa of raalanglel. TJnlooa the tern dHUudc is 

■ a early defined and thoroughly imdeiotood tho ehlld frequently 
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computes the area of a triangle by multiplying the base by 
one of the inclined aides; when he can find no horizontal aide 
of the triangle, which he calls base, he is perplexed indeed. 
Here wc have illustrations of definitions that enter into the 
very techniques of arithmetic. 

Suggestions for teaching definitions. Experience indicates 
that certain teaching practices increase the value of leaming 
definitions. These wc shall now list. 

The definition should come after the lesson ha.s been de¬ 
veloped, and after the functions and characteristics of the 
term in question have been thoroughly grasped by the child. 
First, children draw rectangles of different sizes and with 
different ratios between length and width. Tliey then note, 
under guidance, that each figure has four sides and four right 
angles. Finally they are told that thc.se figures arc called 
rectangles and are asked to help formulate a definition of 
the term. 

'The definition must be formulated by the class, various 
children making improving contributions to the final state¬ 
ment. However inadequate the language used by the children 
may be, it is they who must suggest the thought elements 
in the definition, for only as they succeed in doing this are 
they giving evidence of comprehension. 

After the component ideas of the generalization have boon 
contributed by the pupils, the teacher may improve the 
language. 

No fixed statement need be memorized by the children. 
Leaming the component ideas in a definition is usually 
adequate. When called upon to give a definition of a rectangle, 
children should think of "four sides” and "four right angles” 
and should then express these two ideas in the best sentence 
they can formulate. A stereotyped definition is rarely, if ever, 
necessary or even desirable. 

It will be found helpful to train children to givo an original 
example before stating a definition. The child called upon to 
give the definition of factor or rectangle, says for tho first, 
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"5 is a factor of 10 or 16—a factor is a number that divides 
^ another number without a remainder"; an<l for the second 
"The window-pane is a rcetangle-a rcciangle is a figure 
having four sides and four right angles." Ciiildren are often 
able to recite correct definitions and yet lack understanding 
They are unable, therefore, to apply these definitions The 
original illustration which precedes the definition gives ample 
evidence of adequate comprehension. 

Definitions are summaries of experience. As experioncea 
increase in number and variety the first definition loses its 
inadequacies and crudeness. Always, experience must run far 
ahead of definition and classification. 


Problems for Study and Discussion 

1, Select <m of the standardized word lists, for exaimilp that 
prepared by nomdike or Gates. Examine a commonlv used arith¬ 
metic t^book and check the words used in the problems of five 

second 

-:ceas, ^SfepS^SsSne^“ obstructing pro- 
'fofeBufficient^e^^tatiOT tofow a®® that must wait 

meats; (b) si, that lSK be dl® e«ntial ele- 

be ^le to idei% and aiugtrate children should 

la the two lists. ' inclusion of each word 
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7. A definition must always remain a functional factor in a pupil’s 
knowledge. What is meant by functional jnctorl What teaching 
processes tend to sharpen the functional aspect of a term or defini¬ 
tion? 

it. exposition, with appropriate references to teaching, of 

the folloiying statement: Experience must always precede (lefinition 
and classification. Do not limit the illustrations to arithmetic. 
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MOTIVATION IN ARITHMETIC 


am and motivation. Aim and 

As early in each lesson as possible pupils must become ac¬ 
quainted mth the specific objective they are to reacli. Proper 
mind-set is thus established. Each pupil can gauge the succL 
rffc ton by pLU CT 

am. Knowing the gonl holp pupi,, ; 

tt^g towrt . common end and to avoid many irmli 

plication, the teacher writes on the blackboard B7fiyifi2/ 
mvito the clam to a content. WhUoX 

P^g thenumbera the teacher writes the answer on her md 
rather ostentatiously and waits fnr «i ^ 

bv ^ thPT, ft j r ^ to mult p y 576 

wof mul4w.S.,J™t.T r™' 

goal of the lesson. P P ^ the class thus knew the 

measure of his progress. At thp r effective 

should be recalled and the tho aim 

they had attained their obiecHv to judge whothcr 

the affirmative answe7cait that 

«« Nuwy inb. the e.» o, 

04 
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failure—is often very instructive, and may yield a situation 
far bigger than the lesson itself. In such analysis one develops 
a critical attitude, -which is most helpful in acquiring power 
to think. 

The aim of a lesson refers to its imnicdiato goal; the 
motivation seeks to justify the lesson to the pupils. An ef¬ 
fective safeguard against teaching what is socially useless in 
arithmetic is to reveal to the pupil the value of the specific 
subject-matter to be learned. Not wc, but the child, must be 
convinced of the need or the value of what is to be taught. 
Were teachers and textbook writers to motivate all they try 
to teach children, much which tliey now regard as necessary 
would undoubtedly be eliminated. When genuine motivation 
is established we may be reasonably certain that the class 
gives its attention willingly, that its interest is dynamic, that 
its self-Bcti-vity flows freely toward a definite end, and that 
its cooperation is reasonably well sustained throughout the 
lesson. 

How to motivate arithmetic lessons. The variety of 
methods of motivation in arithmetic is rich and easily ap¬ 
plied to all grades. To thoso wo now turn. 

1. We establish motivation by showing children their need 
of a process or set of facts. In teaching business forms—bills, 
receipts, checks, single-entry bookkeeping—the topics are so 
intimately related to the child’s experience that the more men¬ 
tion of the aim of any of these lessons will serve as a motive. 
A first lesson on multiplication by fractions can be motivated 
by making one item of a bill, “1% yd. at $2.40,” and leading 
the pupils to foreshadow the aim of the lesson—"to learn how 
to multiply by fractions.” Similarly, a lesson on division by 
a decimal can be motivated by giving the children a practical 
problem, the solution of which is found by dividing by 6. 
The problem is then changed in one respect only—^tlie 6 is 
turned into .6. The children do not proceed very far with 
the second divisor before they inform the teacher that they 
do not know how to manipulate the decimal point. Tbo 
pupils are then asked, "What must I teach you now?” and 
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the children state the aim of the lesson. These arc typical 
illusteationa of very many similar situations in arithmetic in 
which motivation can be achieved by showing that the new 
process is necessary in modern life. 

2, A second means of aroimmg rational motive is to relate 
now experience to an object or an end in irHich the child is 
directly interested. A pupil who di.slikc8 arithmetic but is 
eager for manual and vocational experiences may be at- 
,;;teaoted to arithmetic if its problems are derived from indus- 
;':trial activities. In making out the price tag for an article of 
furniture just completed the child raiisb add a per cent profit 
• to the cost of material and labor. Here ^¥e have the motive 
for teaching this child the initial lesson in percentage. In 
similar manner a child's interest in athletics may be utilized 
as a motive for arithmetical purposes. Four schools in athletic 
■ competition have thus far the following records: 


School I .. Won 4 Lost 3 

School IT . " 6 " 2 

School in . " .5 " 3 

School IV . " 4 " 1 


These figures can be made the basis of an interesting series 
of oral arithmetic examples, and can be used to motivate the 
f",; teaching of Case 11 in percentage by asking, "How shall we 
.compute the per cent of games won by each?" Similarly, in- 
terest in physics, in geography, or in cooking can be made 
,Is.,., the means of stirring motive and arousing a desire for the 
^^^ .mastery of certain arithmetical experiences, 
p:?; 3. A simpler means of attaining the same end, motivation, 

r)!' appeal fo a deep-seated urge or craving. Because of the 
|| child’s inherent love for play, early number work is made 
lii;: ■ pleasurable through suitable games. Many of the mechanical 
arithmetic take on a pleasing aspect if teachers 
|k: 1^® puzzle instinct, the instinct of curiosity, or the 

mge to overcome obstacles within the children's capacities. 

'^.Reducing fractions to lowest terms and discovering least com-, 
5'■" ,^®b.multiple8 and. greatest common factors are not dull pro- 
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cesses when these are presented as number games that chal¬ 
lenge ingenuity. Even adults spend many hours in puzzle- 
solving. When all other attempts at motivation fail an appeal 
to an instinctive craving will often prove effective. 

4. The desire jor growth, for self-improvement, is potent in 
every normal human being. This becomes a motivating force 
in many forms of learning. The competitive spirit is easily 
aroused. But instead of directing it towards others we try to 
turn it inward. Let the child try to compete with himself, to 
do better than he did yesterday. In classes where children 
graph their individual weekly records there is unmistakable 
desire on the part of most of them to keep their curve of 
progress from “turning down.” They strive for the upward 
turn of the graph and find solace in the plateau. Work that is 
unusually meritorious for a particular child should be praised 
or exhibited. Occasionally it should be sent home with a 
written comment by the teacher. Such recognition is un¬ 
doubtedly a spring that releases human effort. 

Observations concerning the Imitations of motivation. A 
note of caution is sounded by many critical students who 
point out that too frequently the motivating situation is 
sought in adult life—^not in that of the child. Arc wo making 
arithmetic natural and necessary by arranging facilities for 
playing store, playing number games, or for playing circus 
because each of these situations requires zrumber manipula¬ 
tions—counting, adding, raaldng change, multiplying, and 
what not? Is motivation genuine because the number ques¬ 
tions are centered around, “Going to the Movies,” “A Trip 
Around the City”? Are not these experiences with their simu¬ 
lated enthusiasm adult made? To these situations the dull 
child responds for the moment, but is left cold when actual 
arithmetical examples must be solved. The bright child resents 
the all too obvious sham. Wliy not proceed on the safe as¬ 
sumption, the critic aslts, that normal children arc intellectu¬ 
ally alert, and eager for new experiences? Does not our 
numerical system motivate itself because of its rhythmic 
repetitions? Do not children recognize the practical need for 
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mmber? Under normal comlitinns children fstrive to know 
more and to be more skilful. Will not the normal reactions 
of the child make elaborately planned motivation unneces¬ 
sary? These apprehensions, implied nnd expressed, are justi¬ 
fied when we tench suhjeet-mnUtT that is inherently interest¬ 
ing. But each new unit of Rraded Riiliiect-matler, though 
vitally necessary for the development of the entire .suliject, 
may not relate itself to the child’s immediate needs. Ultimate 
need is no motivation for a growing, active child. It is argued 
that motivation, even when it is slightly artilieinl, is occa¬ 
sionally necessary. 

At times we may not be able to motivate a given Icjsson 
in arithmetic. Under these conditions the le.saon iwoeetiils with¬ 
out motivation. Often the motivation comc.s at the completion 
of the act of learning. With the dcvclojmicnt of the (lo.sircd 
degree of skill in using fractional equivalents (»f percentage 
forms, the child sees the superiority of the. multiplier % over 
.37% when 37%% of 6.568 must be found, 

To motivate does not always mean to make agreeable. 
Motivation may make a task seem good fun, but it must al¬ 
ways make it seem reasonable or necessary. Once the child 
sees the need of drill to insure mastery, the drill is motivated. 
To be sure, he, may not enjoy tho round of rojictitions, biit 
he now regards the task as useful, not as an arbitrary im- 
, portion by an imperious teacher. 

Success and jailure as motivating agents. Thorndike chal- 
lenges the statement that thinking is initiated by a difficulty 
or a failure. He argues that these circumstances may inhibit 
, r^tber than stimulate thinking,^ For illustration ho offens, "It 
*' 1 0 / Arithmetic (Macmillan Co„ 


oW Si before teaching cancellation, the inadequacy of the 

"‘orcover, not only be nneco- 
aS “ of teaching cancellation; it would aninimt to caatinK 
be S acquisitions, and it would, mdoiitificnlly. 

ing SoSi - *be old full multiply- 

ffleaSMv admirable in every respent. The iaaiio of its 
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is hard for me to add three eight-place numbers at a glance. 
My existing sensory-motor connections nro inadequate to 
playing a golf course in 65.” These failures either inhibit 
Thorndike, or set up annoyances for him. He therefore be¬ 
lieves it unwise to teach cancellation by showing the child 
that multiplying all the numerators and all the denominators 
and then reducing the result to lowest terms is far more time 
consuming than it need be. 

All of this is true and yet it docs not necessarily contra¬ 
dict teaching procedure that is commonly approved. A diffi¬ 
culty may discourage and set up inhibitions to bo sure, but 
ready success may make a process or an experience seem so 
familiar that it holds nothing more for us. Neither succc.ss 
nor failure, alone, is sufficient to stir dynamic response. Fail¬ 
ure plus something else—difficulty plus something else—are 
needed. The something else may be a desire to do better, to 
do as well as others, or to have something that is considered 
useful. If mere failure were adequate stimulation, then those 
who fail most—the least intelligent—would be the most stiinu- 
lated. The least intelligent fail most because they lack the 
penetration to interpret their failures and their inadequacies. 

To show an intellectually alert child that his process of 
doing all the multiplications first is time-consuming may 
motivate the cancellation process for him. Of course he can¬ 
not hope to save time and energy until he has mastered the 
process, but, for that child, the desire to work in the most 
economical and most approved fashion quickens the learning 
process. 

Failure uninterpreted, failure whose implications are not 
understood, failure in situations that transcend our ability, 
will not serve as a motivating agent. 

Success may accelerate learning more effectively than fail¬ 
ure. The stimulating effect of success was apparent in the 
child who kept at her arithmetic for two hours because she 
felt, for the first time, that she really understood the functions 
of fractions and how to use common fractions in her computa¬ 
tions, Success is accompanied by pleasure of attainment, and 
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It generates a,growing feeling of self-confidence. The child 
whose swimming improves continues his effort, and practices 
or longer periods, But when he reaches a long plateau in his 

Neither success, per se, nor failure, per se, is nccessarilv 
a stimulation to furth^ effort. The implications of success or 
failure my act as either accelerating or retarding factors in 
, the learning process. The true psychology of success and 
, failiire still remains to be discovered. 

PhobiiEms for Study and Discussion 

(a) Individual records of wnplr hv ,, 

' gifted more than the mediocre ^ ^ stimulate the 

alignment that is difficult discourages the children 

. lesson are the mo^ actively^i^erested^in^^^ objective of a 

(d) Thera i. a ™ the lesson. 

■ («) 

imrt fcTOr,J.l, a(titudolomrd tiSS“‘ ^ *“™ tte 

-not r^pond when we motivate , they do 

practicalapplioyons of what we ar??o tealr°”' ^ 

((?) Mosti childr^ liave anafnrsi iti+ j. • 

.. 3. As a result of your studv number, 

tion of motivation wffich you t4ik ^ “^^Pter, formulate a defini- 
agree wili the definiZ? Do^u 

-OU™- 

^tent of this ohapter^hat ^ grasp of tlie 

Do you thiiA it achieves its pmposef designed to reveal? 
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gradation in arithmetic 

mpcrtam c graddtm. A trad,or w trying to carry on 

68+7 « ^ 38 + 20 58 ' 

.^+7,66, mo teacher then n«berd the eucce« etepi 



tjO—* 


nothing the teacher did reduced fte diffleuity. ’ * “ ‘ 

two Lh“two*Stmte "“'u *! “ ‘0 »'!“ 

that the method suggested Tg 66 'Tn ™i'* 

+ (7+8) =60+16=rTh.7 ' (30 + 20) 

ahnoet all the diffieiilt,i« 1 *^° ntenleia 38 and 27 present 
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The Gradation 

First day. Givs practice in tlie following: 
3 4- 2,30 + 20; 4 + 3,40 + 30; etc. 


The Reasona 

There is little hero that 
th(! children do not know. 


.Second day. 

30 + 20,34 + 20; 40 + 30,46 + 30 


Third day. 

34 + 20, 34 + 23 ; 46 + 30, 46 + 32 
Form, required: 34,54; 57; 40,76,78 


Fourth day. 

34 + 20,34 + 26 ; 46 + 30,46 + 34 
Form required: 34, 64,60; 46,76,80 


The (loinhinations ere al¬ 
most the same except for the 
iminiHif of units in one 
number. 

A second number of units 
is introduced hut tiio com- 
hiiicd number of units is less 
tliaii 10. 

Now the two units places 
yield 10 but no more. 


Fifth day. 

34 + 20, 34 + 27; 46 + 30,46 + 39 The difficulty of Inidging 
• Form required; 34, 54,61; 46,70,85 tlie lO's is here introduced. 


It is now apparent that the last step in a chain of progressive 
difficulties was made the first step in teaching. Small wonder 
that the children seemed inextricably confused in trying to 
learn this form of addition. 

Another illustration may convince the reader that proper 
gradation in such subjects as elementary mathematics, gram- 
, mar, and science is of utmost importance; that it is prolmbly 
the most important single agent in eliminating the difficulties 
which these subjects hold for children. In learning how to 
subtract common fractions the class came to the type in which 
the fraction of the subtrahend is larger than the fraction of 
the minuend. The teacher unwisely began the lesson with 
5%—2%. Clearly the children had to perform six important 
major steps: (a) to reduce both fractions to a common do- 
nominator; (b) to recognize that % cannot be taken from 
(c) to secure % by changing one of the units of the whole 
number 5; (d) to fuse the newly acquired % and the % of the 
minuend and secure i%; (e) to subtract % from and 
secure %; (/) to subtract 2 from 4, not 5. Of these six steps 
(f>), (c), (d), and (j) are altogether now. Are wo justified in 
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permitting four new procedures to arise at once and thus make 
arithmetic seem unduly difficult? Would the following not 
have been a more helpful gradation and have led to less 
discouragement? 

Step 1. 5-2; 6-%; 5-2% 

Step 2. 5—2; 6—2%; 5% —2% 

Step 3. 6%-2%; 6%-2% 


We assume, of course, that the children have learned to 
solve the following types: %-%; 2%-%; %-%; 7%-2i/j. 
The borrowing difficulty, properly graded, is no great worry; 
imperfectly graded, it becomes a mountain of small trials. 

Psychological implications of gradation. The psychological 
implications of gradation are significant. The specific charac¬ 
ter of an arithmetic skill has already been mentioned and will 
be elaborated in our diagnostic studies. An enumeration of 
some of the specific skills that make up skill in addition in¬ 
cludes the following; mastery of number combinations; aljility 
to bridge tens, 5+7,16+7; ability to carry a combination to 
higher decades, 15 +7, 65 +7, 76+ 7; ability to write addends 
correctly; habit of checking the result. Skill then consists of a 
complex of constituent skills, each of which is most specific 
in character. The specificity of skill, therefore, adds new im¬ 
portance to gradation, for it teaches that we must develop 
general skill by developing single skill elements in progressive 
sequence. This is precisely what was suggested in the illus¬ 
trations above. 

Learning is essentially the acquisition of a hierarchy of 
habits. Stone^ believes that before children are asked to add 
six three-place numbers, they should have acquired the pre¬ 
liminary graduated set of habits tabulated on page 94. 

The term apperception, to-day in ill repute, refers to a 
very useful concept: we acquire new ideas by interpreting 
them in terms of related ideas previously held. In proper 
gradation we supply each new step with a set of suitable inter- 


1 Jolm C. Stone, The Stone Arithmetic, Teachers* Manual Qrados 1 
to 6 (Benj. H. Sanborn & Co., 1028), p. 36. 
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preting ideas and skills. In the addition of two two-plnce 
numbers, the work set for any one day becomes the interpret¬ 
ing experience for the processes of each succeeding day. 
Similarly, in the illustration of subtraction of fractions, step 1 
is the apperceptive basis for step 2, and steps 1 and 2 lieconie 
an apperceptive basis for step 3. In all situation.s concerned 
primarily with the development of skill proper gradation is 
of extreme importance in facilitating the learning process. 

Proper gradation inspires confidence in one’s ability. Al¬ 
though a child may not be able to master at onc.e a com¬ 
plicated skill, he finds he can learn the progre.s.sivo specific 
skills. Learning thus becomes more pleasant, and ns.so(’iatcd 
more often with success than with failure. Under the guidance 
of a gifted teacher, therefore, learning becomes a series of 
adventures in success. 

How detailed is effective gradation? The teachor who is 
intellectually sympathetic takes the attitude of the immature 
pupil and discovers, one by one, the successivo difficulties that 
present themselves in the unfolding of tho subject. Such a 
teacher introduces into a le.sson a gradation that goes far to 
remove obstacles from the learner’s path. 

Let us assume that division by a decimal has been ex¬ 
plained carefully by the teacher and understood clearly by the 
class. It does not follow that because the children can solve 
examples used by the teacher in tho course of instruction in 
which the divisor is .6 or .8 or .15, that they can therefore 
solve any case that comes under the caption, Divi.sion by 
Decim als, W hen the example takes the form of .15)2.455 
or .12)36.48 no difficulty is experienced, but when a slight 
ch ange i s made so that tho example becomes .15)'2i5.'5 or 
.15)2465., many are puzzled, for there is an apparent in¬ 
sufficiency of decimal places in t he div idend. The writer has 
seen children able to sol ve .15 )65.75 but unable to obtain 
the correct answer to .16)667.5; able to solve .15)657^ but 
unable to manipulote the necessary elements in .16)'C676; 
when questioned as to tho cause of tho difficulty tho chiUlTcn 
replied, “There is no decimal point in tho dividend,’’ The 
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reader might assume that the instructinn wan inefficient and 
that the children were taught tliat to solve .16)05775, "wc 
move the decimal point two places in the divisor and two 
places in the dividend.” Such an nssuinptinn would he un¬ 
warranted, for when the pupils were asked to explain the 
division of 65 75 by .16 they said, "We multiply the divisor 
by 100 and then do the same to the dividesnd,” When they 
were requested to apply the law to the divi.sion of C5 by 16 
they moved the decimal point in .15 two places to the rigid, 
but since there was no decimal point in the dividend, they 

Mows ^ ^ 

4 3.T}ir. = 43.% 

15.)05l}O ■ 

M 

60 

45 


5 


But without this added direction they sceme 
oeed. In the teaching of division by decimn 
tion demands the inti’oduction of the 
taught only when the preceding 


_ Step 

1. 5)84.26 

2. .6)54.25 


3. Divide by . 6 , . 7 , . 9 , .e)® 
.7)54.67 

4. Di vide by . 12 , .14, ,15 

•12)38.64, .14j:§52 ' 

5'. Di vide by 1.2, 1.4^ j 14 
1.2)38.64, 1.4j;3S, 11.4)^ 


unable to pro- 
enrcful grada- 
following steps, each 

one is mastered. 

Rcaso7i 

1. This is a known procedure. 

2 . This^ introduces the problem 
of division by a decimal and 
shows the difference between 
the known form and the new. 

3. Drill in dividing by decimals 
of one place. 

4. Applies the same law to deci¬ 
mals of two places 

6. Introduces the idea that tho 
whole number in the divisor 
hM no influence on tho mode 
of procedure. 
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Step 

6 . Divide 32,2 by .14 


7. Divide 322 by ,14 

8 . (<i) Increa-se the decimal 

places to 3 places 
(6) Divisor, a mixed number 
with 3 decimal places, for 
example, 1.215 
(c) Divisor, 3 deciitwl places; 
dividend less tlian 3 deci¬ 
mal places 

9. To divide by 240, 2400, 800, 
etc. 

(a) 2400)5408.76 

(b) 200)5.468 

(c) 200) .6408 


Reason 

0. The number of p|acc,s in the 
dividend is in.snfllcient and 
must, bo made up by the 
addition of ciphers. 

7. Dividcnfl a whole mimhcr. 

8 . (o) Carrying out .same law 
with examples a little more 
difliciilt. 

(6) Showing that whole num¬ 
ber, again, ha.s no in¬ 
fluence oil mode of pro¬ 
cedure. 

(c) Sec Stcp.s 0 and 7. 

9. While this is not dividing by 
a decimal, .a relatctl law oper¬ 
ates and helps to simplify 
the proce.S8, for oxamplo, 
24.00/S7:Br^42. 

(o), (6), and (c). The grada¬ 
tion here indicated is ex¬ 
plained above when siniilnr 
gradation Ls shown in tho 
division by a decimal. Steps 
6 and 7. 


In planning the application of a new principle in ai’ithinetie 
the teacher must list all useful forms or types, and then bo 
grade these that as the round of applications is met, only one 
new difficulty at a time presents itself to the child. 


Problems for Study and Dibcubbion 

1 . Select three important arithmetic processes, and indicate fof 
each the successive steps in a well graded organization. Be sure to 

'justify each step. 

2 , Illustrate tlio following statement by rcforenco to one of the 
processes in your answer to the first question: Learning is essentially 
the acquisition of a hierarchy of liabits. 

. 3. Le.arnmg is a process of establishing a series of related spe- 
cilio bonds. Does this statement lend greater or less importance to 
nne gradation in teaching aritlimetic? Why? 
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4. Is there a denial of transfer of training in emphasizing grada¬ 
tion in teaching arithmetic? Why? 

5. Examine any textbook in aritliinetic in current use. Find illiis- 
trations, if possible, of the follo\vii^: 

(ffl) Effective gradation 

(b) Inadequate gradation 

(c) Over-fihe gradation. 

In .each instance, justify your judgment of tlm gradation, and 
mdicate the changes, if any, tliat you would make. 
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HABITUATION IN AHITHMETIC 

Arithmetic a subject of habits. School activities may be 
grouped into studies relatively richer in content and studies 
relatively richer in form. History, descriptive geography, 
literature, and nature study arc illustrations of the first; 
aritlimetic, grammar, locational geography, and map study 
come under the second. The first group of studies i.s rich in 
human relations, the second gi’oup sums up settled facts and 
fixed associations. We must recognize that this is not a fixed 
classification, for form and content cannot be divorced com¬ 
pletely. The controlling purpose of all teaching activities is 
to reduce necessary associations to habit. Because inasteiy of 
arithmetic requires the acquisition of so many habits, the 
drill lesson plays no small part in it. 

What habits should arithmetic develop? The habits that 
must be developed through the mastery of arithmetic may bo 
grouped under three heads. There are, first, the habits of 
subject-matter. Every item in the multiplication tables, the 
additive combinations, the facts in the common tables of 
weights, all the modes of computation, notation of decimals, 
short cuts, per cent equivalents of common fractions, modes 
of checking answers—these constitute but a small part of the 
subject-matter which must be so thoroughly mastered that 
they in turn master the child. 

The second set are the habits of procedure. Throughout 
the teaching of arithmetic teachers must insist that the pupils 
(1) adhere to a systematic arrangement of all written solu¬ 
tions; (2) use accepted forms of business papers; (3) scrutinize 
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an answer and check it before going to the next problem; 
(4) examine a problem before solving it and decide what is 
given and what is to be found; (5) label necessary items in 
the solution of an example; (6) reduce the numbers in diffi¬ 
cult problems to much smaller ones and then attempt to evolve 
a solution; (7) translate new problems into diagrammatic 
form and seek a solution; (8) write all figures neatly and 
legibly, These procedures are constantly emphasiaed by the 
teacher- in the hope that by dint of repetition they will sink 
deep and will be performed through force of habit. 

Habits of mental behavior constitute the third group. 
Throughout the teaching of arithmetic we strii'e to develop a 
sense of accuracy, increased concentration, power to imagine 
new relations, power to reason and judge. It is hoped that as 
a result of years of study of arithmetic children will acquire 
a mode of attacking a problem that involves quantitative 
lelatioDB. 

These three sets of habits mark the permanent results of 
the subject, the final ends which the teacher seeks to attain. 
Scientific standards in arithmetic for determining progress 
• and capabilities of pupils measure the habits which have been 
inculcated in children. 

Functional and formal drill. The two forms of drill con- 
trasted. What teacher cannot match the story of Willie, who 
rushed into the classroom and in great excitement informed 
his classmates, “My big brother has came back from the 
Navy." “Has came?" the surprised teacher asked, and Willie 
, replied, “Yes, he has just came back." “Give me the principal 
parts, of the verb, to come," asked the teacher. To which 
Willie promptly replied, “come, came, coming, come.” 

Unless a fact is learned in its natural association it retains 
i-ta isolation. The verb forms have no influence on Willie’s 
speech because he knew them out of context only. Parallel 
instances can be cited from arithmetic. A child who can give 
the correct answers to 5+7=?,'6X7=?, 6X?=35, ?X7=35, 
3; 7'i‘*^+12, may nevertheless be unable to solve such simple 
problems as the following: 



101 


HABITUATION IN ARITHMETIC 


I had 12 cents and lost 7; how many did I have left? 

If each of 7 boys has S marbles, how many marbles have they 
all? ■' 

Children need 35 marbles in a game that 5 are to play; how ninny 
should each child bring? 


To know a fact in isolation is ono thing; to make it func¬ 
tion ill a real situation, quite another. Practice on mere form 
7 4- 6 — ?, 6 + ?=12,5 X ?=36 is formal drill; practice in solving 
a large number of problems like those cited above is func¬ 
tional drill. Although there is considerable loss in cari'ying over 
mastery developed in formal di-ill to functional situations, a 
certain amount of formal drill is inevitable. It is important, 
therefore, that provisions be made for both forms of drill so 
that children will gain facility in making appropriate applica¬ 
tions of their knowledge. To argue that formal drill is more 
or less important than functional drill is idle because the 
two types are mutually supplementary, one insuring the cor¬ 
rect form, the other the appropriate application. 

As a rule, practice in decimal notation is reduced to read¬ 
ing and writing meaningless numbers. To give such practice 
a functional quality, problems like the following should bo 
devised for solution by the pupils. 


Dates 

Eiiinfall 

The Week of 

Cu. in. per sq. in. 
of area 

July 6-11 

.450 

12-18 

.208 

19-26 

.160 

26-Aug, 1 

1.060 

Aug. 2- 8 

1.046 

9-16 

.700 

10-22 

.816 

23-29 

.616 

Total 



^ Explanation: The amount of rain that falls is measured in cubic 
inches on each square inch of land. The smaller the number, the less 
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the rainfall. Read tlie rainfall for each week as presented in the 

1. Name the weeks when the average rainfall was 

about .6. . „ , , ^ n 

2, What weeks made the dry spell of that summer. 

3 . What was the average rainfall of each month? of both months? 

, 4 . What two weeks average about . 8 ? 

, 5 , In what week did twice as much rain fall as in the i)rece<ling 

week? . 

6 . In what week did three times as much rain fall as m the 

third week? 


The cow, Star Elsie, gave 1742 pounds of milk in January. 
In each pound of milk there was .0461 of a pound of butter 
fat. Read each of the following monthly records: 


Mouth 

1 

Pounds of 
Milk 

Butter Fat 
per Pound 
of Milk 

Total 
Number 
of Pounds 
of Butter 
Fat 

January 

1,742 

.0401 


Febiuary 


.0486 


March 

1,674 

.0504 


April 


.0400 


May 


.0406 


June 

1,261 

.0481 



Questions * 

1 . In what month did Star Elsie give least milk? most milk? 
•What was her monthly average? 

. 2. In what month was her milk richest in butter fat? poorest? 

What was the actual difference between these months? 

3. Fill out the items of Column III of this table. 

♦Baaed on auggeationin Thoindiko'a Pai/eh<^i/e/ArWimelie, p. 273. 


Functional drill determined by need as well as by use. 
Our illustrations tended to show that repeated use in a natural 
situation makes driU functional. Practice that is undertaken 
to meet a definite personal, need may also be regarded as 
functional drill. The effectiveness of a drill lesson is deter¬ 
mined- directly by its capacity to meet a personal need or 
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overcome a specific weakness. The drills that are best, there¬ 
fore, are those following diagnostic tests that reveal individual 
or group needs. Too often one observes a drill lesson in which 
equal emphasis is laid on every constituent item by every 
pupil. Clearly this is most unwise, for the weaknesses of all 
pupils are not identical, nor ai‘e the items of the lesson of 
equal difficulty. An analysis of practice material offered in 
standard books reveals the following disconcerting facts: ’■ 
there is four times as much practice on 2-5-2 as on 8-1-8; eight 
times as much on 2X2 as on 8X9; eleven times ns much on 
2-2 as on 17—8; and over forty times as much on 2-r2 as 
on 72-7-8 and 72-7-9 together. 

Authors of textbooks provide drill material with no definite 
relationship to the needs of pupils. They guess, and their 
guesses ore no adequate bases for these decisions. Why drill 
164 times on 2-f 3 and only 61 times on 8H-97 Is 2-1-3 more 
than twice as difficult as 8-1-9? Why drill 214 times on 2-1 
and only 27 times on 17—8? Is 2-1 eight times as difficult 
as 17-8? Why provide 468 repetitions of 2X4 and 82 repeti¬ 
tions for 9X8? Is 2X4 over five times as difficult os 9X8? 

Variety of drill. To maintain interest in drill, variety of 
practice must be provided. Adequate variety in drill may be 
introduced in at least three ways: 

0 . By changing the objects, materials, and activities. The 
changes from formal to functional drill, from oral to written 
practice, from abstract examples to concrete problems, from 
rapid questions and answers to a game, from a game to a 
serious communal activity like planning the purchases of 
Thanksgiving baskets—all these offer pleasant variety and 
help maintain interest. 

There is an important limitation in employing gH-mes and 
communal activities as modes of drill in a subject as formal as 
arithmetic. Is interest in the number game focused on the 

I'E. L. Thorndike, "The Tayohology of Drill in Arithmolic: Thu 
Amount of Practice," JoumU of EducalUmal Psychology, Vol. 12, April, 
1021, pp. 183-194. 
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oompetition, on tlie game, or on the combination of clemcnta 
which makes the number? In playing Htorc a particular child 
makes a purchase. In the whole activity the child has per¬ 
formed one arithmetical operation. What does this child gain 
from the remainder of the “playing-storo” activity? Docs he 
actually perform all the aritlimetical operations as he watches 
his classmates make their purchases? If the children are 
really playing store, they probably enjoy the playing but learn 
few number combinations. Wo do not argue fof the general 
_ oondenmation of the practice of introducing social activities 
' into arithmetic, but rather for a clear realization that the 
arithmetic gains are relatively slight. There are, however, 
other outcomes from these social activities, which are at least 
as socially desirable as mastery of number facts. 

b. By changing the sense appeal. In simple combinations 
like 3+4 we may ask children to listen to pencil tappings or 
bell rings. Let each circle represent a sound made by the 
teacher. 

The children listen and answer as promptly as possible. 

000 and how many more make 7? 

0000 and how many make 7? 

ooo and 0000 make how many? 

00 00 000 less 000 make how many? etc. 

Children are then called upon to hop or handclap or tap or 
•bounce a ball the number of iames necessary to answer the 
following: 

3 and how many more make 7? 

4 and 3 make what? 

7 less 4 mil leave? 

A 3-oent book and a 4-oeEt book cost how much? 

I had 7 cents and lost 3 cents. What did I have left? 

Here we have number combinations learned through the 
Idnsesthetic as well as through the auditory and the visual 
sense.^ Care must be exercised that tappings do not become a 
counting crutch. The aim must always be to reduce the oora- 
bmationto habit. 
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c. By changing the combinations. Eight children may be 
arranged in a row in the front of the room. Various class¬ 
mates are called up to show how many 2'a in 8; how many 4’s 
in 8; bow many 6 and 3 are; 6 and how many more make 8; 
and so on until an adequate number of repetitions is insured. 
The statement, 12 inches=l foot, need not be repeated in 
this very form. Let the children look at it and then answer 
the following questions: How many inches in 2 feet? in % 
foot? in 1% feet? in 2 feet and 1 inch? in 1 foot and an inch? 
How many feet in 24 inches? in 6 inches? in 18 inches? in 12 
inches? These changes of statement rivet attention on what is 
to be habituated. 

Drills to introduce a skill vs. drill to maintain a shill. A 
distinction is often made between drills that begin a new skill 
or a new habit and those that tend to maintain a skill already 
established. We shall presently consider, in detail, the first 
type—the drill that initiates a new skill by motivation and 
thorough understanding of what is to be habituated. At this 
point we stop for a passing illustration only. Lot us assume 
that children must learn 4X9, 6X6, and 3X12. Instead of 
requiring children to repeat these combinations an endless 
number of times, it is often helpful to present the following on 
the board: ___ 


4X 

9 = 36 

6X 

0 = 36 

.3X 

12 = 36 

9X 

4 = 36 

12 X 

3 = 36 


and then to assign the following for solution: 

14 16 13 19 112 

X9 X6 X12 X4 X3 

The children are permitted to refer to the combinations on 
the blackboard. With each succeeding example the now com¬ 
binations become more familiar. The more rigorous and ab¬ 
stract drill is thus motivated, and the functional aspect of the 
drill is assured. 
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• The second type—drills to maintain the skill that has been 
acquired—may be both formal and functional, but they must 
be given in progressively spaced repetitions. Twice a week at 
first, once a week later, and even once a fortnight may suffice. 
Thus it is important to provide repetition of the per cent 
equivalents of common fractions or of column addition long 
after these facts and processes have been understood and have 
begun to function as habit, Continued practice, with progres- 
mely spaced intervals, tends to keep alive a newly acquired 
set of skills. 

.Isolated vs. mixed drills. In isolated drills all practice is 
focused on one process or on one unit skill;,in mixed drills 
practice is given on related skills. An analysis of the exercises 
below will make clear the difference. 


Mmd Drill 

Perform the process indicated; 

(1) % + %; Vi + %; %+% 

(2) %-%; %-Vi 

(3) 

(4) 


Isolated Drill 

Find the sums of the following; 

(1) %+yi; % + % 

( 2 ) % + + % 

(S) % % 

±%' +% 

(4) PA + 3%; 6 + % + 6% +PA 


Evidence gathered shows clearly tlrat mixed di'ills are more 
effective than isolated drills for maintaining a primary skill 
already established, that is, through the mixed drills children 
learn to work more accurately and more rapidly.® 

The essential elements of effective drill. Since the final 
.purpose of the drill lesson is to make certain knowledge and 
processes function as habit, the laws governing effective drill 
and the laws of habit inculcation must be identical. Any fac- 
-tdr which quickens habit formation is equally effective in im¬ 
proving the drill lesson. 

1. Motivation. Without the child’s cooperation habit for¬ 
mation is retarded; with it, accelerated. It is necessary, there- 
fore, to help ^e ch ild understand the value of the .habit ho 

., * A, C. Pepp, "Mixed vs. feoJated Drill Organization,” in the 
■Twmtv-Pijth Yearbook of the National Society for the Study of Edu- 
cation, Port n (Public School Publishing Co., 1030), Ch. vi. 
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is asked to acquire, Much of the tedium of a drill lesson is 
eliminated when the pupil regards the drill as necessary to at¬ 
tain a desired end. Adequate motivation can be assured in a 
number of ways. These are set forth in the discussion of 
motivation. 

In a sixth-year class certain fractional equivolents of per¬ 
centage forms wei’e developed. A little rapid questioning 
evoked hesitant responses. When the teacher expressed sur¬ 
prise at the inability of the children to make rapid applica¬ 
tions, they justified themselves, “Well, we haven’t learned all 
these yet.” They meant, of course, that they had not memo¬ 
rized, %=8314?^), % = and the others. 

"But you must know them as you know 5X5, if these new 
facts are to be of service to you," persisted the teacher, "What 
will you do?” The prompt reply was "Learn them.” And learn 
them they did. We do not assert that properly motivated drills 
become pleasurable experiences to which children look for¬ 
ward with joyous anticipation. We do maintain that a 
motivated drill takes on the aspect of reasonableness char¬ 
acteristic of a socially necessary task. And that is sufficient. 
The teacher need not spend time and effort making useful 
things agreeable. She niust rather concern herself with keep¬ 
ing what is necessary from assuming the aspect of an arbitrary 
task imposed by the school. It is vital that the child under¬ 
stand that life and not the teacher makes these demands on 
his time and his thought. 

2. Adequate comprehension. No drill lesson should ever be 
given unless it has been preceded by a period of thorough 
exposition. No number combinations and no arithmetic process 
must ever be subjected to drill unless the teacher has reason¬ 
able assurance that the children understand the ideas and the 
relationships involved. 

3. Repetition, The subject-matter that is understood and 
motivated may now be repeated in an effort to insure their 
functioning as habit. Mere repetition is too frequently credited 
with being a potent learning factor, "Practice makes perfect” 
is not always true. Motivation and comprehension are per- 
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haps more important than repetition. The distribution 0 / the 
repetitions is more significant than the number of repetitions. 
To drill on a set of facts or skills everyday for a week and 
then to drop all drill lead to forgetting. Putting knowledge 
into, cold storage does not keep it alive. It is important to 
provide for progressively distributed learning periods; a daily 
drill once a day for the first week; on alternate days during 
the second week; semi-weekly during the third week; once a 
week for the following month; once in two weeks for the 
remainder of the semester. Care must be taken however to 
; keep the drill periods very short. Better results can usually 
be obtained in two drill periods of five minutes each than in 
one period of twelve or fifteen minutes. Wc have not yet 
determined experimentally exactly how long we should make 
drill periods for different grades and for different operations in 
arithmetic. 


i. Focused attention. Unless attention is focused on the 
repetitions they become aimless practice that does not insure 
habituataon. Children who repeat, "36 inches equal 1 yard,” 
while giving themselves to a stream of pleasant imagery of 
games and associated experiences, are merely mouthing words 
and producing empty sounds. The equivalents, 36 inches and 

bond. Children who write tables as punishment perform mc- 
chamcal penmanship without attending to tlie associations 
. mvoIved. Such drills deceive both children and teachers; they 

involve serious waste and engendei’ a deleterious attitude 
towards school subjects. «i-wiiuae 

,■ 5. .Conditions introduced to sustain attention. To offset 

the monotony all too frequent in drill lessons, experirced 
teachers inboduoe those practices of class managernent that 

iked o( P™it, aid (6) 

«d.. uL” 
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pupils in regular sequence*, whether hy alphabet or by seating 
arrangement. The first few called promptly eliminate them¬ 
selves from the lesson and revert to memories good and sweet. 
Such a degree of comfort is usually evidence of incHective 
conduct of a drill lesson, (d) Answers should he individual, 
not concert, responses. Collective answering is deceptive. Few 
think and many respond, (c) All the appropriate devices 
(explained earlier in the discussion) for securing variety of 
practice must be introduced if the drill lesson is to be main¬ 
tained on a high level of effectiveness. Change in the femn of 
statements and multiple sense appeal go far to insure neces¬ 
sary variations.® 

Time standards in drill. Timed drills arc valuable insofar 
as they prevent excessive slowness, on the one hand, and, on 
the other, set up a reasonable rate which discourages the 
inaccuracies accompanying the feeling of being driven. Wo 
must avoid such directions as the following: 

a. "See how long it takes you to do this exercise.” Here no 
standard is suggested and each pupil tends to sot his own rote. 

b. "Practice this exercise until you can do it in ten minute-s.” Are 
we not discouraging the pupil who Cian complete the task in eight 
minutes? Why encourage such pupils to develop a tempo slower thiui 
is normal for them? 

c. "Practice this exercise imtil you can do it rapidly.” What is 
meant by rapidly? The direction is entirely too vague to lie helpful. 


®The reader may be interested in comparing this analysis of an 
effective drill lesson with the one offorod by Knight in the study by 
Guy M. Wilson, "Arithmetic, Research in the Elementary School Cur¬ 
riculum,” pp. 35-lOQ, Third Yearbook oj the Department oj Buperin- 
tendence, National Education Association, 1926. 

Eight provisions ore offered: 

1. Drill should be on the entire process. 

2, Drill should come frequently and in small amounts. 

3. Each unit should be a mixed drill. 

4. Drill should have timo limits. 

5, Drill should have accuracy standards. 

6. Examples in a unit of drill should bo in the order of difficulty. 

7, Drill units should include verbal problems. 

8, Drill should facilitate diagnosis, 
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d. "Do this exercise until you score 100%." Seriotis waste is 
involved in such drill because the child rcjicafs all the items even 
thou^ he errs m only a few. His interest is killed because he repeats 
what he knows; his attention is diffused instead of being focused on 
the Items he really does not know. 

It is better to set the time that a cumulative record of 
pupils’ work would indicate as reasonable. Then we may ask 
.the child to note his time in order to ascertain liow much 
better he can do than the norm tcm])orarily set. IIo should 
tten be told to repractice those items that ivcrc incorrect. In 
this way the child determines wdiether he can work as rapidly 
as tte standard indkated for his grade. He is stirauhitcd to do 

f is given opportunity to 

strengthen hia specific weaknesses. 

Much has been said in recent psychological discussions 
about oy^leamng. It is strongly favored by many because 
It gives the child a margin for forgetting. Overlearning on the 
whole seems to be a psychological invention of exaggerated 
significance. If the experience subjected to drill is really so- 

vL ?! demands of daily life will insure further 

..repetitions—normal and natui-al repetition. The school ex- 

?uenttv T! occurs infre- 

^ f infrequently that wo 

are hard pressed trying to justify the time and thought given 

Ota. Thorndike bdieven in ovnrieaminj te hn 

of arithTTio+in + 1 , f fundamental processes 

additionni »n«ni on 

' ■»*'»» 0/ kntaMi, On,; 
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Problems for Study and Discussion 

1. “Because there is considerable loss in carrying over facts 
learned in isolation, to real situations, formal drill may be eliminated 
and functional drill only should be used.’* Discuss the issUC-s involved 
in this statement, define the necessary tenns, and formulate your 
own position, 

2. For each of the following arithmetical processes s\iggest an 
appropriate functional drill: (a) converting common fractions to 
decimal fractions; (6) reducing common fractions with dissimilar 
denominators to common denominators; (c) practice in column ad¬ 
dition; (d) reducing denominate numbers of liighor denomination to 
smaller denominationsi 

3. Give reasons and illustrations to substantiate the following: 

(ffl) Formal drills and isolated drills are not necessarily identical. 

(6) The drill designed to maintain a habit is different from the 

drill designed to initiate a habit. 

(c) Distributed learning insures the retention of newly acquired 
skills. 

(d) Motivation makes drill less arbitrary, but not necessarily 
pleasant. 

(fl) “A skill that is practical in its natural setting will need less 
repetition." 

(/) In indiscriminate drill, every child wastes much time and 
energy, 

4. Too frequently, drill degenerates into a form of busy work. 
Illustrate this statement. What steps would you take to provide 
helpful drill material? Think of (a) the specific skill to be acquired; 
(6) motivation and comprehension; (c) the fimctionalir,ntion of the 
practice. What other considerations will guide you in devising suit¬ 
able practice material? 

6. Prepare a bibliography of six items on the suliject of this 
chapter. Consult the bibliography at the end of this book for guid¬ 
ance. 

6. aanme critically a textbook in arithmetic to ascertain the 
proviHons for drill, mat is your estimate of the drill material 
provided I 

7. PlM a new-type test on the subject, "Habituation m Arith- 
metw. Be sure to include true-false statements, completion and 
multiij-choioe qurations and matchings. Has your test covered the 
jieiQr Does it call for memory responses only? 



CHAPTER IX 


DEVELOPING ACCURACY AND SPEED 

Relation between accuracy and speed, Bccauso of tho 
nature of mathematics the desired standard of accuracy in 
, arithmetical operations must be perfection. But rate of per¬ 
formance must also be considered because, all other condi¬ 
tions being equal, in any practical situation the more rapid 
worker has the advantage over the slower. It is desirable, 
therefore, to develop as high a rate of speed as is consistent 
with accuracy. 

Investigations have centered around the relationship be¬ 
tween speed and accuracy. Is the accurate worker accurate 
because he is slow or fast? Is the rapid worker less accurate 
or more accurate because he is rapid? In general we have 
enough objective data to establish the conclusion that there 
is a high correlation between speed and accuracy. To bo sure, 
not all studies lead to the same conclusion. Courtis concludes, 
"Ignorance is shown, not by incorrect answers, but by re¬ 
duced speed." ^ Phelps found that his slow group was most 
accurate and that the rapid group showed the greatest number 
of errors.’ Monroe’s studies warrant his concluding that the 
most rapid workers have the highest scores but in every group 
there are individuals, whose speed is attained at the cost of 
accuracy.® Thorndike’s statement is most positive: "The in- 

^ Quoted from Buflwell and Judd, “Summaiy of Educational Inves¬ 
tigations Relating to Arithmetic," University of Chicago, Supplomen- 
tary Educational Monographi, No, 27, June, 1926, p. 53. 

’ 0. L. Phelps, "A Study of Errors in Teats of Adding Ability,” 
Ehmentary School Teacher, Vol. 14, September, 1913, pp. 29-39. 

®W. S. Monroe, 4 Report of tlie Use of the Courtis Standard 
Research Tests in Arithmetic in Hii Oitiet, Bureau of Educational Mens- 
. urements and Standards, No. 4 (Kansas State Noimal School, 1916), 
p. 94. ■ 
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dividuals who do most work in ten minutes will bo above tlio 
average in a test in accuracy."« Monroe and Thorndike will 
therefore agree that any person who works at a rate distinctly 
above that to which he is accustomed will make more errors 
than he docs working at his normal rate, but the type of 
person who tends to be more rapid is also more accurate.® 
Prom what has just been said it would not be fair to 
infer that stress should be placed on speed rather than on 
accuracy. Accuracy is certainly the more important factor in 
efficient work in arithmetic. Mcssick® gave two groups of 
children 4 minutes of drill daily for 20 consecutive days 
Gtoup I, the speed group, was told, “Add rapidly and think 
carefully as you work. Wo have found that as a rule the best 
adders are the ones who work most rapidly.” Group 11 was 
told merely, “Add slowly and think carefully as you work. 
Be certain that each problem that you attempt is added cor¬ 
rectly.” Both groups gained, as we should expect, in both 
accuracy and speed. In Grade 4 the speed group improved 9 
per cent more in speed but 44 per cent less in accuracy than 
the second group. The author’s conclusions arc worthy of 
note: "From the point of view of speed it makc.s little diffor- 
ence which is emphasized, speed or accuracy. From the point 
0 view of accuracy, it is much better to cmiihnsize accuracy.” 
In addition, as in all basic proces-ses in arithmetic, attention 
should be focused on accuracy ratlicr than on 8])ccd. 

The last word is yet to be said about the relations between 
speed and accuracy. We can safely summarize the known facts 
as follows: accuracy and speed arc highly correlated but 
making a given child work more rapidly will not ncccs.4irily 
increase his accuracy; while most people do not work at the 

1922b Arithmelio (Macmilkn Co., 

metic,'-' Malhemtks 
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highest rate, each person probably \m an optimum rate Miich 
insures maximum accuracy for him. 

How can accuracy be Increased? Accuracy can be im 
proved by persistent emphasis on a few sirnnie n,n!f 

thesrd°^-* “wthmetie. Irregular attention'’to 

these devices is productive of no results; regular insistence on 
these will gradually bear fruit. 

, vl. Develop habit m jundamiiial operations and combina- 
twns. Our analysis of habit showed that habituated reaetions 

' deliberation 

n all drills oii basic operations and combinations in arithmetic 

development of a set of 
habits that will msure absolute accuracy. 

Iron ““>> inMOTOoy ari»es 

th« tMt that children', «enre» are poerly formed TZ 

indmiy cn .^ularly placed II,at ooreectacaa of li„rrl,lte 
18 impossible. Cml-service boards throughout the pnimfi.-<r 
now fo, thin ,ndity of penZtl IdTdoS Z 

mZ r*””- “WIW to TZ^ Z t 



of n«n.b7^pS:cr e“,r- 

to similar carelessness ofarran^*^ ^ ? division, can be tra 
tion of flgurer as well as to malfori 
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The conclusion for the teacher in all these observations is 
simple. Penmanship drills must include the writing of figures 
as well as of letters. But just as penmanship exercises give 
practice in writing words as well as letters, so, too, figures 
must be written in a variety of combinations and groupings 
so that the child develops ability to write figures legibly and 
to place them accurately. Scales for measuring penmanship 
should include specimens of figures in a progressive order of 
merit. 

3. Ability to copy figures. Closely related to legibility of 
figures is the ability to copy figures accurately. Many teachers 
regard errors in copying figures as one of the chief sources of 
inaccuracy in arithmetic. These errors are usually one of 
three forms: 

а. introducing new figures, that is, copying 2470 for 246 

б . interchanging figures, that is, copying 37 for 73 

c. omitting figures, that is, copying 37 for 307 

Brown and Coffman tell us that experimentally they liave 
ascertained that the first type of error is more common than 
the second in the ratio of 28 to 11; that figures arc omitted 
one-third as frequently as they are miscopied; that pupils 
below the average in speed miscopy more frequently than 
those above the average; that tlie lower the grade, the greater 
the number of errors due to miscopying. In addition to i)rao- 
tice in the writing of figures regular exercises should be given 
in copying figures in a variety of groupings. There is little 
that the teacher can do to reduce errors in copying, aside from 
dignifying these exercises by showing their practical im¬ 
portance, giving them frequently, and ascertaining whether 
pupils who do not improve are suffering from some form of 
eye ailment. Well motivated, regular, frequent, and short prac¬ 
tice lessons in copying figures correctly will help children to 
develop a desired degree of ability. 

4. Critical examination of all results. The habit of test ing 
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the result of a computation, so thoroughly ingrained in all 
accountants, must he developed in children. They must be 
taught how to approximate results and how to apply various 
checks. The important modes of testing answers and the sys¬ 
tem of checks applicable to each of the fundamental opera¬ 
tions will be given in detail in a later clmptcr. 

It is not enough to check the final answer. Children should 
get into the habit of checking each successive operation before 
beginning the next. In multiplying by 87 a partial product is 
obtained by multiplying by 7. Before beginning to multiply 
by 8 the first partial product should be checked by rcmultiply- 
ing. Similarly, before adding the two partial products, the 
multiplication by 8 should be checked. The earlier an error is 
discovered the less trouble it causes. 


5. Habit of ‘planning work and seeking correct interpreta- 
Uon of problem. An untrained mind usually attacks a problem 
m feverish haste without attempting to familiarize itself 
with the facts ^d conditions of the situation or to understand 
clearly what is demanded. The general appearance of the 
problem may recall a seemingly similar type, and the solution 
is often half completed before the child I'calizcs that new 
conditions have been introduced. Frequently the confusion 
that results is too great to permit a clear rethinking and a 
successful second attempt. Cliildren must be taught how to 
analyze problems and plan for their solution. The specific 
mettod and devices for teaching children modes of attacking 

■problems must be postponed to Chapter XXXII, "Problem- 
Solving.” 

8. Accuracy of statement. We must reemphasize the fact 
that accuracy of statement makes for accuracy of thought and 
at looseness of statement encourages looseness of thought. 
The suggestions embodied in the discussion of accuracy of 
gorum and precision in the use of language in arithmetic 
may be applied with equal force at this point. (See page 79.) 

. rac oe to be based on diag'nosis of individual needs. 
■As we have seen, the old adage "Practice makes perfect” is 
not without ite serious limitations. Not all practice makes 
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perfect. Unless teachers use diagnostic tests and ascertain 
individual needs too many pupils are practicing much that 
they know. Practice with differentiated material based on 
individual needs motivates itself to the child and arouses in 
him reactions that make for intelligent and accurate responses. 
Diagnostic testing and remedial teaching are discussed at 
greater length in later chapters. 

How to increase speed ? Speed is influenced by many fac¬ 
tors, of which native ability is perhaps the most important. 
The more intelligent pupils are usually the more rapid work¬ 
ers. The attitude of the individual pupil is almost as impor¬ 
tant: indifference or a will to do determines both the rate 
and the quality of the reactions. Conditions imposed by un¬ 
wise classroom management may reduce rate. For instance, a 
fixed arrangement of work may be required, answers not placed 
in a designated part of the paper may not be acceptable, too 
many figures may require labeling, too many numbers may 
have to be copied, or an unusually high quality of penmanship 
may be maintained. These conditions worry children and 
therefore obtrude themselves too prominently into arithmetic 
thinking. Where artificial conditions do not interfere with chil¬ 
dren’s natural reactions much can be done to quicken 
responses. 

1. Develop accuracy. Although it is true that the accurate 
worker in arithmetic is not always rapid it is axiomatic that 
inaccuracy is the greatest obstacle to speed. The plea made 
for one of our school systems—that even though it ranked 
below average in accuracy it nevertheless stood much above 
average in speed—did not impress one of the school superin¬ 
tendents who saw in the explanation only that it “takes us 
less time to get a thing wrong than it does in the average 
school system.” The habit of accuracy is perhaps the greatest 
single factor that makes for speed. 

2. Acqwition of necessary habits in arithmetic. Reac¬ 
tions that are automatic are always more rapid than those 
that occur through direction by higher centers. The more 
effort intelligently spent on inculcating in children the com- 
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• plete lOTind of necessary aubject habits and operation habits 
the more is the teacher contributing toward increased speed 
of the pupils. 

3. iMnit time for assigned work. Experience shows that 
the most rapid workers in arithmetic have developed speed as 
need for it became apparent. The inexperienced bill clerk or 
bookkeeper finds that the conditions of business demand more 
rapid computation. He puts an extra strain on himself gives 
himself more completely to the task at hand, and learns that 
he can increase his rate of work. It is wise, therefore, to 
limit the time for all assignments in arithmetic. After the task 
IB set the children should be told that they will be held 
respoMible for its completion at the end of a given period. 
The class applies itself with greater concentration. To allow 
children to take the time tliat they deem necessary may dis¬ 
courage concentration and dissipate effort. In all tests the 
teacher s records of former pupils’ performances and not the 
class should determine the amount of time required for their 
completion. 

T saved by teach- 

when longer processes are under- 
1 r f r *he teacher’s direc- 

achieved habit-economy of time and effort is 

onalysis. A cause of much of the slow, 
analtrsT/f'^*'”^ Problems can be traced to excessive 
Wei i their, many labels and statements. 

thinS? to systematic 

B'^t just as soon 

the thoucKt ®'”‘ieoce of a thorough comprehension of 

: 1st iVri he abandoned. It 

the languaee ornl ^ reduce to an absolute minimum 

a probll.^ ’ ^ the solution of 

have thl“nl?r to 

tion of a probll in the solu- 

proDiem. The problem given to a sixth year class 
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was: “The census shows that 55 per cent of the population 
of a city of 145 000 inhabitants is colored; 20 per cent of 
the Negro population is in sldlled trades; how many Negroes 
have skilled trades?” The model solution that the teacher 
required was as follows: 

15 950 

145 000 inhabitants 1/0 of /{I /00 people *= 16 950, Negroes 

■55 in trades. Answer. 

725 ' ' 

725 

79 750.00 Negroes 

Judging by the number of children who obtained the correct 
answer there was no need of insisting on so many labeled 
numbers or so careful a statement of each operation. The 
following is a more economical solution: 

11 

^ of of 145 000 = 15 950, Negroes in trades. 

The time saved in solving this one example by the shorter 
method is significant; but guarding the child from developing 
habits of work that require needless penmanship and useless 
repetition of numbers is even more important, 

7. Assign work to children according to their ability. The 
practice of assigning a fixed number of examples to all chil¬ 
dren in a class is responsible for the development of habits 
of slow work among many able pupils. When uniform assign¬ 
ments are made without regard to pupils' ability, the more 
capable children complete their work in a relatively short 
time. Some of these pupils work rapidly for the satisfaction 
they feel in finishing first, while others soon learn that even 
though they work slowly they nevertheless complete the given 
task in good time. Gradually they acquire habits of divided 
attention, which cling with a persistence that may render 
futile tlieir later endeavors at concentration. The abler chil¬ 
dren should have more to do in a given time than their less 
capable classmates—^more quantitatively and, surely, more 
exacting intellectually. 
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8. A^eal to T^upik. Tlie moat direct means for increaaine 
speed m arithmetic is probably the most effective. Children 
should be made to understand the importance of learning to 
work at one’s maximum rate. Individual records of rate kept 
by each pupil, help to stimulate children and to interest’them 
m satisfactorily completing a task in a minimum of time. 
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CHAPTER X 


RATIONALIZATION AND OBJECTIVB AIDS 

Importance of the problem. An ever-present problem in 
the teaching of arithmetic is the determination of the extent 
to which number facts and processes should be based on 
reason. Much time is often spent explaining to children what, 
in their immaturity, they cannot understand. Rationalization 
of arithmetical processes.may be an expression of an adult 
interest in the subject rather than an answer to the child’s 
curiosity. On the other hand, to eliminate all rationalization 
produces thorough mechanization. The resulting instruction is 
deadening and robs the subject of every vestige of disciplinary 
worth. A plan of instruction in arithmetic that sets intelligent 
limits to the process of rationalization not only achieves 
economy of time and energy, but also retains the mental vigor 
which should accompany the study of elementary mathematics. 

Older modes of instruction in arithmetic were characterized 
by severe memory drills and constant imitation of model solu¬ 
tions. Facts were accepted on the teacher’s authority and were 
at once applied by rule to a vm:iety of situations. Thorough 
habituation was the aim; blind rote work seemed to be the 
only means of attaining it. The reader may have a vivid 
recollection of memorizing the law, "To divide a fraction by 
a fraction, invert the divisor and proceed as in multiplication.’’ 
After this stereotyped sentence was learned it was explained 
and applied to a few examples by the teacher. The class then 
followed the mode of solution by finding answers to other 
examples. 

The reaction came with the popularization of methodology. 
Deductive teaching was condemned; inductive teaching, the 
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demonstrations ^ere 

r 1 r process rationalised, 

miy relationship discovered anew by the children, and every 

number properly labeled. Children were so occupiiSd with tZ 
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Arguments of Opponents 
of Rationalized 
Arithmetic 


The Criticism 


2. Since habit ia the 
final goal in all instruction 
the teacher must impose 
on her pupils a generous 
round of practice. To ra¬ 
tionalize is to focus con¬ 
sciousness on a reaction 
that should become auto¬ 
matic. 


about. Nor do we tolerate methods of 
teaching which impose a table without 
having children first see the units and 
discover the various relationships. The 
present tendency in teaching is to pro¬ 
ceed from rationalization to mechani¬ 
zation. 

2. True, habits make for mental 
economy, but unless habits are pre¬ 
ceded by appeal to reason the indi¬ 
vidual is helpless when new conditions 
arise. To habituate without under¬ 
standing reduces life to stupid repeti¬ 
tions utterly dependent on the avoid¬ 
ance of change. 


The bond theory, frequently misapplied, leads many to assume 
that Thorndike would teach each nmnber combination ns a discrete 
bond without any justifying reason.® But Thorndike protests against 
any such interpretation, for ha says, "I hasten to add that the psy¬ 
chologists of to-day do not wish to make the learning of arithmetic 
a mere matter of acquiring thousands of disconnected habits nor to 
decrease by one jot the pupils' genuine comprehension of its general 
truth."» 


3. Efficiency is not im¬ 
paired if children do not 
know the justification for 
a process they perform 
automatically; why, there¬ 
fore, "stir up a hornet's nest 
by explaining borrowing in 
subtraction, carrying in 
addition, or the mode of 
building up tables of mul¬ 
tiplication or of weights 
and measures?" 


3. As long as 'there is no variation 
from the type, efficiency in a process 
may not be determined by comprehen¬ 
sion of it. But new conditions arise 
constantly in arithmetic, even in the 
mechanical operations. A pupil who 
understands a mode of solution applies 
what ho knows when the type form is 
changed. Rationalization gives an in¬ 
telligent insight into a process and 
enables the pupil to meet new con¬ 
ditions. 


® William A. Brownell, "Tho Dovclopniont of Children’s Number 
Ideas in.the Primary Grades," Supplementary Educational Monographs, 
University of Chicago, Bulletin 36, August, 1028, pp. 106-216. 

®E. L. Thorndike, The Psychology of Arithmetic (Macmillan Co., 
1022), p. 73. 
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Arguments of Opponents 
of Rationdhed 
Arithmetic 

4. Economy of time de¬ 
mands an elimination of 
all attempts at rationaliza¬ 
tion in every operation in 
arithmetic. 


The Criticism 

4. Immediate economy of time re- 
BUlts from the elimination of nil ex¬ 
planations and from the mochiinicnl 
imposition of knmvlcdRO. But in the 
long run this economy is dissipated by 
ae helpleaness which such methods 
devdop. If all geography and history 
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fixed ^ooiations, even more time 
woidd be saved, but in the long run 
, the loM of power would far outweieh 
the gam in time. 
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quantitative relations may be led to see reasons in processes 
that must be taught without justification to others less gifted. 
To some children rationalization is a source of confusion; to 
others it brings interest and gives a deeper grasp of the 
essential factors. 

No hard-and-fast rules can be laid down to govern all 
classes, all cliildren, or all topics. The teacher must make the 
adjustment that seems moat appropriate in a given situation, 

Transition from rationalization to habituation. In con¬ 
cluding the discussion of rationalization in arithmetic we must 
note the stages by which a process is reduced to habit. These 
may be summed up under four steps: 

1. The teacher demonstrates the process at the blackboard. 
Questions are asked and the children’s cooperation is enlisted 
as the explanation is evolved. Throughout this rationalization 
the teacher may solve the illustrative problems alone. The 
object of this initial step is to insuj'e comprehension by the 
children. 

2 . The pupils are now required to apply the new law of 
arithmetic to problems, as many as possible working on the 
blackboard. The teacher scrutinizes the work, points out indi¬ 
vidual and general errors, and encourages the hesitant pupil. 
The aim is now to clarify the children’s ideas. 

3. As the progress of the pupils warrants, seat work is 
introduced. Examples are assigned for solution by the pupils 
at their desks. The teacher maintains supervision which is 
rather indirect and concerned primarily with the weaker 
pupils. The purpose now is to afford drill through variety of 
application so that the process of habituation is set in active 
motion. 

4. The final stage is characterized by assignments for 
home work or study periods. The object is now to secure 
independent application. 

These four steps in the transition from rationalization to 
habituation may be modified, enriched, or contracted as chang¬ 
ing conditions suggest. Only when they are used with this 
freedom do tliey serve classroom purpose well. 
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Thorndike believes in giving explanations and reasons of 
arithmetical processes, yet is inclined to accept the position 
,tn_at to teach a reason tliat is bound to drop out of sight and 
mind entails serious waste. He argues that the reason be kept 
alive ^rough use in checking or proving one’s work and 
through use m explaining other procedmm In teaching divi- 
Sion by a decimal he insists on the explanation—multiply both 
dividend and divisor by a number which makes the divisor 
• whota This Uie ohild kseps applying as the example 

“•‘-■Ml 2432-a.04. In gradation of 
subiect-matter—say m subtraction of fractions—the topic 
grows, bit by bit, habit upon habit, until a whole series of 
progressive habits is acquired. But there is also growth in 
^derstanding of arithmetic because each liabit is based on 
an intelligent insight into number. 

aritlimetio need be taught as a matter of mere 
® ” ™6®ory> or need anything, first taught as a 

™ie. ever become a mere matter of habit or m2ry 
tat everything m arithmetic should be taught asTSft thkt 

olasroiomTnst*^^?' The observer of 

^assroom instruction m arithmetic is often forcibly impressed 
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reason the^^r .conceptualization stage.” For this 

diagrams at Pictures, and 
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perfectly unSlod Sn “southing of fm- 
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p. 194, oradike, Psychology oj Arithmetic (Macmillan Co., 1922), 
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age of tlie student. The pupil, who in the last two years of his 
school course is studying the metric system, must be taught 
these new units and their relations in as objective a manner 
as the table of linear measure was taught him in a very early 
grade. Not the age of the students but the newness of the 
experience determines the degree of objectiveness in teaching. 

Ineffective objective materiaL Diagrams like the following 
abound in textbooks and fill the blackboards dm’ing recita¬ 
tions in arithmetic. Let us examine them critically in order to 
ascertain whether all that appeals to the senses is really an 



la tho same m 6 two's 



Xo domonsttata thiA 
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objective aid to teaching. The student of teaching methods will 
undoubtedly grant that these diagrams have little value in 
teaching. They are static and convey little or nothing to the 
immature child. They are symbolic representations, not con¬ 
crete presentations of experience. To us who are familiar with 
the primary facts of number, these diagrams summarize 
graphically the relations among halves, quarters, and eighths. 
To children still groping in strange territory these diagrams 
with their divisions and subdivisions present additional sym¬ 
bols to be learned. 

Let us examine another illustration. In schools that teach 
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the indirect casea in fractions or percentage the following illus- 
prl'l^-^ regarded aa helpful to explain the following 

A milkman who just delivered milk to ’i of his cviatomem sHIl 
has 160 people to serve; how many people does he serve daily? 

What are the children taught to do? To draw a large rectangle 


Number ol people eerved dolly. 

1 

6 

40 
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S 
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involves number facts which the child is learning, incidentally, 
to be sure, but learning none the loss; that the game does 
not take an inordinate amount of time. In a later chapter we 
shall discuss the subject of games in greater detail. 

Effective objective material. The moat helpful illustrative 
material is the kind tliat may be used directly and that lends 
itself to very ready manipulation. It can be changed and 
rearranged witli ease. Hence not elaborate diagrams, but 
simple materials and activities like the following should be 
favored: blocks, coins, bell rings, foot rules, grouping chil¬ 
dren, toothpicks, marbles, panels in the blackboard, dominos, 
window-panes, lights in a cluster, units of measure like pound, 
yard, cent, or dime, arrangement of scats and desks, and 
paper-folding, A set of building forms in' which the uniform 
unit can be separated into fractional parts is infinitely superior 
to cutting the traditional pie or the apple to tench y 2 =%=%. 
Figui’e A represents the whole unit; figure B, its parts. 



A B 


The child who actually takes these apart and puts them 
together again learns relationships among the parts of a unit 
with an effectiveness that no static diagram can insure. What 
in the concept fraction cannot be learned by paper folding? 
With the aid of four toothpicks the child learns all the ratios 
of four. He is asked to arrange these four sticks to make a 


box 


, two Indian tents, /\i four Indians, 


a weather 


flag, 


I and a chair, i— 


. This 


variety of arrangement teaches the child that 4X1, 2X2, 
l+l+l+l, 3H-1, and 1+3 all equal 4. 




130 THE TEACHING OF AHITHMBnc 

Whsl U very well known I. m objeelive, «t lenel «, di. 
punnatie lopreecnWione like dota, reclnimw ? , 
For ilteive mnleriel wc muetlwtS otCf' 

md ^Z' f““""."“"Ii» manunl *Sk 
aad on the leoord-keeping mcidentnl in clasBrooin domestJ 

experiences. We must ever be mindful of the' 
fact that static and uncommon objective material is as tmob 
jeotive as mere verbal presentation. 

feachitiff be ovmtmsedf We have already 

y. lo Continue to objectify eoncenta thui «« i 
™k» by dcnjng itTotortZiirtoZ 

to transcendexhibits increased power 
IS J ^ eoncrete experience tJ 

ing urallfni^S value. Objective teach- 

g u ually runs to extremes-it is either neglected or made 




--"•wvweoa^/j.i 

»nd six completion questi 

■grasp of the subject of raSn^^wol— 

scope of your twentv-four nno “ ®'rithmetio. Compare 

of rationLation in this chS?,”' 

aJiaation and i discussion of rati 

3. List five arithmo+inoi ^ habituation through drill 

without rationalization Give^iouri’fi ^ 

4. List fhree anSS I in each cose. 

children habituate first Id rStionS7+®^”^*^^‘ 
m each ease. wonalize later. Give your justificat 

JMr dS. '“»>“» wrf wUrl febe. ^ 

, (6j ‘° ‘ 

-Wkut'r.LiiiSs? bnbilMlly 

W, Jjb- dnd. d. ^ 



RATIONALIZATION AND OBJECTIVE AIDS 131 


(d) A process may be rationalized for some pupils, but not for 
others in the same class. 

(e) No aritlimctic in the first four years should be rationalized. 

(/) Mature people of superior intelligence find diflioulty in ra¬ 
tionalizing an arithmetical process which they perform with 
absolute accuracy. 

0. "Realities must be associated with every symbol in the mind 
of the child; if continued too long, the concrete becomes burden¬ 
some; if not used wisely when necessary, number becomes meaning¬ 
less manipulation." (Quoted in Contemporary Guide in the Teaching 
of Arithmetic, p. 1.) 

Identify all the facts offered in this chapter in support of each 
of the three clauses in this quotation. 




PART IV 


IMPROVEMENT IN THE TEACHING OP ARITHMETIC 
THROUGH CONSTRUCTIVE SUPERVISION 




CHAPTER XI 


SUPERVISION OP THE TEACHING OP ARITHMETIC 

The effectiveness of teachers’ work is conditioned, in no 
small degree, by the quality of supervision. No teacher, how¬ 
ever extensive her experience, can serve her pupils to her full¬ 
est ability without supervision; at best she is but a single agent 
in a cooperative group—the entire school staff. Objectives 
must be set up, the aims of the different subjects must be 
harmonized, course-of-study requirements must be interpreted, 
results must be evaluated, and methodology scrutinized in the 
light of our philosophy of education and our knowledge of 
psychology. The influence of. the supervision, indirect though 
it may be, is potent and may be exercised in a variety of ways. 
We must now consider some of the important supervisory 
aids. 

Supervision a cooperative enterprise. The prevalent con¬ 
ception of school supervision is too often borrowed from the 
shop and the counting house. In business enterprises responsi¬ 
bility is highly centralized in a single person or in a govern¬ 
ing board. Authority is then delegated to subordinates who in 
turn delegate part of their authority to their subordinates. 
The result is a system of supervision in which each person 
is definitely responsible to a particular superior, who in turn 
is responsible to his superior, until the apex of pyramided 
responsibility is reached. Direction in business is from above. 
Subordinates try to please their superiors, who expect loyalty 
and obedience from them at all times. 

This is not the place to challenge the wisdom of the pre¬ 
vailing system of business supervision. But we do protest 
against its introduction into an educational enterprise. In a 

185 
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fichoo] supervision must be h cooporiitive activity, a coon- 
erative search for the most effective menna of iielping imma- 
ure minds attain their full realization. No school supervisor 
however able, can safely rely solely on direction which he 
Above. His chief duty is to help his teachers 
recojuze the unscientific character of much current ecUica- 

Thef iin 1 professionally minded. 

of tbeir own teaching prac¬ 
tices and seek more effective teaching techniques. 

Supervision through conferences. The supervisor is 
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f “degenerate 
telchfnffAdiMinistrativo regulations and of 

conference must reflect the spirit of cooperative 
supervision to which we have referred. The topic of the con- 
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instruction. The specific topic for the day will be “Differentiated 
Drills in Arithmetic.” Teachers arc urged to reread carefully the sec¬ 
tions of the course of study related to the topic ami to present to 
their grade chairmen specimen drills they have used to meet indi¬ 
vidual pupil needs, Chairmen will be prepared to report helpful 
devices to the conferences. Your Committee on Conferences suggests 
that the discussion be limited to the following questions: 

I..T 0 what extent can drills be differentiated? For every pupil 
or for a limited number of groups? 

2. On what bases should children be grouped in the several grades 
for differentiated drills? 

3. How should the differentiated practice'material be pre.sented? 

4. How much time shall be devoted daily to differentiated drill? 
In class? At home? 

6. How shall the children check their progress ? 

6. How shall teachers supervise this type of nlnss work? Helpful 
suggestions will be found in the following references which are avail¬ 
able in the school library: (1)_; (2)_ 

(3)- 

(Signed)-Principal 


The supervisor may preside at the meeting, or not, ns lie 
sees fit. He may bo an auditor, a speaker, a leader in the 
discussion, or the final speaker who organizes, summarizes, and 
evaluates the data presented. The principal should not always 
be the chairman nor over be the sole and final arbiter of moot 
questions. Much should be referred to standing coinmittcos for 
special report. 

A conference discussion in which many teachers arc active 
participants should have a permanent secretary who makes 
record of suggestions, of agreements reached in actual vote, of 
questions referred to committees, of committee reports, a,n d 
the like. Mimeographed summaries of these conference meet¬ 
ings serve as helpful records for the staff. 

Unless there is systematic follow-up, the conclusions and 
agreements of such meetings may not be translated into class 
practice. The supervisor whose conferences are conducted 
along these lines can make demands on his staff with good 
grace, for he is asking adherence to the decisions of the staff 
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rather than faithful obedience to a program which he has arbi¬ 
trarily laid down. 

Visiting other teachers. As a rule teachers know only their 
pwn teaching techniques because they do not see their col¬ 
leagues at work. It is important that interclass visits be 
arranged. But these visits must not be made at random. Super¬ 
visors must decide what teachers should be visited and* what 
teachers need the stimulation and the guidance which come 
from, observing a fellow-worker. The teacher who is asked to 
visit her colleague should either be told in advance what to 
■look for or be guided, after her visit, in evaluating what she 
observed. It is not uncommon to find that each of four teach¬ 
ers of a given grade, or of closely related grades or subjects, 
has something distinctive to oSk; her colleagues. Under such 
circumstances interclass visits are less likely to arouse resent¬ 
ment and breed_ misunderstanding than when only one or two 
teachers are pointed out as possessing procedures worthy of 
bemg adopted. We are assuming, of course, a tactful and dis¬ 
criminating supervisor. 

^ ModeMessons. An occasional lesson taught by a super¬ 
visor, on the impulse of the moment, is more helpful to the 
supervisor than to the teacher. A model lesson presupposes 
&equpt preliminary visits in which the supervisor becomes 
familiar with a teacher's professional shortcomings. The 
teacher must know the definite reason which leads the super- 
visor to demonstrate a type of teaching. The lesson must also 
have a specific aim-for the pupils and must be given within 
the time hmits set for the teacher. After the model lesson 
ti^e must be found for a conference with the teacher. Unless 
she 13 convinced of the superiority of the model lesson over 
hOT.OTO teaching little good is accomplished and much hos¬ 
tility IS aroused. Supervisors must be reluctant to meet every 
„ jest of their teachers for a model lesson. As a tuh , ' 

® discussion 
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The use of inventory and diagnostic tests. In a later 
chapter we shall discuss in full the values of standardized 
tests for consti’uctive supervision. It will sufBcc, at this point, 
to indicate that a test which is truly diagnostic gives the 
teacher an accurate basis for differentiated drill and the pupil 
an adequate motive for continued practice. The inventory 
tests that carry out the promise in their name have their 
obvious values for improvement of instruction. Unless they 
have a clear knowledge of what children know and need to 
know, supervisors and teachers are badly handicapped in 
formulating the materials and methods of instruction. 


PnonLBMs pon Study and Discussion 

1. List the specific aids to instruction that may be derived from 
constructive and cooperative supervision. Have you ever received 
any of these aids from supervisors whom you know? Wliat reasons 
account for the gap between what is possible and what is actually 
achieved? 

2. This chapter discusses the means by which a supervisor may 
guide teachers to improve their teaching techniques, Arrange these 
means in order of effectiveness. On what principle or principles are 
your decisions based? 

3. If you have never attended a teachers’ conference, try to 
secure an invitation to one. Observe critically all that takes place. 
What part did the teachers have in deciding on the subject of the 
conference? When were they apprised of what would be discussed? 
What part did the supervisor take in the conferenco? In what way 
did the teachers participate? Whose decisions prevailed? What was 
the attitude of the teachers toward the conference? Indicate, the 
changes, if any, that you would make in the conduct of a conference, 

4. A lesson, taught by the supervisor, or by a selected teacher 
for the benefit of a single teacher or a group of teachers frequently 
arouses misunderstanding and resentment. Why? What cautions may 
be exercised to mmimizo or eliminate this hostile attitude? 
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Teachers must know the status of their pupils’ knowledge 
before deciding whether to teach new facts and skills or pro¬ 
vide continued practice on what was taught. Individual weak¬ 
nesses, must be ascertained periodically in order to give the 
teacher a basis for devising corrective measures and differ¬ 
entiated practice material. 

During the correction of a carefully planned test a teacher 
has ample opportunity to gauge the merit of her instruction. 
She can tell what was adequately taught and what needs 
reteaching. Let us assume that she taught reduction of com¬ 
mon fractions to lowest terms. In the test the children’s work 
shows that tliey use any common divisor instead of trying to 
find a reasonably large one or the largest one, thus 

-=5 = ? = i2_C 2 

16 8 4 24 12 “4 18 “ 0 “ 3 

That the children know how to apply the rule of dividing 
numerator and denominator by the same number is obvious. 
That the teacher did not stress the advisability of using the 
largest divisor, not the first that comes to mind, must be 
admitted. Such test findings justify the test, 

Need of aims in testing as well as in teaching. There is 
as much need for a specific aim in a well planned test as 
in a well conceived lesson. A test must bo designed to disclose 
individual weaknesses and the degree of mastery of sjiecijic 
techniques of arithmetic. Ten examples do not necessarily 
constitute a test. What if one is on column addition, one on 
finding an area, one on division, one on decimal notation, one 
in addition and subtraction of fractions, one in division by a 
fraction, one in reduction of denominate numbers, and three 
in problems which call for finding the whole when a frac¬ 
tional part is given? Such a composite test has little peda¬ 
gogical significance for it conceals more than it reveals. Let 
us assume that a child scores '60 per cent in such a test or 
that a class averages 56 per cent. What inference can be 
drawn that will be useful in the continued teaching of that 
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True-False Questioas 

Topic: Reduction of Common Fractions to Lowest Terms 

Before each statement is a blank line. In it write True, if the 
statement is correct, and False, if it is incorrect, 

_1. The word, reduce, in the expression, reduce to lowest 

terms, means, make the value smaller. 

_2. If a numerator of a fraction is divided by four, its 

denominator must also be divided by four. 

-3. In reducing 9 I 2 to lowest terms, the best number to use 

as a divisor of both numerator and denominator is 4. 

_^4. If both numerator and denominator of a fraction are 

even, they can always be divided by any even number, 
-5. %2 is a fraction in its lowest terms. 


Multiple Choice ^ 

Topic: Decimal Notation 

In each statement you will find four answers but only one is 
correct. Underline the one that is correct. Do not guess. 

1, The nearest in actual money to ,190 is ( 0 ) 10 ocnla; (ft) 20 
cents; (c) one dollar and 09 cents; (d) 199 cents. 

2. .33j^ is equivalent to (a) %; (ft) thirty-three hundreds; (c) 


9io; (d) 


33M 

100 ' 


3. .0014 is equivalent to (a) .05; (ft) .050; (c) .006; (d) 5in. 

4. 124.006 should be read as (a) one hundred twenty-four anil 
six thousandths; (ft) one hundred twenty-four and six thousands; 

(c) one hundred and twenty-four and six thousands; (d) one hun¬ 
dred and twenty-four and six thousandths. 

5. .014 may not be written as ( 0 ) .0114; (ft) .01214; (c) .0126; 

(d) .12% 


Completion Questions 

Topic: The Function of Numerator and Denominator 

Each statement needs one word to make it both complete and 
correct. Supply that word in each statement and write it on the 
line provided for that purpose. 

1. The greater the numerator, the __the value of 

the fraction. 

2, The greater the denominator, the __the value of 

the fraction. 
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the value of the 
• the value of the 


3. Dividing the denotninator _ 
fraction. 

4. Multiplying the denominator 
fraetion. 

Matching Forms and Values 

Topic: Fundamental Operations in Common Fractions 

(o) % + % 

( 6 ) -- I 

(c) % X H --— 

, 

- ^ 

"■ " Yit 

Labeling 

Tmiadogy to Dh«on of Common Praotion, 

apace of eaoh statement. ^ ^^^h 

■ n factions % and % are callnd 

, 4. The divisor is 


5. The quotient is. 
fi. % is called an _ 


— fraction. 

Ananging in Order of Magnitude 

Topic; Value of Decimal Fractions 

numh^J^rStSirr write the 

’ “ , write the number worth least. 

; •! ; .99 ; .09 ; 9,9 

Approximate Answers ' ’ ' 

Topic: Approximations and Short rSi+o ?« a/t u- v . 

. Below you will finrf » Multiplications 

the eract answer, but ansS itljrS S Z^Vi t 



INFORMAL TESTS IN ARITHMETIC 145 


the short method of multiplying. If the multiplicand is 4207, and 
the multiplier % change the example to 4200 X 14. Work quickly. 
You will be allowed two minute. 

(o) 16% X 3599 = 

(6) 12% X 2411= 

(c) 33% X 9010 = 

(d) 25X8411 = 

(e) 37% X 2392 = 

Indicating Intended Solutions 

Topic: TSvo-Step Problems 

To obtain the answer to each problem below you must perform 
two operations. Read each problem carefully and then decide what 
you will do first, and what second. Example: John started with ten 
dollars to buy some camping things. He bought a scout knife for 
$1.25; a fishing-rod and reel for $3.75; hooks and sinkers for $.66. 
What did he have left? 

First: Add $1.25, 83.75, $.05 
Second: Subtract total from $10.00 

1. A tire was guaranteed for 10,000 miles. It was used ns follows: 
In March, 800 miles; in April, 920 miles; in May, 1400 miles; in 
June, 1380 miles; in July, 2460 miles; in August, 2640 miles. On 
September 1 the tire was completely worn out. The owner makes 
a complaint to the man who sold him the tire. How many more 
miles was he justified in expecting his tiro to last? 

First I would- 

Then I would------ 

2. Tires can be bought for $5.45 a piece. Mr. Jones decides to 
buy a complete set of these new tires for his automobile. He has 
$20, in cash, He knows that the storekeeper will trust him for the 
rest. How much will he owe the storekeeper? 

First ----^- 

Second _ 

3. A real-estate dealer sold a plot of land at a loss of $4055. The 
day previous he sold six lots and a house, making a profit of $4200 
on the lots and $3450 on the house. What was his full gain? 

First_^_ 

Second ____ 
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PROBLEMS IN THE SUPERVISION OP ARITHMETIO 

Significance of size of class. In an oldei' day large classes 
were condemned because learning and size of the class were 
assumed to be in inverse relationship. It was taken for granted 
that the larger the class, the less the pupils learned, especially 
in a subject like aritlimetic. The researches of a more recent 
generation lead to the conclusion now too easily accepted— 
within the bounds of reason the size of a class docs not influ¬ 
ence appreciably the elfectiveness of learning. But we Itnow 
that it is extremely difficult to measure or even gauge the 
effect of the size of a class because other conditions, some 
very significant, cannot be factored out. The teacher of the 
large class is often not the teacher of the small class. When 
classes in different school systems are compared we frequently 
lose sight of the difference in course of study, in time allot¬ 
ment, in standards of performance, and in character of super¬ 
vision. Better teachers are usually assigned to larger classes, 
hence superior teaching ability may counteract the alleged 
retarding effect of a large number of pupils. While the small 
class gives opportunity for greater personal help, closer super¬ 
vision, more diagnostic procedure, and better follow-up of each 
pupil, these promises are not fulfilled by the teacher of limited 
ability. 

We may safely conclude that the competence of the 
'teacher, the character of the supervision, the nature of the 
course of study, and the regularity with which diagnostic tests 
and remedial drills are administered, are decidedly more im- 
^ portant factors, within reasonable limits, in determining the 
results of instruction than the mere size of the class. 

147 
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Time of day for instruction in arithmetic. Many claasca 
begin the day’s work with arithmetic because of the general 
belief that the most difficult subject should come in the first 
period when the learning curve is at its beat. The first period 
of the day is probably not the most favorable learning period 
for most children. The personal habits of a pupil, the regimen 
of his daily life, the concreteness with which arithmetic is 
taught him, the vitality of his teacher, the character of the 
exercises assigned him, and the social significance of the appli¬ 
cations which he must make of his number experiences— 
these are all more significant factors than time of day when 
the subject is taught. 

Effective teachers generally open the day “with work that 
will set a good standard of cheerful, efficient production”^ 
and seek to complete the least interesting activities early in 
the morning. Because adequate experimental studios of the 
effect of the time of day on teaching results have not yet been 
made, our statements must of necessity be tentative, subject 
to change with the gathering of conclusive data. 

Self-checking and self-correcting. No system of correct- 
, ing compositions that fails to develop in pupils skill in sclf- 
correction is considered satisfactory. This standard should 
obtain in arithmetic also. Children must be required to check 
results, find their errors, and make corrections after compre¬ 
hension of a process or fact is established. Systems of check¬ 
ing arithmetical processes are as important as the acquisition 
of the arithmetical processes themselves. In succeeding chap¬ 
ters we shall discuss the teaching of basic operations and 
modes of checking each. 

Where practice books or pads are used each child should 
keep a daily record of his scores. Simple line graphs should 
chart for each pupil his daily, weekly, and monthly progress 
, in arithmetic. 


L. Thorndike, The Paychology oj Arilhmetic (Maornillan Co., 
1922), p. 227. 
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An example of such a graph, made day by day by a child, 
follows: 
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As far as possible, each pupil should be helped to make an 
analysis of his own shortcomings. “I generally get my 9 
times wrong,” concludes one child, “I get the wrong answer 
when I multiply by a number that has a zero in the middle, 
like 204,” observes another. “I get all my multiplication right 
but I do not put the numbers in the right place,” says a third. 
Here we have the first step in improvement—recognition of a 
weakness in comprehension or manipulative skill, 

, When the child’s mastery of fundamental combinations is 
weak the burden of checking may be excessive and the relia¬ 
bility of the child’s procedure so poor that we may question 
the advisability of requiring such pupils to check their results 
—so the argument rune. Would not a like amount of time 
spent on additional examples be more profitably invested? 
We are inclined to argue for a decidedly negative answer to 
this question on at least two grounds: first, the habit of 
checking one’s work is a method of work and like all methods 
of work, is most vital; second, the process of checking is as 
useful as the actual working of another example. 

Reducing eyestrain in arithmetic. Size o/ type. Because 
of the limited field of vision of tlie eye, type that is too large 
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requires too many eye fixations. Naturally it is helpful to give 
the eye, in one sweep, as much as the mind can reasonably 
grasp. The large type in the following example discourages 
the eye from encompassing 7, 3, and 5 in one glance; it 
probably sees only one figure at each glanoc. 

547 

383 

555 

638 

Type that is too small involves eye strain and discourages 
attention to the figures in the example. The most satisfactory 
size of type for the several grades seems to be the following: 

12 point type for Grades 3 and 4 

11 point type for Grades 5 and 6 

10 point type for Grades 7 and 8 

, The above example in addition, set in accordance with these 
standards of size, presents the following appearance: 

GrodeB 3 and 4 Grades 6 and 6 

547 547 

383 383 

555 655 

, Style of type. Distinctiveness is a vital consideration. The 
figures 6, 3, and 8 must be so clear that there is no dn ,n gp ,i* 
of confusion. Fractional forms must not be too small. The 
horizontal line between numerator and denominator seems 
to be preferred, but, because of our present meagre knowledge 
,of the hygiene of print in arithmetical forma, the slanting line 
cannot be condemned altogether. Since so much arithmetic is 


Grades 7 and 8 

547 

383 

555 

638 
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performed on paper, penmanship drills must include legible 
writing of figures as well as letters. Eyestrain caused by the 
reading of poorly made figures is probably greater than that 
caused by the reading of careless penmanship, because in the 
latter the context suggests the words even before the eye sees 
them. 

Spacing, Proper vertical and horizontal spacing does much 
to give legibility to the page by helping to bring out the 
identity of each symbol. Too often the page of the textbook 
is crowded and does not invite close attention to the exercises. 

The paper. It is important tliat the paper used for school 
books have sufficient body to prevent the print of one page 
from showing on the reverse side. The color should not be 
excessively white nor should the surface be so smooth as to 
afford the light a surface from which it is reflected. 

The school can do much to bring about improvement in the 
format and print of books by demanding that they meet very 
definite physical standards. Undoubtedly commercial publish¬ 
ers would soon accept these physical requirements, if they 
had the sanction of authorities on the hygiene of the eye. 

The copying of figures. A reasonable amount of time de¬ 
voted to copying figures can readily bo defended but some 
books entail serious loss of time by requiring excessive writing 
of figures before the child begins an arithmetical process. Prac¬ 
tice books have an established place in the teaching of arith¬ 
metic, for aside from the quality of their content they offer 
many advantages. All of the child’s time goes to arithmetical 
work and little or none to transcribing figures. The orderly, 
well spaced arrangement of the examples in the practice book 
serves as a model for imitation, especially wlien attention is 
called to these matters. When exigencies of class management 
give the child a little unexpected free time he has a ready 
means of occupying himself profitably. As the semester pro¬ 
gresses each child has a cumulative record of his daily work. 
Practice books that are well graded and whose repetitions of 
number combinations occur with calculated frequency are 
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really of inestimable value. A few of the types of oxorcisea 
appearing m the better practice books are given below so tha 
teachers may model their drill work after them. 


1. Write the miaaing number. 
Follow example (a). 

(o) = .m = 12H% 

( 6 ) H = . _•= 37yj%} 

(b) ^ = m/i =_ % 

W = .m = Wi% 

3. Write the whole number or 
the mixed number whioh each 
fraction equals. 

6, 6 15 

4 6“ T “ 

9 11 _ 12 

8 6 “ 7=“ 


2. Write the miaaing number, 
r. IB rcinaintler. 

37 = B’u and I r 

45 =_6’.a and_r 

49 =_6’sand_r 

53 = __C'h and __r 

4. Write the answers 
8, 2’a = 10 
6, a'a = 

6, S’a = 

7, 4's = 


6. Write the missing figure. 
4__8 0 

8“ 8 

- = - 1- 

7 ~ 14 8 “ 18 

2^1 12 

3 9 “ 3 


8. Give the missing numerators 
or denominators. 

3 _ 

4 8 ~ 16 ^ S 

2 _ 

3 8 T ~ T2 


7. Insert the two missing num¬ 
bers m each example. 

47 -T- 6 = 7 and _ r 

because C X 7 = 42 and 
_= 47 

39-^4=_ and 3 r. 

because 4x_= 30 and 
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8. At the end of a game of 
marbles, 

A had 4 marbles 
B had 6 marbles 
C had 8 marbles 
D had 10 marbles 
E had 12 marbles 
E had 15 marbles 


a. Who has tmee as many as 
A?. 

2), Who has half as many as 
E7. 

c. Who has three times as 
many as A7 ,..., 

d. Who has times as many 

asD?. 

e. Who has % os many as 

B?. 

Fill in the missing figures 

/. E has.times ns many 

as A. 

g. A has.as many as E, 

etc. 


To these illustrations we must add the more obvious excr- 
oises in the necessai 7 arithmetical operations. 

Group teaching in arithmetic. Its place. In our carlior 
discussions it was shown that arithmetic is a complex of skills; 
that there is no single general arithmetical ability; that pro¬ 
ficiency in one branch of arithmetic offers no assurance of 
approximately equal proficiency in another branch of the sub¬ 
ject. A small number of pupib may respond to a rational 
appeal when a new topic is presented; some require a very 
objective presentation; others can comprehend the reason gov¬ 
erning the modus operandi only after using the new process 
again and again. Experimental evidence seems to show that 
native endowment is the most telling factor in determining 
proficiency in arithmetic. Mathematical judgment of younger 
children with less experience and training in arithmetic often 
surpasses that of older ones with three or four years’ more 
study of the subject. The inference seems inevitable that 
arithmetic often requires group rather than class teaching and 
that it requires special forms of presentation and individual¬ 
ized drills to approximate the needs and the capacities of 
the homogeneous groups of pupils. 

Devices for group teaching. We have already alluded to 
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some of the more important devices for insuring group teach¬ 
ing in arithmetic. Some urge a dilJercnliali’d conrso of stvdy 
in which more intensive treatment or a grcnler number of 
topics is assigned to the bright chilflr(;n. While tlie course 
for the dull child is less extensive anti 1l'.ss inteasivc it is 
not necessarily impoverished. What is ndativcly less necessary 
is omitted from tlio comse for the second group of impils. 
What to include and what to omit in the courses of study for 
the bright^ the normal, and the dull arc (iucstion.s iliat have 
not yet been answered to the satisfaction of most educators. 

Differentiated teaching, othem urge, shouhl be tlic key¬ 
note in group teaching. They argue; teach all approximately 
the same socially necessary experiences hut by different 
methods. The able pupils can learn all that wo demand of 
them through workbooks. The pupils of average ability should 
be taught by a developmental method. As the line of thought 
is unfolded by the teacher, they follow, step by step, and 
experience the thrill of tliinking to a definite conclusion. A 
very objective process with much "showing” may prove very 
helpful to dull pupils. Hence the essence of the differentiated 
work lies in the differentiated methodology rather than in the 
differentiated content. 

A third school plans its group teaching by devising diag- 
- nostic testa and remedial exercises. Each group has its differ- 
. entiated drill, prompted not by the varying intelligence of 
' each group, but by the varying needs of each group or even 
of each child. 

A wise teacher does not align himself with any one of these 
schools but uses one or the other plan of differentiation, 
depending upon the kind of aid he wishes to give his pupils. 
:- .'A school with classes homogeneously grouped will still have 
,, need for ^oup teaching, although the need is different from 
that felt when children are grouped by chronological age or 
. by alphabet. 

Diffiodtks in establishing group teaching. Group teaching 
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18 not popular because it requires arduous preparation by the 
teacher. "Excessive preparation” is the usual characterization. 
To devise profitable forms of practice which do not degenerate 
into mere busy work is no mean task. Teachers who are un¬ 
daunted by these two conditions are reluctant to establish a 
plan of group teaching because written work must be checked. 
To supervise, inspect, and grade the work of each group is a 
difficult task. Not all teachers can control a class when dif¬ 
ferent groups are engaged on diffeient tasks, and all must be 
kept under direct supervision. Those are not insurmountable 
obstacles but they are difficulties which discourage the timid. 

■ Teaching with monitorial aid, A common classroom prac¬ 
tice is the appointment of abler pupils as special coaches of 
their less proficient classmates. The benefits which the teach¬ 
ing pupil derives are social rather than mathematical. These 
are often counterbalanced by exaggerated estimates of ability 
and attending attitudes of superiority which are developed by 
these helpers. The backward pupil is not taught, but shown 
how; he is coached. Wc have conveniently assumed that this 
system of class coaching will lift the arithmetically submerged 
to the necessary level of proficiency. Nevertheless, wc reject 
the conclusion that with slower pupils the teacher should not 
teach, but merely present each fact or process through purely 
mechanical imitation. The reader should not conclude that 
student coaches must not be appointed; the moral is rather 
that student aids must be prepared to render coaching ser¬ 
vice, but that not all types of guidance can be expected of 
them. They can be of inestimable help in checking Written 
work and in the more mechanical phases of guidance. 

Moot questions in the methodology of arithmetic. Arith¬ 
metic, like any other school subject, is replete with moot 
teaching questions. Too long have we sought final answers to 
many of them in contentious exchange of personal opinions. 
Because to-day, as never before, we understand that these 
academic debates must give way to facts derived from im- 
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personal and scientific inquiry, there is feverish research ac¬ 
tivity in problems concerned with the teaching of arithmetic. 
So numerous are these researches that annual bibliographies 
and summaries of tliem are published by the University of 
Chicago.’ Quantitatively the output is impressive but in¬ 
creased famiiiarity with it brings .diminished respect. Tlie 
investigations relating to arithmetic are uncoordinated studies 
carried out under conditions that predestine the findings to 
inconclusiveness. They arouse strong suspicion that their 
authors were more concerned with meeting tlie requirements 
for degrees or with maintaining professional demand for fre¬ 
quent publication than with finding truth. 

Small wonder, therefore, that so much teaching of arith¬ 
metic clings to traditional practices and remains little influ¬ 
enced by these inquiries. We have no coordinated data to-day 
to answer some of the basic problems that arise in the teach¬ 
ing of arithmetic. Let us examine a few of these questions: 


_ 1. What shall constitute the content of the couree of study in 
anthmetiof The answer must be formulated in terms of tlie aritli- 
metical needs of intelligent adults in all vocations except tho.se tliat 
are uncommon and highly technical. 

2. Is there a general arithmetic ability? Are we to accept the 
MncluBioM that seem to be established by British investigator like 
Moore, Green, and Scott,® and by a few Americans like Collar,^ or 

of Educational Investigations Relating to Arith- 
Supplementary Educational Mono- 

SISS ““ 

AUT?' ,?■,“7^® Psychology of Numbei-: A Study of Numerical 
22 iSm. ° Pciiogo(7y, .Vol. 4, June, 1918. pp. 

Performances in Fundamental Arithmetical 

aiS vTi T PBdagoyy, Vol. 3, June, 1919, pp. 

^ !• “ ” • ^““®> pp. 86-100. ‘ 

■R'o w r Eighth^rade Demonstration Class in the 3 

M oi Educatioml Peyehology. Vol. 10,Tpi 19l1, pp. I8fl2 

Arithmetical Ability," BrilM 
o; fayohology, Vol. 11, Part I, October, 1920, pp. 135-168. 
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the fTifliTiEs of Americans that seem to oppose _ a general arithmetic 
ability as expressed in the work of Stone," Davies,® and Courtis? 

3 . Is it possible to eliminate most of the drill in arithmetic for 
the superior children? If so, at wlmt point shall we draw the line 
between normal and superior children? 

4 . To what extent are our present textbooks in nrithmetio in har¬ 
mony with oiir knowledge of tire psychology of arithmetic? By what 
standard can we assign to each conmionly used textbook an index 
expressing its merit? 

5 . To what extent is motivation in arithmetic obvious? Does 
explicit motivation quicken the learning of arithmetic markedly? If 
so, to what extent? 

6 . To what extent can we diminish the place of arithmetic ns an 
independent subject, and incorporate it in the day’s manual and 
intellectual activities? Will such learning of aritlimetic meet tlie 
demands of life adequately? 

7. Should the same ooui'se of study be followed for all levels of 
intelligence? Wherein should they be differentiated? Should the 
differentiation be produced by eliminations or simplirieations, or 
both? By what objective standard is the differentiation to be vali¬ 
dated? 

8 . Should class teaching of arithmetic bo supplantofl altogether 
by a system of individual learning and individual practice like the 
Dalton Plan? If so, is this applicable to all tyiwB of children? 

9. What standards of accuracy and speed may reasonably be 
sot up in each fundamental operation for each school year in which 
the child learns arithmetic? 

10. What loss, if any, would result from mero incidental teaching 
of arithmetio in the first two years? Would the keener perception 
of the usefulness of arithmetic skill lead to greater application by tho 
pupil in the third year and thus make up for tho temporary loss? 

11. What manipulative idiosyncrasies do the children exliibit in 
the processes of reducing certain techniques to habit? 

12. What are the relative valu© of the most common objective 
aids used in the teaching of arithmetic? 

13. Are drills based on multiple-sense appeal really helpful, or 
does the contribution of one sense set up interference with that of 
another? 


® Cliff W. Stone, Arithmetical AhUitm and Some Factors Determine 
ing Them, Contributions to Education, No. 19 (Teachers Colloeo, 
Columbia University, 1908). 

® G. R. Davies, ‘‘Elements of Aritlimotioal Ability,” Joxtmal of BdVf 
cational Psychology, Vol. 6, Maroh, 1914, pp. 131-140, 
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14. Wliat correlation of efficiency exists amoiiR the several nm 

cesses of arithmetic? 1”^°' 

15. To what extent do mastery of lanRiniKe and aliilitv tn 
enter into the efficiency which people develop in arithmetic’ 
metic? supervisory practices influence the learning of arith- 

_ 17. Whnt is the total technical vocabulary that arithnietie mnv 
introduce during the school couise? ^ 

bn ,?? investigations that must 

be undertaken m the teaching of arithmetic, but ratlicr to indi¬ 
cate the character of the help that tlic practical but nover- 

I?lhtr expectantly await- 

g. n the , discussion of the teaching of specific facts and 

SlTar repeatedly, where decisions arc 

stdl made on personal opinion because reliable data have not 
been obtained What a tragic total we would attain woJe 

tw fio with tliB fact 

Irect twenty-four times as frequently as sub-^ 

t action? Are we to content oureelves with a lower ^standard 
of accuracy m .subtraction than in addition? Is subtraction 

of thp ^ '^xact gradation 

nup tbnT. f develop better control for the 

Should not dril/bo, jti:' ° fi+6? 

sive difficulty is extremely useful A fhrtfp a 
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like all reforms, the movement has been done much harm by 
its extravagant devotees. 


PiionLEMs FOR Study and Discussion 

1. Plan an inquiry into the relation between sir-e of class and 
proficiency of instruction. How would you organize the groups to be 
subjected to the experiment? What should be the procedure for each 
group? What uniform conditions would you maintain? How would 
you maintain these conditions? “Wliat test would you use at the end 
of the experimental period? Indicate clearly the “control" factor or 
factors. 

2. "An effective system of correcting pupils’ compositions has 
many characteristics of an effective system of correcting arithmetic 
papers.” In discussion of this statement, include the characteristics 
referred to, and give an adequate illustration of each. 

3. Examine at least two textbooks in arithmetic to determine the 
extent to which they meet hygienic standards. Tabulate the hygienic 
requirements of a textbook in arithmetic, and allot to each a numeri¬ 
cal value according to its relative importance. The total of these 
values for a perfect book should not exceed 10. Score each of the 
two books according to your scale. 

4. Consult the last six numbers of two or throe professional jour¬ 
nals such as The Journal of Eduoationd Research, The Journal of 
Educatwnd Admhmtration and Swpcrvmn, School Review, The 
Peabody Journal of Education, The Journal of Educational Psychol¬ 
ogy, etc. Select three articles on some phase of the teaching of 
arithmetic. Prepare a short summary and a critical estimate of about 
500 words of each article. Avoid such unsupported statements as, 
"This is a good article," or "This is an interesting study," or "I think 
the autlior has not proved his contention." Be sure to support your 
estimate of tho author’s work by specific references to Ins study. 



CHAPTER XIV 

measuring guovvth in arithmetic 

Educational results arc gauged by personal opinion, by 
aditional types of examinations, and by standardized tests 
St two are the time-honored devices of teachers and 
supervisors; the third is a comparatively new instrument. 
Limitations of personal opinion. As a standard of judg- 

eliigenoe of the judge, to the character of his training imd 
e^erience, and to Ins ability to restrain personal interests 

nZn^ Z7 decisions. Prejudice, provincialism, donomi- 
national and sectional loyalties, inadequate cxpcricnco-these 
. conditions that mfluenco judgments. But personal 

of ot the mtait o( coma 

“wIT “ “ “ S'™*”' 

(n„r « “•“inatlim. Eductioiul growth i, still 

nrpvfliv ■ ^^^tten tests of information assume that 

essentially correct. 

X^rfj ^ r?by what is 
are Wta, t ^ ^ unimportant. Pacts known to-day 

-ississ “ 

(«) how L M ™ fcy hsd taught 
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1. What is tlie area of a rug 9 by 12V& feet? 

2. Which has a greater area^ a rectangle 16 X 8 feet, or a square 

measuring 12 feet on a aide? 

3. Which (referring to problem 2, above) has the greater perimeter? 

4. Find the cost of fencing a garden plot measuring SO by 40 feet 

@ $1.50 a foot. A gate 4 feet wide will cost S24. 

6-6. How many small school garden plots 20 sq. feet would you 
make out of a park plot 160 X 40 ft.? 

Before answering the question, draw a phm to seale, showing 
how you would lay out the small plots so as to waste the least 
amount of planting ground. 

7. Find tlie answer to the following: 

а. 1% X % d. % X 144 

б. 1% X 1 c. % X 0 

c. 157 X % /. % X % 

8. At $1.75 a yard what will 86 yards cost? 

9. A gallon of a particular kind of oil weighs 8% lbs. What will a 

barrel containing 54 gallons weigh? 

10. Fill in the follow’iug blanks 



a. a multiplied by b gives tlie_of the rectangle. 

b. od-6 + a + 6 gives the__ of the rectangle. 

c. (a + a) 4- (6 + b) gives the- of the rectangle. 

d. Side b is called the_of the rectangle. 

e. Side (a) is called the_of the rectangle. 

Such a test undoubtedly measures retention and compre¬ 
hension; helps materially in determining a pupil’s absolute 
standing and his relative rank in his group; encourages care¬ 
ful review of what was taught by insuring motivation; trains 
in ability to apply oneself to a given task; and indirectly, indi¬ 
cates the effectiveness of the teacher’s skill in guiding his 
pupils. 

Despite its usefulness such a test has marked limitations. 
It does not indicate the specific causes of a pupil’s failures. 
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The relative difficulty of each example and of each process 
and the relative value of each correct response are determined 
after careful statistical treatment of the responses of the many 
pupils tested. The plan of administering the test and of 
scoring the answers is prescribed to insure the degree of uni¬ 
formity which makes results comparable. Nothing, or rather 
an absolute minimum, is left to the judgment of one person. 

3. They have validity. The extent to which a test measures 
what it sets out to measure is its validity. A test in aiithmetio 
may involve little arithmetic and much reading; it becomes 
therefore a reading test. A test in percentage may require 
little computation in terms of percent but much knowledge of 
business practice; therefore it lacks validity as a test in per¬ 
centage. To be valid, a test must embody subject-matter that 
is considered socially necessary by the best professional opin¬ 
ions, textbooks, and courses of study; it must concern itself 
with the minimum essentials of the subject; and it must 
phrase its questions and problems in terms of a vocabulary 
that, by actual test, is not beyond the pupils. As a rule the 
composite judgment of recognized authorities is a method 
often used in studying the validity of a teat, 

4. They have reliability. The degree to which a test meas¬ 
ures accurately and consistently that which it sets out to 
measure is its reliability., Repeated use of the same test at 
proper intervals, or of different forms of the same test, should 
3 rield results that are approximately equal. Differences in test 
scores so obtained are inevitable for many reasons: (o) Chil¬ 
dren differ in attitude and attention at the times when they 
take the same or different forms of the same test, (b) Physical 
conditions of the children or of the place where the test is 
taken influence the character of the response, (c) Taking the 
test is in itself educative for it gives practice in meeting a 
specific type of experience, (d) Children grow in knowledge 
and skill between test times, (e) The tests may have inherent 
structural weaknesses. In the development of a standardized 
test values must be reassigned, test elements must be changed, 
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Mid scoring techniques must be modified, until repented use of 
the same teat, after suitable intervals, yields approximately 
sirmlar results for the same pupils. Before using a standardized 
test It IS imperative that we ascertain its reliability. 

Characteristic questions to be answered by scientific test- 
ing W^e ncsd accurate measures to determine the correctness of 
much that we now accept on faith or because of the force of 
mere verlcalism. Among the many questions that need answers 
in of objective standards we may list the following- 
What degree of accuracy and speed in arithmetic shall we 
ei^eot in each of the successive grades of the elementary- 
school comse? Each teacher gives assurance that she is de- 
veloping habite of accurate and rapid manipulation. How arc 
we to determine the degi-ee of accuracy and speed whieh the 
children possess at the beginning and at the end of a grade? 

_ How reasonable is a standard which a teacher or a super¬ 
visor sets up in arithmetic for a given grade? What if teacher 
and supervisor differ in their estimate of the ability of a pupil 

^ ^ «p™’ 

ow shall the personal judgment bo checked? What 

; Is it wise to eliminate all systematic teaching of number 

ginning systematic work in the third grade, progress at an 
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that we would have chosen a school in which the scholarship 
in arithmetic is below average; that if we were to choose at 
random a school from among those that devote less than aver¬ 
age time to this subject, we would probably find the children 
doing superior work in it. 

To what extent shall we rationalize in arithmetic? Shall 
children know the why for every step in multiplication by 
numbers of two or three orders, or shall they merely habituate 
the process? The advocates of rationalization arc as insistent 
as tlieir opponents, yet neither side has any more definite 
basis than personal opinion. 

Shall ehildren be taught to subtract by a method of ad¬ 
dition or by a method of subtraction? The former method 
is now in the ascendency and is prescribed in many com¬ 
munities. Have we determined by reliable tests that children 
taught by one method do speedier and more accurate work 
than do those taught by another? 

To what extent is arithmetic ability related to general 
ability? Shall wc accept the explanation that arithmetic 
ability is so specialized that a child who docs exceptionally 
good work in reading and in composition may lack that dis¬ 
tinctive ability needed in arithmetic; that he may have a 
blind spot for arithmetic? Shall we give a more sympathetic 
ear to the explanation that such a child prefers language 
work to arithmetic, and therefore attends to the former and 
neglects the latter? 

To these questions we must add the numerous unsettled 
problems presented throughout our study. They lead to the 
inescapable conclusion that too long have we sought answers 
to vital problems through personal opinion raiJier than by 
means of objective data scientifically derived. 

The Development op Scientipic Measurement in 
Arithmetio 

Scientific measurement of arithmetical ability, though com¬ 
paratively new, has progressed so rapidly that it is now in its 
third stage of development. 
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The introductory stage, the non-standardized tests, 1900- 
1909. The work o} Bice. The pioneer efforts to formulate 
scientific standards in arithmetic arc generally credited to 
Rice. In 1902 he gave his test questions to about GOOD chil' 
dren of Grades ik tliroiigh 8B in seventeen schools repre¬ 
senting seven cities. The test questions arc given in the Appen¬ 
dix. The most striking results were the low ratings and the 
wide range of capabilities of children in the same grade. 
In the seventh year, the averages for pupils varied from 8.9 
per cent to 81.1 per cent; in the eighth year, from 11.3 per cent 
to 91.7 per cent, The method of scoring was carefully planned 
to achieve uniformity and objectivity. 

Rice then set himself the task of interpreting the results 
constructively. He began with the assumption that the prob¬ 
able factors determining successful work ai'e home, the size of 
• the class, age of pupils, time of day when a subject is taught, 
time devoted to tlie subject, home study, methods of teach¬ 
ing, teaching ability of the stiiff of instructors, the course of 
study, and supervision of teachers and standards for mcas- 
uring results. Each of these factors was scrutinized in the 
. light of the children’s results. 

1. The home is shown to lie a negligible factor in determining 

quahty of results. The findings showed poorer results in 
schools in good neighborhoods, where conditions were favor¬ 
able to study. 

2. The size of the class appeara insignificant as a determining con- 

toion. Schools with the lowest averages hod very small classes' 
and some of the schools with the best results had very largo 
classes. 

3. The age of the pupil must be considered, Rice concluded, because 

the older pupfis grasp the work more readily and the results 
are correspondingly better, 

4. The schools examined in the morning did better than those tested 

in the afternoon, but the difference was slight, barely 3 per 
cent. 

,5. Those schools that gave most time to the subject were not cor- 
' respondingly high in attainment, for the school that ranked 
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next to the lowest gave the gresitest amount of time daily to 
arithmetic; the school that averaged 80 per cent and the 
one that scored only 25 per cent gave the same number of 
minutes daily. 

6. The amount of home work given to tlic pupils seemed to bear no 

direct relation to the proficiency attained, and Rice concluded 
that home work puts an added burden on the cliildren, saps 
their energies, and has practically no compensating re-sults. 

7, 8 and 9. The investigator’s conclusions—that teachers whose 

work is modernized, who have teaching gifts and professional 
skill, and who follow a course of study designed to meet social 
needs do not influence the pupil’s attainment—are clifTioult 
to accept. One is left with the suspioion that the author is 
more concerned with achieving triumph than truth. 

10. Rice’s final conclusions are that proper supervision of teachers 
and definitely standardized measures of results ate the deter¬ 
mining factors in making for efiicient work in arithmetic. 
These standards of attainment do not permit each teacher to 
be the judge of his or her own work, nor each prinoiiial to be 
sole judge of tlie standing of his school or the worth of his 
teachers. Standard tests set up definite, woll-crystallizecl 
expectations that give direction to each teacher’s efforts. 

Rice does not see, however, that these standards may 
become fixed and formal; that the routine test encourages rou¬ 
tine work and discourages initiative. His work was too limited, 
and the absolutely uniform conditions necessary for determin¬ 
ing a standard were not secured in each school tested. His con¬ 
tribution is significant, however, because of the impetus it 
gave the scientific movement in arithmetic.^ 

The work o} Stone. The task which Stone set for himself 
was to secure data on (1) the nature of the results obtained 
by teaching arithmetic in the first six years, and {2) the rela¬ 
tion of "distinctive procedure in arithmetic to resulting abili¬ 
ties." With these ends in view he organized a test of two 
parts: Part A, in fundamental operations; Part B, in reasoning 
problems. The former sought to combine all the difficulties in 

^ J. M. Rice, ''Eduoaticmal Research: A Tost in Arithmetic," Forum, 
Vol. 31 h(IQ21, pp. 281-297; '‘Educatiooal Research; Causes of Success 
and Failure in Arithmetic," Forum, Vol. 81 (1903), pp. 137-462; Scien~ 
tifio Management in Education (Hinds, Noble and Eldredge, 1912),' 
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ao fundamental operations, and tlie latter, to tost the reason 
mg power of children in problems that deal with situaLis 
. equ^ly familiar to all and that omit mere memory rcS ! 
me^. Tlie testa are given in the Appendix. 

f parefnlly worked out. Time 

nZ^ffradation of tasks, and 
other elements vital m the formulation and administration of 

tests were determined, in the main, ohjectively, Subjective 
Ihi^rV^ these matters was clearly held in check. In 1907 
hese tests were given to 6000 children in m classes in 26 

tofcMSrWeT“““® 

un arc the most important conclusions summed 

np by Stone as a result of his investigations • 

complex of abilities ^ ^ tiompositc of abilitic»-Mi 

increased, up to certain Hmito ts 

work in fundamental onGmtInn' seem to do Iietter 

The probable conclusion a? I”"'’’'*™’®' 

. >*“' »k»uU EO to funOo- 

teaching 

4. There seemTto bTT f""'^™®tel operations. 

, that children arithmetical abilities 

' ■ according to wMch thev '’“"■hty of the course of study 

tw0nty^ixcoureG8ofsuXSf +t,*®'“'^^t submitted the 

dien he tested to '^hose chil- 

, , courses in order of merit '''h° mT.angcd 

compared with the mm children’s ratings were 

course of study, no reliitionshlp could be 
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discerned. The cliance.s seemed about even that the children 
taught from a course of study rated as low would attain higher 
scores, and oonveraely. 

Stone’s work showed clearly the possibilities of developing 
scientific standards for measuring the instructional results in 
arithmetic and for checking time-honored opinions of methods 
of teaching and of courses of study.® 

The second stage, the introduction of standardized tests, 
1909-1915. The contribution by Courtis. The most significant 
contribution to scientific measurement of the results of in¬ 
struction was made by Courtis. His first arithmetic tests were 
not only standai’dized but also diagnostic in their implication. 
They measured, not the facts leanied, but the habits developed 
in the process of learning—not tlie temporary, but the per¬ 
manent acquisitions. The same test was given to all children 
in all grades under prescribed conditions that insured uni¬ 
formity of administration and scoring. The measuring medium 
was kept constant. 

The original testa came in eight parts, each seeking to 
measure one group of closely related skills. Tests 1-4, in¬ 
clusive, sought to measure, in four one-minute tests, mastery 
of the combinations in each of the four fundamental opera¬ 
tions. Test 5, a speed test in copying figures, measured motor 
ability and correctness of perception. Test 6, a speed test in 
reasoning, presented a number of problems and asked tlie 
children to indicate, but not to perform, the arithmetical 
operations that led to the correct answers. Test 7 was limited 
to fundamental operations that required paper-and-pencil 
computation. Test 8 measured ability to solve two-step 
problems. 

A few years later Courtis devised supplementary tests 
known as Series B, These seek to measure power in addition, 

® C, W. Stone, Arithmetical Abilities and Some Factors Determining 
Them, ConbributionB to Educiation, No. 19 (Tcftchorn Colloge, Columbia' 
University, 1908); Standardized Reasoning Tests in Arithmetio and 
How to Utilize Thom (Toaohors CoUego, Columbia University, 1916). 
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subtraction, multiplication, and division in actual examples. 

, The test elements involve all the factors which enter into the 
lour fundamental operations. These tests were planned to be 
■given for the first time in tlie third year and then once or 
twice in each succeeding grade, so that supervisors might de¬ 
termine under what conditions children acquire the techniques 
that make for mastery of the fundamental operations. 

The procedures followed in the development of the tests 
were refined sufficiently to produce a yardstick for measuring 
. specific arithmetic abilities with unprecedented accuracy. The 
gradation of test elements, the allotment of credits to each, 
and the time limits were all determined as objectively as 
possible. The testing instrument which Courtis evolved con¬ 
sists of units of approximately equal measures of ability. Both 
the original tests and Series B are given in the Appendix.’ 

Extended application of the Comtis Tests revealed signif¬ 
icant weaknesses: the problems were not practical enough, 
language difficulties were not factored out, so that it was im¬ 
possible to ascertain whether a child’s failure to obtain the 
correct answer was due to his limitations of language or of 
Arithmetic. By actual test it was found that many satisfactory 
clerks obtained test scores that were lower than the norm of 
the eighth grade, Courtis was among the first to see these 
weaknesses in his tests.* Despite these limitations his con- 

■•S. A. CourtiB, ‘'Measurement of Growth and Efficiency in Arith¬ 
metic," Elementary School Teacher, Vol. 10, pp. 63-74,177-100; Vol, 11, 
■ pp. 171-186, 360-370, 628-530, In these artides the origin and devolop- 
meat of the Courtis Tests are described. 

“The Courtis Tests in Arithmetic," Report on Educational 
Aepeots o/ the PubUeSchool System oj the City of New York to the 
Committee on School Inquiry o) the Board of Estimate and Apportion- 
rneni, Vol. I, Part II, Subdivision I, Section D (City of Now York, 
1913) pp. S9lW46^Published later by World Book Co., Yonkers, N. Y. 

- 1 The Gary Public Schools: Measurements of Classroom 

Products (New York General Education Board, 1919), pp. 146-216. 

1 Courtis Standard Research Tests; Third, Fourth, and Fifth 
Annual Accountings, 1013-1916, Bulletin No. 4 (Detroit, Department 
of Cooperative Besearoh, 1916), 

: iqm?'^1 Psychology of Arithmetio (Macmillan Co., 
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tribution is most significant for the development of scientific 
measurement. 

The third period: the refinement of standardized tests. 
After 1915 tests in arithmetic reveal an unmistakable diagnos¬ 
tic purpose, which they achieve in varying degrees. In all of 
them the research technique shows progressive refinement. 
The Woody Arithmetic Scales ® were developed according to 
the difiiculties experienced by children and not, as the Courtis 
tests, according to the logic of arithmetic. Woody judged diffi¬ 
culty by two factors; time needed to obtain the results, and 
the eorrectness of these results. The examples in the scales were 
selected not because they represent typical arithmetic situa¬ 
tions, but rather because they brought consistent reactions by 
children. Each scale is made up of as largo a variety of exam¬ 
ples as any of the fundamental operations will permit. The 
first example is very simple, so simple that it is almost obvious; 
the last example is so difficult that ,a very small percentage 
of eighth-grade children can hope to solve it correctly. The 
examples in a scale are set in a series of progressive difficul¬ 
ties. The Woody Scales differ, therefore, from the Courtis tests 
in which the examples are of equal difficulty. Their diagnostic 
character with reference to class errors is the chief contribu¬ 
tion of the Woody Scales. These scales are not without their 
limitations. The examples are chosen, not because of their 
social value, but because of the consistency of the reactions 
which they evoke in pupils; ability to perform any one ex¬ 
ample is inadequate evidence of mastery of the process in¬ 
volved. The Cleveland Survey Arithmetic Testa “ are modifica¬ 
tions of the Courtis Tests, and designed for Grades 3-6. They 
measure skill in fundamental operations by carefully graded 

® Clifford Woody, The Woody Arithmetic Scales; How to Use 
Them (Teachers College, Columbia University, 1920); Measurements of 
Some Achievements in Arithmetic, Contributions to Education, No. 80- 
(Teachers College, Columbia University, 1020). 

“ Charles H. Judd, Measuring the Worh of the Public Schools 
(Cleveland, Ohio, Survey Committee of the Cleveland Foundation, 
.1016), pp. 04-123. Gives a full description of these tests and the results 
of their administration in Cleveland. 



172 


THE TEACHING OF ARITHMETIC 


Arithmeitio Tests Often Used to Determine Propiciencv in 
Numhrii Work 
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Individual Dilliaul- 
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metlo T'eat 
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ing Teat in Arith- 
metio 


Diagnoetlo Teate in 
Arithmetic 


Wiaconeln Inventory 
Teet in Arithmetic 


Arithmetio RoaeoainK 
Teel 


Mixed Fundamontale 


. Arithmetio Reading 
Teat > 
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ment Teate 


Stanford Achievement 
Teata 
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akilla. (N.M. Thin 
applioa to CoinpuBB 
Toat) 
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Woody Arillimotic 
Sculoa 


Group eurvey toat; 
giveadiagnoatioaid 
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reotly diagnoetio 


Bloomington, Ill, 

tTeachera College Bureau ol PubUcationi, Columbia Univorelty, N. Y 
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examples. The Stanford Achievement Teats ’ and the Metro¬ 
politan Achievement Tests “ are typical of the tests of this 
period. In the table on page 172 are listed the arithmetic tests 
frequently employed to measure proficiency in number work. 

Diagnostic vs. survey tests. Three types of testa. The in¬ 
ventory test is given before systematic instruction to deter¬ 
mine precisely what knowledge and what skills the pupils 
possess. Such an inventory test, by taking stock of what 
pupils already know, indicates to the teacher what may be 
assumed and where the teaching of new experiences must 
begin. The norms of appropriate standardized tests enable the 
teacher to compare her pupils witlr others of similar age and 
grade. 

During a lesson or in the course of a series of lessons on 
a given topic it becomes necessary to check children’s com¬ 
prehension and to gauge the degree of skill which they have 
acquired. On such occasions, tea,eher-made tests, oral or writ¬ 
ten, are given. These tests are usually short and consist of 
questions designed to give the teacher the specific information 
desired before teaching can proceed economically. Thus, the 
teacher is about to present cancellation when the common 
divisor is not actually seen in any numerator or denominator, 
for example, %X%. Six examples like the following arc pre¬ 
sented for rapid solution: %X% and %XV&—in which the 
common divisor is clearly seen in the examples themselves. 
If the correct answers are promptly given and if the children 
can justify the process of cancelling in terms of "dividing 
numerator and denominator by the same number," then clearly 
they are ready for the new type, %X%, in which the com¬ 
mon divisor, 3, must be found by comparing the two multiples, 
6 and 9. 

' A third test, administered after teaching, is designed to 


^ Kelly, Ruch, and Terman, Sianjord Achievement Tests CWorld 
Boole Co.). 

“Bayuo, Graham, and Orleans, Metropolitan Achievement Tests 
(World Book Co.). 
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serve as a diagnostic instrument to reveal the common errors 
made ]n a class and to give indication of the probable causes 
Diagnostic tests are regarded by many teachers as the most 
iweful of all tests. The most helpful diagnostic tests are usually 
those prepared by teachers to meet the specific needs of a 
given class. Let us assume that children have been taught all 
the multiplication combinations with producte not in excess of 
fvm expected, therefore, to know 4X9, 3X6, 5X7 
3X12-all the factors of any multiple not greater than 36’ 
To devise a diagnostic test the teacher lists all the combina-’ 
tions for ready reference. A stencil is then ruled to show four 

columns and each combination is introduced four times but 
not in succession. 

hew following questions. When you 

r.)c as man/ as 


6X6=. 

9X4=. 

4X6e=. 


6X _s=24 

n V •—an 


if A "-.-I 1 — dl) 

-X6 = 30 

6X6=__ 


1 

X 

II 

«o 

CO 

24 = 4 X_ 


6X4 = . 

4 X!)=. 
30 = 6X. 


ta WOTS in each colum 

'* “”«> *0 >™ow this 

the ““ ‘““0 0' 

inowc: ^ ™ inoorreol, the teacher 


iSllfwSiSr"“ 

dren ^ practiced by individual ohil- 
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Individualized and differentiated drill, not uniform drill,, 
should occupy most of the time devoted to habituating number 
combinations. Without a diagnostic test there is no adequate 
basis for this kind of differentiation and individualization. 

Let us analyze the plan of another diagnostic test made 
by a teacher. It includes six tjqjes of examples in subtraction 
of common fractions, each repeated two or three times. 

Plan op a Tbacheh-Madb Diaqnostic Test 


The Type 

What Is Tested 

Number 
of Times 
Repeated 

1. 

Whether children will recognize the common 
denominatore and subtract without borrowing. 
Some children say from even though there 

is no need of borrowing. 

2 

2. 65^-lM 

The object is the same os in type 1, except that 
there is need of reducing the one quarter to 

2 

3. 5-H 

Whether children will convert 1 unit into % 
without adding any fmotion. 

2 

4- BH-lVs 

Whether children eon borrow without changing 
to common denominators. 

3 

5. Sii-IH 

Whether children can borrow and change to a 
common denominator. 

3 

6. 6^-1% 

The objeot is the same as in type 5 except that 
the common denominator is not one of the de¬ 
nominators in the example. 

3 


After such a diagnostic test is scored and the errors tallied 
the teacher knows what to reteach, which pupils need no fur¬ 
ther practice, which pupils need further drill, and, finally, the 
content of the drill material for different groups which have 
not met the required level of proficiency. 

A tabular contrast of survey and diagnostic tests may fix 
the distinctive character and functions of each. 
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The Survey 

The Plagunatie Test 

1. 

The 

Scope 

1. Uaualty citeneivo enough to in¬ 
clude all the esaciitlala in a largo divi¬ 
sion of the Bubjoet, (nr eiampte. in 
Iraetions, in deeimalc, in fiindil- 
mentni opeiations of wholenumbcra, 
In two-step problome. 

1. Cinncrally of limited range be¬ 
cause the aim is to onver all types of 
dilficuUy in tiiio limited process or In 
one field of BubiGut-mallcr, 

2. 

Organisa¬ 

tion 

2. The Icet elemenis are grouped 
into ceeUons. Illustration: Part I, 
addition of (raotionsi Part If, auli- 
traotion of fraotlona; Part III, mul¬ 
tiplication of (taelluna; eto. 

2. Thn teat eonciata of typea, each 
of which la dcaigiied to roveal an 
clameiit of atrenglh nr weakness, 
tlxamplo; ace test above on aubitae- 
tion of common fracliona. 

3. 

Time 

3. Time not a vital factor beoause 
the tost muet be long enough to 
cover ite field. 

It ie beat to follow the time act by 
tha maker of the teat. In general, 
It may be sud that epoed it over- 
etreeeed in survey testa. 

Those teste are given at the begin- 
mng or the end of a eeinester. 

3. The limited nature of the field 
makea poasihle a shorter test. It Is 
wise practice to give many ahort 
diagnnatie leata. 

The child should be allowed all the 
lime he nceda. Time is aiguirieant 
only an it Is an index of need! thus, 
if the child la inordinately slow, ho 
needs slimulntion fur more rapid 
work, 

Dingnostie teste are given at the 
end of a aorica of Icaaona duvuted to 
a unit of eubloet-matlec and Ite ao- 
companying akilla. 

t 

4, 

Validity 

4. Doterinlaed by the ehotee of 
the test elemoate. A eamlde of each 
type of eiamplo usually preaertbsd 
in approved books or eoutsoa of study 
is Included, 

4, Produced by good aamplinga of 
diRiouIUca in one prooces. Validity 
is usually nehieved by having a large 
number of oxnmplcs iu a narrow field. 


6 . 

Ncvtni) 

and 

Standacda 


A norm roprcaonta ttm ooliloviiniont of the nvorago pupil or tlio nvoraRo 
pecformanao of n group of pupils. A stondiiril is higher than a norm and 
Tofors to a lovol of aobievemont beyond vbiob it is usually unoDonomieol to 
DOutinue bo praodoo. 


6. A norm In a survey tost is vnlu- 
ab]e lor goneral comparisons but not 
for absolute comparisons because wo 
nsgleet the native differences In the 
two groups, the estent of prepara¬ 
tion of eadi group, eto. A norm 
hers is a QuanUtatlve aeasuro of 
performance. 


S. A norm is almost useless in 
dingnostie testing and toaohing be¬ 
cause interest is fooused on learning 
teohnigues and spooinl remedial prnc- 
tiocs. More than a norm wo need a 
list of the moat common orrore mado 
by learnota and the freguenoy of each 
error. To illustrate; 


Difleullin in lifuUiplicalion 0 / 
DecimoU 

Misplacement of Decimal Point 40% 
Errors In multiplioation (faets) 24% 
Omission of doelranl point, eto.* 7% 


i 


* For full and accurate list of errors la multiplioation of decimal, aeo, L, J. Brucckner, ■ 
"Analysis ef Dilhcultios in Decimals,” Elemeniary Sthool jQwnol, Vol, 20, September, 
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Individual diagnoses. EiTors may be grouped into (1) 
class or group errors and (2) individual errors made by com¬ 
paratively few pupils. A diagnostic group test is designed to 
reveal the former. Analysis of individual work may be tlie 
only way of discovering the latter. 

Children exhibited a great variety of methods of working 
in arithmetic. Some of these were undoubtedly taught by 
teachers, others wore acquired in unsupervised study. Some¬ 
times methods taught at home are in sharp conflict with the 
procedures of the class. Laymen frequently fail to understand 
that even though a method leads to the correct answer it may 
nevertheless be undesirable. On occasions school people have 
uncritically adopted the standard of the business world—cor¬ 
rect answers regardless of the method of attaining them. 
Counting on fingers, excessive talk in column addition, re¬ 
solving 9+6 into, 9+1=10; 10+5=15, instead of mstanta- 
neously recognizing the pattern, 9+6=15—these are illustra¬ 
tions of unwise procedures that lead to correct answers, but 
which inculcate very deleterious habits of work. By question¬ 
ing children and studying their modes of work we may •dis¬ 
cover individual weaknesses that require prompt correction. 

A preliminary diagnostic test may be given to a whole 
class. This is followed by conferences with individual pupils 
to uncover full extent of personal weaknesses and to prescribe 
remedial measures. Careful questioning and observation of a 
pupil’s methods of work may reveal one or more of the fol¬ 
lowing weaknesses in subtraction of whole numbers; 

1. Inadequate mastery of combinations, 17 — 8 = 7. 

62 

2. Unfamiliarity with borrowing process, 17; 7 from 2 presents a 

¥ 

difficulty which is resolved by placing a 0 in the answer. 

62 

3. Neglect to complete the borrowing process, 17. The pupil per- 

45 

forms the first step correctly but does not carry the process 
through by taking 2 from 6 or 1 from 4. 

4. Inability to manipulate 0 in the minuend 607 -'243, 
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5. Minuend is subtracted from subtrahend numbers to avoid bor- 
724 

. rowing, Since 0 from 4 causes trouble, the child takes 4 
512 

from 6. 

0. Carelessness. 

а. Adding instead of subtracting. 

б. Omitting a column or a number. 

c. Misreading or miacopying numbers. 

d. Confusion of column by subtracting the tens from the 

hundreds, 804 — 231; 1 from 0 = 5. 

7. Bad habits of work. 

0 . Counting on fingers to obtain 0 — 7, 

6. Talking in written work; 52 — 17, "7 from 2 I cannot take 
so I-,« etc. 

c. Deriving unknown facts from known, for example, 45 — 6; 
15 —6 = 7 16 —6 = 10 but 5 is one less than 6 hence 
the answer is 9 and 39.® 


If these errors and their causes are not revealed to the 
child they persist and lead to more errors in other fundamental 
operations. Such detailed diagnostic work helps the teacher 
to forestall errors, and thus reduces the extent of the diag- 
nostic and corrective work which must be done later. But too 
few teachers know the common errors, their causes, and their 
relative rate of frequency in most arithmetic processes. 

Objection is made that diagnostic analyses require oonsid- 
CTable e^enditure of teachers’ time. That time is consumed 
IS true beyond question. But we are likely to exaggerate the 
ainount of added time that such diagnostic analyses will re¬ 
quire. Not all children need such detailed diagnoses. Time is 
spent, but m the end time is saved by eliminating effectively 
- the causes of persistent errors. And we must not forget that 
such sympathetic diagnoses save the child from the crushing 
sense of defeat that results from repeated errors 

Values of standardized tests. The wise use of'standardized 
tests promises much to teachers. Those tes ts that are diag- 
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nostio aid in uncovering the specific difficulties which chil¬ 
dren experience. Help can now be given effectively through 
direct explanations and through practice material that, is 
differentiated and individualized. The tedium of this type of 
drill is reduced considerably, because the pupil realizes his 
need for this specific corrective exercise. Proficient children 
ate saved from much useless overlearning. Classroom teacher's 
do not need more time for more drill, but they do need aid 
in formulating differentiated di'ill material to overcome the 
specific wealcnesa of different groups of children. We have 
offered many illustrations to show that standardized diagnostic 
tests help to discover individual differences, and by implica¬ 
tion, at least, indicate differentiated programs of remedial 
activities. 

Supervision that is understanding and constructive is pro¬ 
moted by the administration of critically selected tests. They 
supply norms which indicate what may reasonably be ex¬ 
pected of children of different levels of intelligence and in 
successive grades. Teachers and supervisors may set up per¬ 
sonal standards for the various grades that arc either too high 
or too low for their pupils. In the former case they harass their 
pupils by expecting an unreasonably high level of attainment. 
In the latter case they unwittingly teach their pupils how to 
get by without the expenditure of a full measui’e of effort. 
The achievement that may be expected of children of a given 
mental age and school grade must be determined by the aver¬ 
age attainment of a comparable group. It cannot be formu¬ 
lated subjectively by adults. 

For various reasons an accurate measm’e of a pupil’s ability 
is frequently necessary. The judgment of the teacher is very 
inexact. Even in rating answers to questions in such subjects 
as elementary mathematics, experienced high-school teachers 
of geometry have ascribed to the same examination paper, 
values that vary from 20 to 00 per cent. Standardized tests 
prescribe methods of scoring that are uniform and minimize, 
the caprioiousnesB of individual judgment. 
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Standardized tests have helped to grade pupils in skill sub¬ 
jects. They have sho-wn that in a heterogeneously organized 
class there is a greater divergence than similarity of ability; 
that 80 per cent of such a class may be replaced by children 
of other grades without changing the total scores; that a per¬ 
son employing a school graduate of average ability secures 
the services of an adolescent whose work can be equaled by 6 
per cent of fourth-grade pupils. Such startling inequalities, 
exposed by standardized tests administered to all grades from 
the third to the ninth or tenth, have quickened the develop¬ 
ment of homogeneous grouping with respect to intelligence 
or speciic’abilities in a given subject. 

When the effects of different courses of study, of different 
teachers, of different teaching techniques, or of different time 
allotments must be determined, standardized tests are of 
inestimable value. We have referred frequently to the futile 
attempts to settle educational matters by debate in which per¬ 
sonal opinion is pitted against personal opinion. Standardized 
tests give us a relatively accurate yardstick for measuring the 
instructional results of a course of study or of teaching 
practices. 

Limitations of standardized tests. Despite these values 
standardized tests are not without their limitations. Being de¬ 
rived from existing courses of study they tend to perpetuate 
traditional curriculum material. The norms offered by any 
standardized test are signiffcant only as the tests measure 
mastery of knowledge and skills that meet the demands of 
actual life. Too often the tests perpetuate the kind of arith¬ 
metic that should be eliminated from class work. 

But it may be argued that the purpose of a standardized 
test is not to determine the appropriateness of the material 
in a course of study, but rather to measure accurately the 
extent to which the prescribed subject-matter has been 
mastered. 

Other objections to the use of standardized tests include 
such strictures as the following; the stress on these testa by 
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supervisors may stultify class teaching by promoting coach¬ 
ing for periodic examinations; some tests have only limited 
reliability and validity; speed is too frequently overempha¬ 
sized; teachers may limit their teaching to the type of 
examples that make up a teat; the norm for a given grade 
may tend to become the maximum attainment for that grade 
and thus discourage children and teacher from attaining 
higher levels of proficiency. These objections indicate the un¬ 
wise use of standardized tests—not limitations that are in¬ 
herent in them. 

Problems von Study and Discussion 

1. Standardized tests have developed, in the main, because of 
acute dissatisfaction with personal opinion and teacher-made tests as 
measures of ability. Plan a careful discussion of this statement. 
Include as many illustrations os possible. 

2. Explain and illustrate the following terms and expressions; 
atandardhed teat, the objectivity of a test, validity, reliability, in¬ 
ventory or diagnostic test, survey teat, norm, standard. 

3. Consider the moot questions listed in the preceding chapter. 
Which of these can probably be settled with the aid of standardized 
testa? 

4. Secure copies of the last three tests in the table on page 172 
and their accompanying manuals of directions. Read these carefully. 
Try to secure permission to administer and score one of these teste. 
List the uses that con be made of the data thus obtained. 

6. Assume that you have taught a class division by common 
fractions. Devise a diagnostic teat on this process. Justify the organi¬ 
zation of the test and the inclusion of each element in it. 

6. With which of the values of standardized survey teste dis¬ 
cussed in this chapter do you agree? With which do you take issue? 
Why? 

7. We cannot repeat too frequraitly nor too emphatically that the 
primary purpose of a test is to indicate more effective means of 
helpmg pupils to grow. Illustrate the truth of this statement by 
referring to the three teste which you examined critically, 

8. Express in a carefully planned statement your judgment of 
the following practice of a principal: At the end of each semester, a 
standardized survey test in excellent standing is administered to 
Grades 3-6. The term grade for each pupil and the estimate of the 
teacher's ability in arithmetic are determined by the pupils’ scores. 



182 THE TEACHING OF ARITHMETIC 

9. Justify your agreement and disagreement with each of the 
following: 

(а) "Speed is important in taking a skUl tent, but is relatively 
unimportant in a power tcst*^ (power as in solving problems). 

(б) Cramming that follows honest day-by-day study may be 
justified. 

(e) A diagnostic test teaches the folly of cheating on a test be¬ 
cause such cheating is self-deception. 

(d) A test should come at the end of each school month or 
semester. 



PART V 


LESSON PATTERNS IN THE 
TEACHING OF ARITHMETIC 




CHAPTER XV 


THE FORMAL LESSONS: INDUCTIVE AND DEDUCTIVE 
TEACHING 

There are as many forms of lessons or recitations as there 
are modes of thinking. In general, the closer the teacher follows 
the natural mental processes of the pupil, the more effective 
is tile teaching, for teaching is fundamentally the process 
which facilitates learning, The lesson plans which we shall 
discuss, therefore, reproduce the steps which the mind, left 
to itself, would follow in mastering specific experiences. We 
shall analyze the following recitations j 

I. The formal lessons; inductive and deductive teaching, 

II. The lessons for retention and recall: drill and review. 

III. The lessons for power: study lessons, problem and project 

teaching. 

Each of these modes of quickening the learning process has 
its distinctive place in the general scheme of teaching. None 
of them is always appropriate. An eclectic method formed by 
a combination of certain elements of each of these is not 
always possible nor helpful. The specific characteristics of 
any one of these lesson forms often make it either the most 
or^ the least effective mode of teaching a specific subject in 
arithmetic. We must stop, therefore, for a critical analysis 
of each of these lesson or recitation patterns. 

The characteristics of induction and deduction. We as¬ 
sume that the student of special methods of teaching arith¬ 
metic knows that induction is that form of reasoning in which 
a general law is derived from a study of particular objects 
or specific processes; that the five formal steps of the Her- 
bartian recitation or the Method-Whole follow a severely in- 
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ductive development; that induction is the method which leads 
the pupil to “discover" knowledge; that the law, rule, or 
definition formulated by the child in inductive lessons is the 
sumnoation of all the child has gathered in the presentation; 
that induction demands active cooperation on the part of the 
pupils throughout the lesson. The reader will find many illus¬ 
trations of inductive teaching in the chapters that deal with 
fractions, decimals, percentage, and mensuration. 

Strictly speaking, pm-e induction is seldom found in teach¬ 
ing, In all induction the generalization that is evolved is re- 
prded as a tentative conclusion, a temporary hypothesis, held 
in abeyance until prolonged applications lead either to the 
establisliment of its validity or to the modification of its con¬ 
tent. The law obtained in an arithmetic lesson is usually final 
bMause the teacher selected only those individual instances 
which point unmistakably to it. 


At times the law is evolved from a single typical instance 
and not from a study of a number of specific individual cases! 
Thus, the general procedure for multiplying by any number 
of two orders, for example, by 18, is derived from the pro¬ 
cedure followed in raultiplymg by any other number of two 
orders; or the rule for division by a decimal may be deduced 
from the specific example which requires division by one 
decimal fraction, for instance, by .6 or .06. 

Characteristics of deduction. It is evident that deductive 
teaching, which begins by positing the law and then seeks to 
read meaning mto it by applying it to a variety of specific 
samples, differs from induction in both procedure and spirit. 
In deduction the child does not discover laws, but develops 
, lesson in division given in Chap- 

V ^ ? illustration of a typical deductive lesson, and 

shows that deductive teaching is not necessarily authoritative 
instruction imposed on the child without appeal to thought 
or motive. ® 


Place of deduction in anthmetic. There are conditions in 
arithmetic when deductive teaching is not only advisable, but 
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almost imperative. Chief among these we must include the 

1. When the generalization ts too dijficdt. There are laws 
in arithmetic Uiat require powers of analysis and synthesis 
beyond the abilities of young children. An inductive lesson 
will produce contusion and discourage the child. ^ Por this 
reason we must teach deductively such topics as division by 
a number of two orders, multiplication by a number of three 
orders, and subtraction with numbers in the subtrahend larger 
than numbers in the corresponding places of the minuend. 

2. When the generaluation is too long. Children can derive 
an arithmetic rule inductively only when the individual cases 
presented are simple enough to enable them to make com“ 
parisons, to abstract underlying likenesses and characteristics, 
and then to weld these into a synthetic concept. Obviously wc 
court confusion when we attempt to develop inductively t le 
method of finding the least common denominator, or the 
method of dividing by a number of two or more places. The 
elements in these arithmetic processes are so numerous that 
no child can maintain enough control over them to enable him 
to formulate the generalization. Experience teaches that m 
such situations a deductive lesson is wiser, because it makes 
for economy of time and clarity of comprehension. 

3. When legitimately pressed jor time. Let us assume that 
a teacher of a given grade must teach division by decimas. 
A preliminary inventory test reveals a surprising lack o 
mastery of fundamental concepts concerning decimal nota¬ 
tion—a topic prescribed by the course of study for an earlier 
grade. In making up the work of tlie lower grade the deductive 
teaching procedure is helpful and time-saving. 

4. When prescribed topics have little social value, A pro¬ 
fessionally minded teacher is constantly evaluating the mate¬ 
rials in the course of study in terms of social use. What a 
bourse of study demands, the teacher must, of course, carry 
out faithfully. But the teaching technique must he left to her.. 
When in the judgment of the teacher a topic assigned by the 
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course of study lacks social value, she must feel entirely 
free to teach it bjr the most time-saving procedure at her 
command. 

An illustration may avoid misunderstanding. A teacher of 
an eighth-year class in one of our city schools finds that she 
must teach the area of a circle to a class of girls whose educa¬ 
tion, at best, will not extend beyond the elementary school. 
It is evident that the formula, A=7r?'®, will contribute no 
material aid in the adjustments which these girls must make 
immediately after graduation. To teach the area of a circle 
inductively will take an entire period and leave no time for 
application; to teach it deductively requires about one-fifth 
of the period and leaves considerable time for application of 
this formula and for practice of more vital arithmetical tech¬ 
niques. It is futile to argue that no course of study should be 
so inflexible. The truth is that courses of study ai’e often 
inflexible and that the teacher is confronted by a fact, not a 
theory—she is expected to carry out the prescriptions of the 
course of study. 

5. In textbook teaching of aritUmetic. When children are 
tau^it how to study arithmetic they must of necessity learn 
from the printed page. Although the study techniques may 
be developed inductively the subject-matter of arithmetic is 
naturally studied deductively. A more detailed consideration 
of the study lesson with appropriate illustrations will be found 
in a later section of the book. 

Comparative values of inductive and deductive teaching. 
Since the days of the Herbartians, inductive teaching has been 
enthroned. The time has come to challenge its sway. We have 
no real data, experimentally derived, to prove that deductive 
teaching gives pupils less control of content and fewer skills 
than inductive teaching. Educators have been successful in 
making out a seemingly lo^cal case for induction. But in the 
final analysis, inductive teaching developed its authority 
through sheer verbalism. Its, place in the scheme of teaching 
may be more precarious than we suspect. 
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The organization of the inductive lesson. The traditional 
recitation with its five formal steps, preparation, presentation, 
comparison, generalisation, and application, still serves as a 
basis for many effective lessons in arithmetic. A first lesson 
on the reduction of a common fraction to lowest terms, in 
which children are taught to divide numerator and denomi¬ 
nator by the same number, illustrates this form of recitation. 

Preparation: Elicit that 50 cents and 5 dimes are the same; that 
60 cents is ®9ioo of a dollar and 5 dimes is %n of a dollar; hence 
$®%oo=$%o; in similar imanner, using 90 cents, $®%oo = S%n, 
Lead children to conclude that since the values are the same, it 
would be advisable to use smaller fractional form.? in all solutions. 
Question children on what the next lesson in arithmetic should 
be. The answer, “How to clnange large fractions into smaller 
ones," is readily obtained. Note that the lesson, has an aim, a 
motive, and an apperceptive basis or review of necessary old 
knowledge. 

Presentation: Diagrams like the following prepared carefully on 
charts are then shown. 

4 


J 

i 

r i 



T 

1 

■ 

r 

2 

6 

^ i f 

■ 



4 

1 

i 

r 

t t 

..L 

1 

4 T 

4- 

S T 

I 


T 

■f 

- 





The effectiveness of these diagrams can be enhanced by using a 
variety of colors to indicate the different fractional parts, and 
by having children fold paper to reproduce these subdivisions. 
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from the children the follow. 
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3. Which are correct statements? 

a. % is the some as % 

b. is the same as % 

c. %o is the same as % 

d. is the same as % 


e. is the same as % 

/. % is the same as Wa 

g, % is the same as % 

h. % is the same as 


4. Fold paper or make drawings with ruler and pencil to prove 

each of the following: 

a. %!=%=% c. % = % . 

b. %=% d. %2=%=% 

5, Fill in the missing term in each of the following fractions: 

(o) 4 _ 2 (6) 6 ^ (c) _ ^ W. (d) 6 ^ 2 

0 8 4’ 6 12’ *3 


If the reader will follow the lesson without noting that it 
was planned according to the Herbartian steps, the entire 
development will seem natural. The formal steps tend to put 
the burden of the work on the children, to lead them to dis¬ 
cover the various relationships among numbers and the final 
law involved, to give them opportunity for application, and 
to assure systematic and psychological organization. This 
method-whole has been much maligned and is therefore no 
longer in pedagogical fashion. But for want of an effective 
substitute it may still be used to advantage in teaching a 
small unit of logical subject-matter. Much of the odium con¬ 
nected with this form of recitation is due to the misconception 
that none of these steps can be combined or eliminated if it 
serves no useful function in a given lesson. The formal steps 
constitute a suggested plan, not a fixed procedure of teaching. 

The organization of the deductive recitation. A deductive 
recitation is not devoid of plan and purpose. In its complete 
form the deductive lesson consists of five steps, namely, the 
‘preparation^ gathering the data, giving the generalization, 
making the inference or explanation or application, the verifi¬ 
cation. Whethca' the recitation is inductive or deductive there 
must be a preparatory step that calls up necessary old knowl¬ 
edge, establishes an aim, and attempts to stir a motive for the 
acquisition of the new knowledge or skill. The function of each 
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of these steps can be illustrated by a lesson on the area of 
a circle. 

Preparation; Cite instances in which the area of circular rather t^n n 
of rectangular surfaces are necessary. Ask for the formula for find¬ 
ing the area of rectangular surfaces. Elicit the inadequacy of 6 X o 
for circular surfaces. Then lead the children to state the object 
of the new lesson. Aim and motive are thus established. 

Data: Ml necessary facts must now be gathered. Review 

of raihus, diameter, circumference, and area; have children recall 
that diameter is twice the radius, and that circumference = 
X a or »r d. 

Generalization; The teacher gives the rule, “3^ X radius squared ’’ 
or TT ' 

Appl^ipn; Examples in the book are solved by applying this law 
Verification; By a construction exercise the answers con be approid- 
mated Compare answers obtained with those in book. Comnare 
area of a circle with area of a circumscribed square. 

In teaching long division, the mode of obtaining the least 
common multiple, or any of the lessons that make the de¬ 
ductive recitation appropriate, these five steps may not all 
e necessary, nor need they follow the sequence as outlined 
It often happens that the data follow the generalization, or 
that the verification is impossible. Any modification in the 
organization of the recitation may be made if, in the judgment 
of the teacher, the effectiveness of the lesson is thereby en¬ 
hanced. Planless teaching entails extravagant waste of time 
and energy. Only through planned teaching do pupils grow 
in knowledge, skill, and power. 

^ inductive and deductive 
strength of both inductive and deductive reel- 
ations-but especially ibe inductiv^lies in their dedication 

to lead 

children to rediscover socially necessary knowledge and pro- 

seeS bV 

seek the development of power through self-expression. 

0 illustrate: m teaching children to subtract 37 from 62 

. debt of 37 ceoto, that ia, of three dime, and eeven cent. K 
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is a simple matter to give my creditor three of the six dimes, 
but how can I give seven cents when I have only two? The 
children are now confronted by a problem. What solution can 
they suggest? A few judicious questions lead them to see the 
light. Have I enough money? Must ten cents always be in 
the form of a small silver coin called a dime? How many 
cents can I receive for a dime? If I change a dime into cents, 
how many cents will I have? The conversion is made and 
the children see that now they have five dimes and twelve 
cents—a sufficient number of each denomination to enable 
them to pay the debt of three dimes and seven cents. A few 
more similar problems are solved and the children are led to 
formulate a procedure of subtracting numbers of two orders 
where the digit in the subtrahend is larger than the corre¬ 
sponding digit in the minuend. 

In teaching division by decimals we may arouse in pupils 
similar active cooperation. A problem is given in which it is 
required to divide 24.36 by 6. No difficulty is experienced, for 
the children know this process. A second problem is now given 
in which it becomes necessary to divide 24.36 by .6, not by 6, 
a whole number. Most children begin the division only to stop 
as they realize that the decimal point in .6 is the cause of 
their trouble. The teacher elicits from the children that if it 
were possible to eliminate the decimal point of the divisor they 
could find the answer very readily. The problem now confront¬ 
ing the class is how to bring about a change in the divisor 
from ,6 to 6. The teacher falls back on facts known by tlie 
children and asks the class to convert l-r2, 2-^3, and 3-i-4, 
into fractions. The board work presents the following appear¬ 
ance: 

1 -^ 2 =% 

2 ^ 3 =% 

3 + 4 =% 

The class is now asked to convert 24.36+.6 into fractional 
24 36 

form and the answer—^— is obtained. The basic problem. 
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“How to turn .6 into 6,” is now lecalled and the teacher aslcs: 

24 36 

“What do I do to the denominator by changing —~ into 
?” When the answer, "It is multiplied by 10,” is ob- 

D. 

tained, the children are asked; "If I multiply the denominator 
by 10, what must I do to the numerator? Have I now changed 
the value of the fraction?” The work on the board now shows; 


24.36 -f .6 


^ 10 ^ 243.6 

.6 ^ 10 6 . 


6.5240 


In a similar way children are helped to divide 2.436 by .06. 
After they are guided to find the quotients in a few similar 
examples they are led to formulate the rule for dividing by a 
decimal. 

Cautions and suggestions in the use of the developmental 
method. 1. Inductive and analytic-synthetic in character. The 
developmental method is essentially inductive rather than 
deductive and for that reason is analytical in its initial stages; 
toward the end of the lesson a synthetic process sets in. It is 
not true that the developmental method is always inductive. 

2. Time cost to be considered. Because the developmental 
method is likely to consume much time, teachers must weigh 
the reputed gains of developmental teaching against the time 
cost. Teaching primary facts and skills is essentially a short 
cut across racial experience. Life is too short for each gener¬ 
ation to rediscover what the race knows. Much in denominate 
numbers can be taught through development, but such a pro¬ 
cedure probably involves too extravagant a use of time. No 
fixed rule can be laid down. In each case the teacher must 
decide whether the subject is socially or arithmetically signifi¬ 
cant enough to warrant the time cost. 

3. Teaching by development is directed teaching. The de¬ 
velopmental method is no undirected search for truth by trial 
and error. Throughout, the teacher leads the class, by ques¬ 
tions and suggestions, to take the correct path and avoid 
pitfalls in reasoning that yield unwarranted conclusions. Thus, 
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the developmental method makes of teaching an art of sys¬ 
tematically arousing and directing the pupils’ self-activity 
until a socially desired end is attained. 

Limitations of the developmental method. The very 
strength of the developmental method may become its fatal 
weakness. In guiding and cautioning his pupils the teacher 
may exercise an intellectual domination over them. Youth is 
entitled to learn, to a limited extent, through its own errors. 
While we cannot go as far as Rousseau in advocating negative 
learning, we must grant that learning through one’s own ex¬ 
perience has its place in life. 

The children of limited intelligence probably profit little 
by the developmental method. They repeat blindly the series 
of "therefore’s” and then submit to an imposed conclusion. As 
in authoritarian teaching of an older and severer day the 
children are once more overwhelmed by empty verbalism. 

Values of developmental method. The advocates of this 
type of teacher guidance urge Uiat the developmental method 
insures better comprehension—^for those able to comprehend 
—longer retention, and easier recall. A feeling of self-confi¬ 
dence and a mode of thinking are fostered by following a 
mature line of thought. The pupil thus acquires a degree of 
insight into number relations that insures power to solve 
examples varying from the type. Even a capable child who 
is taught to divide 24.36 by .6 or 2.436 by .06 by rule of 
thumb is lost when the example is 24.36-r .006. But if the 
pupil is an active participant in developing the rule he usually 
has an understanding of mathematical principles which en¬ 
ables him to meet the new situation. Later, in the example 
24.36-j-600, when he is told to divide, not by 600, but by 6, 
he can easily be led to perceive that dividing the denominator 
(divisor) by 100 requires a similar division of the numerator 
(dividend) by 100. The child sees, easily enough that 
600) 24.36 = 6.00) .2436, The added time required to teach in¬ 
ductively the initial lesson in dividing by a decimal is saved 
many times over in later situations when the insight into 
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mathematical relationships enables the child to meet situa¬ 
tions which are variants from the type. 

^ Lessons for retention and recall. In an earlier chapter the 
drill lesson is discussed with reasonable fullness. Additional 
material will be found in Chapter VIII and in the discussion 
of such topics as diagnostic testing and the teaching of each 
of the fundamental operations. 


PnOBLEUS FOR StUDY AND DISCUSSION 
See end of Chapter XVIII 



CHAPTER XVI 


RECITATIONS FOR POWER: STUDY LESSON, PROBLEM, 
AND PROJECT 

In an earlier discussion we took issue with the claims made 
for the developmental lesson because it imposes too many 
adult reactions on immature pupils. Children must learn to 
become independent of their teachers and to rely on their 
textbooks for new facts and new processes. Unless we teach 
children how to study arithmetic we fail in a very significant 
duty. 

The Study Lesson 

Let us suppose that children are to learn how to find 
the cost of a quantity of two or more denominations when the 
cost of the smallest denomination is known, thus: “Find the 
cost of 6 gallons, 2 quarts, and 1 pint at 6 cents a pint." 
Instead of assuming full control of the lesson the teacher pre¬ 
sents the new problem. The children realize that the situation 
is new and are reluctant to go ahead. The teacher then brings 
the matter to a head by asking, “What would you do if you 
had no one to help you?” The class is led to seek aid in the 
textbook. A few well chosen questions help the class to plan a 
procedure: 

1. Find the place in our boola which explains how to do this. 

2. Read the explanation given. 

3. Try to do the first example. 

4. Check the answer to find out whether we are correct. 

5. Do as many other examples as possible, and check the answers. 

To be sure, the teacher does not eliminate herself from 
the lesson, but maintains active supervision of the learning 
process. This arithmetical process can undoubtedly be taught 
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through a developmental lesson in less time than it takes the 
children to study it from the printed page. But we are more 
concerned witii developing mastery of study techniques than 
with the acquisition of new facts or new arithmetical processes 
The textbook evaluated. The "Complete Arithmetic" of a 
former day has given way to a series of smaller books, each 
of which covers the work of one, two, or, at most, three grades 
In the two-book series we usually find Book I devoted to 
Grades, 2, 3, and 4, and Book H to Grades 5 and 6. In the 
three-book aeries the third book gives the work of Grades 7 
and 8. In addition to these two organizations there is a third 
in which each book gives the work of one school year or even 
half a school year. The significance of this change from a 
single book to the series of boolts lies in the fact that the 
author has page space to include descriptive and expository 
material in addition to the usual groups of exercises. Buswell 
suggests a two-book plan for a given grade: (1) a book given 
to explanatory material and directions for procedure, and 
^ ® manual of exercises or a workbook.^ Here 

we find assurance of sufficient expository material to enable the 
Ota to MO the text in study taoiiB. Too many books limit 

textbook gira simple explanations of now business situations 

rf ouThS“'™‘|'!! fiogoaminstio represontstions 

d m^ttnbyo relalions, . oomplste index, nnd a leasonably 
M table of o^tsnl^ll of these provisions being oloarly 
defied to help the ohild help himself and thus dovolop 
mastery of the techniques of study. ^ 

unmistakable economy of 
Ss ® and vital 

ir th^^ tile 

types of nrac^cr ^°''“''^^ting the most effective 

J^P of practice and genuine problems. Such a book also 

in Arithmetic » Second Year- 
College, Columbia University, (Teachers 
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makes unnecessary the writing of exercises and problems 
dictated by the teacher. Small books, inexpensively bound and 
designed as direct workbooks, arc probably most desirable 
under our present system of class teaching. 

The textbook should be used freely for verification of 
inferences drawn during a lesson. In the developmental lessons 
many conclusions are reached as the lesson progresses, but 
each conclusion must be tentative depending upon tlie printed 
generalizations. The book thus becomes a continuous supple¬ 
ment even in those lessons the teacher is actively directing. 

Whether a good textbook in arithmetic should include the 
correct answers to problems and exercises is a moot question 
among teachers and supervisors. Clearly not all answers can 
be given without defeating the very purpose of the questions. 
An exercise of multiple-choice questions would stimulate no 
thought in soma children if they knew that the answers were 
accessible. To illustrate; 

Tell which decimal has the closest value to the fraction at the 
left of each line: 


% 

, .34 

.034 

,43 

.043 

% 

.865 

.06 

.087 

.6 

% 

.08 

.59 

.65 

1.6 


Unless children wore under strict supervision a goodly num¬ 
ber might seek the answers in the book rather than accept 
the challenge in the exercises. 

Listing correct answers to problems and examples that 
require planning and careful computations presents a differ¬ 
ent case. Here the answers enable the child to check his 
work and to measure his accuracy. When the child is wrong 
he has a motive for reworking his problem. Frequently a 
correct solution is evolved by working backwards from a cor¬ 
rect answer. 

A modern textbook in aiitlunetic increases its usefulness 
by the inclusion of many illustrations and diagrams. The 
pictorial aids make more real those situations that are new 
or only vaguely known to young people. The diagrams pre- 



200 


THE TEACHING OF ARITHMETIC 


Bent quantitative relations in a form that quickens recogni¬ 
tion. We frequently make glib references to an amazing vari¬ 
ety of situations, rarely mindful that these are unlinown to 
the children. A superior class in an urban school -was unable 
to solve a problem concerned with placing fence pickets. To 
the teacher’s surprise none knew what a fence picket was. 
Too often difficulty in arithmetic arises in the limitations of 
language or in the scant experience of the pupils. Such diffi¬ 
culties are minimized by an appropriately illustrated textbook. 

,We have said enough about drill to justify tlie demand for 
well planned exercises in our textbooks. The practice material 
provided on their pages must be well distributed so that the 
number facts are repeated according to their difficulty. The 
drills must be functionalized and standardized so that ap¬ 
plication to real situations is assured, and the class or a pupil 
can guage progress with reference to carefully established 
norms. A good textbook also provides exercises that call for 
oral rather than for written responses. 

To these demands of a textbook in arithmetic we must add 
those characteristics that are expected in a good book on any 
subject. At all stages the language must be suited to the chil¬ 
dren; the development must at all points be psychological 
rather than logical, so that there will be a vital point of con¬ 
tact between the child and the subject. The mechanical 
requisites of paper, print, format, and binding must measure 
up to approved standards. 

Homework and proficiency in arithmetic. Homework is 
usually taken for granted. Its reputed values are numerous 
but still awaiting proof. Teachers give various justifications 
. for assigning homework: it affords added time for practice; it 
develops habits of study and self-reliance; it reserves class¬ 
room time for teaching rather than for drill; it makes for a 
closer tie between home and school by giving parents an 
opportunity to learn what the school teaches; in urbanized 
communities it keeps the children occupied and off the dan¬ 
gerous streets. That homework adds to drill time wo cannot 
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deny, but that this after-aohool-time drill is essential is still 
to be proved. We do not need more drill periods, we need 
better distributed individual drills in class under the teacher’s 
supervision. Unsupervised study may develop very undesirable 
study habits. The child who has found a helpful homework 
friend acquires a sense of dependence rather than independ¬ 
ence. In order to foster genuine coSperation between parents 
and teachers we must evolve bonds between the home and 
the school that are more socially significant than homework 
can be. Although the trafSc-filled streets of the city are not 
safe places for children to play the solution of the problem 
lies in the establishment of properly supervised play centers 
—^not in the assignment of homework. We have yet to devise 
a legitimate justification for homework in the elementary 
school. 

The assignment oj homework. Properly assigned, home¬ 
work becomes less of an annoyance to children and therefore 
less of a problem to teachers, 

1. In the elementary grades homework in arithmetic should 
generally be supplementary to class work. If the class learned 
to divide by two-place divisors like 19 and 21, or to add frac¬ 
tions with dissimilar denominators, or to compute the area of 
rectangles, then the homework should require children to per¬ 
form these operations. Homework thus becomes an extension 
of the application step of the lesson. 

2. We must not make too serious inroads with home¬ 
work on the child’s free time. Most school people are agreed 
that no homework should be assigned in the first four grades. 
Ten to fifteen minutes a day of homework in arithmetic in 
the fifth and sixth years is quite adequate; fifteen to twenty 
minutes a day in the seventh and eighth years seems a rea¬ 
sonable maximum assignment. Teachers must remember that 
there are other subjects that seem to have equal claims on 
the child’s after-school time. To reduce its onerousness, home¬ 
work in the fifth grade should limit itself to practice in funda¬ 
mental operations and should not include the solution of 
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problems. It is well to eliminate the homework assignment 
over weekends and holidaye. 

3. Every example assigned for homework should be read 
with the class to discover difficulties originating in the new¬ 
ness of the situation or in the limitations of children’s lan¬ 
guage. These added difficulties should be cleared up in class. 
It is advisable, therefore, to assign homework immediately 
after the arithmetic lesson. 

4, Homework must ho assigned with a view to convenience 
of' correction. Like all other school tasks, homework which 
is not checked soon degenerates and demoralizes all other 
written work. Some teachers have the correct homework put 
on the board and each child marks his neighbor’s results. The 
children who have worked any example incorrectly are helped 
by those who put their correct work on the board. The books 
are then collected and are inspected by the teacher, who 
assigns a grade to the day’s work. In this way each child 
sees his error, learns the correct solution, and receives the 
teacher’s comment-all in little time and with little effort. 
Aliy simple system which insures inspection, correction, and 
individual help may be substituted for the plan suggested. 

6. Homework should be k^pt as a cumulative record in 
notebooks rather than on loose sheets of paper. At a glance 
one can thus ascertain a pupil’s day-by-day record. 

6. Differentiated assignment of homework is highly de¬ 
sirable. Since not all children exhibit the same weaknesses not 
all need the same practice. In large classes lacking any kind 
of homogeneity of grouping no such individualization may be 
possible. In better organized classes children may be grouped 
md differentiated homework assigned. Those weak in long 
division are given examples decidedly unlike the ones assigned 
to pupils who can divide but who have trouble in multiplying 
with zero in the multiplier; pupils who maintain a uniformly 
high grade in class work and in class testa may be excused 
from all homework. Nor is it necessary to require all home¬ 
work to be written. Factual arithmetic can be learned with- 
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out writing. A rapid oral quiz will soon show whether the 
child studied his assignment. Such diflerentiation of assign¬ 
ment motivates homework and therefore prompts more earnest 
application to it. 

The Dalton Plan of Individual progress. There are those 
who argue that since each must do his own learning it is 
folly to teach a subject of skills like arithmetic to a whole 
Dlass. They advocate, therefore, that the whole subject be 
reduced to a seides of carefully graded and progressive units 
of work that constitute all of the subject deemed worthy of 
mastery. Each unit of work states its objective, indicates 
what the child is to read, what process he is to master, and 
what exercises he is to perform. As a pupil encounters a diffi¬ 
culty he cannot resolve, he appeals to his teacher for aid. 
Help may be given him directly, or a suggestion may be 
offered for further reading in the hope that the child may solve 
his own problem. When the unit of work is completed it is' 
presented for inspection. If it is accepted the pupil goes to 
the next progressive unit; if rejected, he is told what to 
rework or what to learn more thoroughly. 

Each pupil thus progresses at a rate in keeping with his 
ability. He does the whole of each lesson and feels, through¬ 
out, that each new difficulty is a challenge that he must meet. 
Each child is assured of abundant practice designed to reduce 
the techniques of arithmetic to habit. The Dalton Plan may 
readily be modified: group conferences may be held with 
those who encounter similar difficulties; occasional develop¬ 
mental lessons may be given on basic processes and thus com¬ 
mon errors or common difficulties may be forestalled. This 
method may be used with the superior pupils only, and the 
more conventional methods of class teaching reserved for 
pupils less gifted. Any carefully devised appropriate modifica¬ 
tion will probably intensify the value of the Dalton Plan 
for a specific group. We have yet to obtain accurate data, 
secured through experimental procedure, that will either con¬ 
firm or deny the values ascribed to Dalton teaching. But 
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those who believe that learning is nn imlivirhial process in 
which the teacher can exercise at best only a benevolent 
superintendence, may feci justified in following the Dalton 
Plan very seriously, but, at all times, very critically. 


The Puodlem Methou 


We must distinguish the problem method of teaching from 
solving arithmetical problems. The latter refers to a narrow 
range of techniques required to ascertain quantitative relation¬ 
ships; the former, to a teaching procedure that follows the 
natural processes of the mind when it is engaged in meeting 
a difficulty. In teaching, the term problem identifies any chal¬ 
lenging situation, any difficulty that invites solution, hence 
the problem method is employed as frequently in teaching 
history, language, or geography as in arithmetic. 

Organization of the problem recitation, Tliinking is gen¬ 
erally initiated by a need for readjustment in old experience. 
Undisturbed routine tends to discourage thought. But when 
a new factor arises in the accustomed regimen of life, think¬ 
ing is aroused. The child who can multiply by a number of 
three orders containing any three digits except the cipher 
does a minimum of thinking when the multiplier is 246 or 
375 or 892; but the moment a zero is introduced in the multi¬ 
plier (thus, 802) a new condition arises and the mind’s power 
to reason is awakened. Steps, more or less definite in function, 
are recognizable in an act of reasoning. These are (1) a con¬ 
flict in experience; (2) recognition of a problem; (3) at¬ 
tempts at solution; (4) evolution of the final explanation or 
procedure; (5) verification of the conclusion. The scope and 
fimotion of each of these steps are revealed in the following 
QlSOUBBlon of A loSfiOlli 


In teaching multiplication by a decimal certain problem 
were presented, and the children were asked to indicate th 

suggested that $24.64 be multiplie( 
by 8 to obtain the answer for the first, and, for the second 
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$72,36 be multiplied by 12. Since they knew how to multiply 
dollars and cents by a whole number they obtained the 
answers with no trouble. The xiumbcrs 8 and 12 were then 
changed to ,8 and .12 respectively, and the children were 
again asked to indicate the mode of solution. It was clear to 
them that $24.54 X .8 and $72.36 X .12 would give the re¬ 
quired answers. When asked to perform the operations, some 
children stopped at once; others continued beyond the initial 
point, but all failed to complete the process. The stages of 
incompleteness arc shown below: 

$24.64 $24.54 $72.36 $72.36 

_ .8 _ .8 _^ ^ 

$19 632 $86832 


A few questions elicited from tlie children that these multipli'^ 
cations involved a new condition and that the objective of 
the day’s arithmetic period must be, “To find out how to 
multiply by a decimal." Wo have here (1) a conflict in experi¬ 
ence, and (2) the recognition of a definite problem. 

"What are probable ways of obtaining the answer?” the 
teacher asked. All agreed that $24.54 must be multiplied by 
8 and $72.36 by 12, but that the products thus obtained 
would not be the correct answers. The children were then 
led to conclude that if they knew where to place the decimal 
points in the numbers 19 632 and 86 832 the entire diflSculty 
would be removed. Each child was then asked to find the place 
for the decimal point. Some pupils thought it belonged be¬ 
tween the 9 and the 6, thus, $19,632; and between the 8 and 6, 
thus, $8.6820, “because if you add the places in the two 
numbers you get three places in the first example and four 
in the second." Others objected to adding the places “because 
these are examples in multiplication, not addition.” These 
children suggested the answers $196.32 and $8.6820, because 
“in the first example we have two places and one place, 
2 X 1=2, but in the second, we have two places and two 
places, 2 X 2=4." The lesson' had, thus far, progressed 
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through the next two steps, namely, (3) attempts at solution, 
and (4) evolving the final procedure. 

The children now realized the need of testing their respec¬ 
tive conclusions. Since they knew no method of verification the . 
teachei’ suggested the solution by common fractions. This was 
attempted and the following results were obtained: 

$24.64 X J = = $19,632 

Vp 0 

5 

= = $8.6832 

It was evident that those 'vriio “added the places in the two 
numbers” were correct. After two more examples wei’e solved 
and the answers tested, the rule for pointing off in decimal 
multiplication was established. 

In lessons which will be outlined in later discussions and 
in the study of problem solving we shall have many more 
illustrations of problem recitations. 

The caution that was urged m the use of other recitation 
patterns must be repeated here. There is nothing unalterable 
in the sequence or in the number of these steps. Teachers 
must rise above the method if it is to serve classroom needs 
most effectively. Each of these recitations is no artificial 
organization that has been evolved by teachers of method¬ 
ology, but it is rather an attempt to incorporate in formal 
instruction the psychological processes that function in normal 
and natural life. 

Phoject Teaching 

In our daily class teaching we usually present preparatory 
experiences, facts and skills that, in our judgment, will be 
serviceable in adult life. In vital learning the child participates 
in life rather than prepares for it. Project teaching advocates 
the attack upon units of purposeful experiences taken from 
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life, rather than systematic mastery of graded units of subject- 
matter. 

Instead of random writing and reading of numbers, project 
teaching would begin with an actual need in present-day 
living. Young children would be invited to make up a directory 
of their friends by listing names, addresses, and telephone 
numbers. Here we have a natural task in which are correlated 
spelling, penmanship, reading and writing of numbers. 

Fifth-grade pupils are expected to continue practice in 
adding and subtracting whole numbers. A series of isolated 
exercises may have preparatory value in building up sldlls to 
a necessary degree, but performing the arithmetical operations 
of a day’s business of the school bank attains the same aim 
in a more vital way. The deposits and withdrawals afford 
plenty of practice in addition. Similarly, tracing the invest¬ 
ment and the receipts of the man going into a small business, 
computing the cost and the assessments of a local improve¬ 
ment, keeping a personal account book, or performing the 
bookkeeping involved in checking the family budget afford 
opportunity for teaching necessary arithmetical techniques, 

But the very nature of tire subject of arithmetic makes it 
an unpromising field for project teaching. In the last analysis 
the suggested projects are not really genuine needs that arise 
in the child’s life; they arc imposed situations because we 
consider them likely to arise in adult life. The child is not 
going into business and he probably cares little about the 
cost of local improvements or the modes of assessments to 
raise the needed sums. The family budget is no vital concern 
of the child of ten, and his personal account involves items 
too few and too small to give real practice in arithmetic. Are 
these purposeful situations more, real to young children than 
troy weight or the apothecaries’ table so common in the books 
of an older day? The child perceives the usefulness of the 
tasks listed above, and they are thus motivated; but all 
motivated teaching is not project teaching. 

The highly logical subject-matter of arithmetic, with its 
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liicrmliy of skill!, mokes s paded development absolutely 
essential. The child leaning to write numbers may sffl be in 
the stage of two-place numbeia, To make an address book 
may require the reading of numbers of tlirce or four places, 
Also, the project may afford interesting and useful reviews' 
but it does not insure the organization of paded material, 
which is essential in faciEtaig tire learning of ar itliiii(.f n, ' 
^ Project teaching is rich in opportunities for very vital ac¬ 
tivity, but we must recognize its limitations in a subject that 
lacks the social^ content of history, gcopaphy, or Eterature, 
Few useful projects m arithmeric live up to the promise in 
the definition; a unit of purposeful experience, The eip(ir imi.B 
is purposeful to the teacher but only infrequently to the child, 


PsoBimts rai SioBT abd Dtscussioir 
See end of Qapter XM 
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ORAL AND WRITTEN ARITHMETIC 

As a rule the recitation in arithmetic consists of two parts, 
oral and written. These differ in purpose, in spirit, and in 
method. 

Oral arithmetic. Length of the oral period. In general, a 
day’s work in arithmetic should include the type of work 
usually referred to as oral arithmetic. To it we should devote 
a minimum of one-third of the entire pei'iod. On days when 
a new process is taught we may give considerably more time 
to oral work; in fact, the written arithmetic may be entirely 
eliminated. 

Aims of oral arithmetic. The old distinction between oral 
and written arithmetic, per se, is difficult to maintain. The 
terms are somewhat ambiguous, for who can tell how oral is 
oral arithmetic? What if a set of well selected examples, pre¬ 
sented on a printed page or a chart, are to be worked out 
without paper and pencil? Does this constitute oral arithmetic? 
What if the answers are written instead of spoken? Is such 
an exercise oral or written arithmetic? In strictly oral work 
only one child gives an answer. Unless the others write their 
answers, the check-up is of necessity limited. It is wise, there¬ 
fore, to permit the two forms, oral and written—especially 
when modem practice or workbooks are used—to mingle 
freely. The chief concern of the teacher should be the attain¬ 
ment of the characteristic objectives of oral arithmetic. 

The following considerations should determine the relative 
amount of oral and written work in a given lesson: 

1. Give rapid drill designed to habituate a fundamental 
process, a mode of thinking, or a set of facts. In teaching how 

200 
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to find the L.C.D. by insiicction, how to find the cost of 
quantity x when the coat of quantity y ia known, or to recog¬ 
nize instantly tlio per cent equivalent of certain common frac¬ 
tions, the work is of necessity oral. 

2. Increase the iimoimt of work to be done in a given 
period. Let ua assume that children have ju.Ht learned how to 
compute the cost of x articles at y cents a dozen. To insist 
that the children’s applications be nmdc in written form is 
to limit the amount of their praeliec. It is wise, therefore, to 
present to the class ten or fifteen problems on a large chart 
or on a mimeographed sheet, and then to call for the oral 
solution of each. In the time required to perform three ex¬ 
amples in written form ten to fifteen can be solved orally. 

3. On the other hand, when we deem it necessary to in¬ 
spect much work done by each cliild or to give children prac¬ 
tice in independent work, the written form will of necessity 
be used. On occasions -when the class exhibits a readiness to 
work together in good spirit the k>8.son becomes oral rather 
than written. Invariably the nature of the task determines 
the.degree of "oralness” or ''writtunness" of the le.sson. "Devo¬ 
tion to oralness or mentalness as such is simply fanatical." ’ 

Ths ovganization o/ oral arithmetic. The following plan 
used in a, sixth grade indicates the scope of the oral work: 

The Fundamental Operations. Daily 10 mimite.s. 

0 . Daily—Rapid ^column addition, lulding stahistics found in 
appendix in geography. R.apid subtraction of type, 27 
from 82. Rapid multiplication and division by usual cir¬ 
cular devices. Time, 5 minute.s. And, 

h, Monday—Addition and subtraction of common fractions, 
^ffiday—Multiplication and division of common fractions. 
Wednesday—^Pour operations in decimals. 

Thursday—Finding 1%, 2%, 2Wo, 3%, 31S%, etc., of a 
number. Time, 5 minutes. 

Back day ten minutes were devoted to the mechanics of arith- 
metio, five minutes every day to whole numbers, anti fivo 

M?' Pmhology of AnihiAelie (Macmillan Co., 1922), 
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minutes to a More specialized drill in the mechanics of the 
fractions and percentage. Examples like .2X.1, .2X.01, 
2 -r.2, .2-^.02, .02-^.2, 31 / 2 % of S250, Vfo of $500,1% of $50, 
of $5, M-%, VaXYs, %xys, etc., were solved 

orally with a degree of accuracy and speed that hardly seemed 
possible at the beginning of the term. 

The conduct of the oral arithmetic. Spirit is infused into 
oral work by the alertness which the teacher displays in giving 
problems and exercises to the class. The materials for oral 
solution must not be read to a class from a book. The teacher 
must prepare her work, select her numbers, and then give the 
exercises to the children with seeming spontaneity. To save 
time children may be asked to read silently examples from 
the printed page or from a mimeographed sheet. But always 
time must be limited, and children must be held to strict 
accountability for responses. To state problems or indicate 
exercises and then call on volunteers for the answers dis¬ 
courages attention and concentration. Every child must feel 
responsible for all answers within the time set by the teacher. 
It is the oral period which sets the pace for the written work. 
Many teachers look upon the oral arithmetic as the mental 
setting-up exercises. The correlation of proficiency in oral 
and in written arithmetic has been given by one investigator 
as +.60.® We cannot, of course, interpret this fact too sta¬ 
tistically because of the difficulty of making an accurate 
classification of arithmetical work into exclusively oral and 
exclusively written. It is well to note that the correlation is 
significant. 

The period of written arithmetic. That part of the lesson 
known as written arithmetic is merely an extension of the 
application step of the oral work. Effort is directed to solving 
problems of the type that was taught; the numbers are now 
so large that they make written computation necessary. 

Aims of written arithmetic. Throughout the written work 

® B. E. Wilson, “Correlation Between the Oral and Written Work of 
Pupils in the Pundamentala of Addition," School and Society, Vol. 5, 
March 10,1017, p. 300. 
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PnoBiiBHs FOR Study and Discussion 
See end of Chapter XVIII 



CHAPTER XVm 


ELIMINATING WASTE FROM THE RECITATION 


It is not uncommon ..to find the recitation in arithmetic 
opened by the assignment of one problem. The children attack 
the solution 'with avidity. After three minutes of work children 
begin putting down their pencils and indicate by exaggerated 
posture that they have the answer. They sit in idleness wait¬ 
ing for their slower classmates. After several minutes elapse 
all pencils are oixiered down and a designated pupil proceeds 
to the blackboard to make a copy of his work and explain 
his solution. 

Questions are asked of backward children and weak places 
are bolstered up. At least five or six minutes are required for 
this explanation. Section monitors are now given the signal 
to mark their classmates. This done, the first example is com¬ 
pleted at a total time cost of about fifteen minutes. A second 
problem is treated in much the same way and the half-hour 
devoted to written work is at an end. Here is wafete. In such 
classes the author found that often about 40 per cent of the 
children solved both problems correctly in a maximum of six 
to seven and one-half minutes. These pupils lost over twenty 
minutes waiting for their slower classmates and were sub¬ 
jected to the deadening experience of listening to explanations 
of processes well understood by them. We must now turn to 
the problem of economy in the recitation, the causes of waste, 
and the appropriate remedial suggestions. 


Causes of Waste in, the 
Bedtation 

1. Time is often lost 
by incompetent class 
management. A con- 


Rmedial Measures 

1. A monitorial system must be devised 
that will permit the distribution of neces¬ 
sary material before the class arrives. 
218 
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Causes of Waste in the 
Recitation 

siderable portion of the 
recitation is consumed 
in distributing material 
and in niling papers for 
uniform arrangement. 
Teachers often force 
children to sit idly by 
^ they draw elaborate 
diagrams or write lists 
of figures on the black¬ 
board. Such losses of 
time are inexcusable. 


Children should bo encouraged to rule 
papers before the lesson begins. The rul¬ 
ings must be exceedingly simple. Before 
the elm assembles necessary diagrams 
and dnll material must be prepared on 
arge cardboards or on slate cloth and 
hung, ready for class use. 


2. The dictation of 
problems with unneces¬ 
sary phrases is another 
practice that makes for 
waste in the recitation. 


2. a. The obvious remedy—to omit all 
unnecessary phrases—is not sound. Chil¬ 
dren must be taught to listen intelligently 
and discriminatingly and then put down 
the essential elements of a problem. 

0. Examples should be worked from 
books as far as possible, 

c. Mimeographed sheets containing 
suitable examples may be prepared and 
distributed among the children. 

d. Examples cut out of old boob may ' 
be pa^ed on cards. These are distributed 
and. the children sent to the blackboard. 


3. Time is often 
lavishly spent working 
out examples with long 
numbers and difBcult 
combinations. 



3. 0 . If the purpose is to give drill in 
the fundamental operations, a mechanical 
or abstract exercise should be given, for 
example, 3^0 x 786; but when problems 
are assigned, the aim is to develop thought 
m arithmetical situations. The numbera 
ohoaea must be such as to avoid arduous 
^vision and multiplication. This sugges¬ 
tion IS not intended to produce an ultra- 
Bimplification of arithmetic, but rather to 
conserve a maximum of time for the 
specific purpose of a given type of lesson. 

^ VMuahze the process. When an im¬ 
portant and difficult type is taught, 
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Causes of Waste in the 

Recitation Remedial Measures 

effective drill in the mode of solution, can 
be given by omitting the mechanical oper¬ 
ations altogether and merely visualizing 
the solution. Let iis assume that the new 
type is in unitary analysis: to find the 
cost of X units, knowing the cost of y 
units, the numbers all in fractional forms. 
A mimeographed sheet containing about 
twenty-five of these problems, all well 
graded, is distributed. The exercise reads 
as follows: 

If 3% yajds cost $10.60, what will 6% 
yards cost? 

What must I pay for 18t4 yards at the 
rate of 614 yards for $7%? 

Paid, $17.25 for 8% rolls of cloth. Find 
the cost of 1214 rolls. Etc. 

The children are told to read the first 
problem; the recitation then follows: 
“Pupil A, what is sought? B, what is 
given? C, what is die first step? D, what 
is the second step? E, how do you per¬ 
form the first step? F, approximate the 
answer. G, how do you perform the sec¬ 
ond step? H, approximate the answer. J, 
how would you test the accuracy of your 
final answer?” Each problem is subjected 
to oral analysis, to visualization of its 
process, to an approximation of its re¬ 
sults, and to a mode of checking, but not 
a single step is worked out on paper or 
on the board. In twenty minutes about 
twenty examples are performed and-the 
class is given vigorous drill in the ra¬ 
tionale of this type of problem. A few of 
these problems may be assigned for home¬ 
work and as many others as may be nec¬ 
essary are solved the nexij day in class. 
This process of visualization is not reoom-, 
mended as a daily procedure. 
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Causes o] Waste in the 
Becitation 

4. Time is wasted for 
some pupiJs by wort 
that is not apportioned 
according to ability. To 
assign a set number of 
examples for all chil¬ 
dren involves waste, for 
those of distinot ability. 


Remedial Measures 

4. Children must be made to feel that 
they are expected to work at maximum 
capacity. It is advantageoas, therefore, to 
group children into groups A, B, and 0, 
according to their capabilities in arithme¬ 
tic. Groups A, B, C, are given examples 1 
and 2; group B is given, an additional 
example; group A is given two additional 
examples. In other words, group A is ex¬ 
pected to do examples, 1, 2, 3, and 4, 
while group B does 1, 2, and 3; group C 
is not expected to do more than the two 
examples. Examples 1 and 2 are type 
forms, example 3 is a slight variation, 
while example 4 taxes the cliild’s ingenuity 
for its solution. Work is thus apportioned 
in quantity and quality, according to 
ability and all children are assured of 
practice in the type form. Examples 1 and 
2 are explained in detail. While cliil- 
dren .in Group C arc correcting their 
errors, those in A and B who have incor¬ 
rect answers to examples 3 and 4 attend 
to the explanations. 

A modification of the plan is to send 
all children in Group C to the blackboard 
while those in B and in A are in their 
seats. Work is assigned as above or the 
problems given the C children at the 
board may be entirely different from 
those assigned to the A and B pupils. The 
teacher gives the first part of the period 
exclusively to the children at the board. 
While the C children correct their errors 
the teacher takes up the work with the 
A and B groups. Any variation which 
seeks to assign work according to capacity 
and break the lockstep system in instruc¬ 
tion is superior to the old system of uni¬ 
form assignment and uniform requirement 
of all children. 
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Causes oj Waste in, the 
Bedtation 

5. A recitation with¬ 
out purpose or aim is 
responsible for dissipa¬ 
tion of energy and time. 


6. Undifferentiated 
and non-individualized 
drill entails as much 
waste and produces os 
much inefEeienoy as in¬ 
sufficient drill. 


7. IndefinitencBs of 
assignment is a serious 
cause of time waste. 


Remedial Measures 

6. In planning a recitation there must 
be a very specific aim governing the 
entire period and determining the nature 
and the quality of work assigned. To fill 
the period with problems or exercises is 
not enough. The purpose may be to in¬ 
crease speed, to secure greater skill, 
accuracy in multiplying by three-place 
multipliers having a middle zero, or to 
develop mastery of a given type of solu¬ 
tion. Every step in the recitation and 
every exercise assigned to the class must 
be deigned to achieve the specific aim. 
Any divergence from this aim resulla in 
direct loss of energy and time. 

6. In earlier discussions on drill and 
habit formation the dangers of undiffer¬ 
entiated drill were emphasized. Early in 
the learning processes we must discover 
through diagnostic testing the specific 
weaknesses of each pupil. The drill pro¬ 
vided for each child must be in keeping 
with the weaknesses revealed in the diag¬ 
nostic test. What we ne6d is not more 
drill, but more differentiated drill so that 
practice and need are in close correlation. 

7. Assignments in arithmetic, whether 
for class work or homework, must be 
analyzed carefully by the teacher. We 
must be certain that mmecessary difficul¬ 
ties are not allowed to creep in, that the 
language and the conditioris set forth in 
the problan are not beyond the pale of 
the child’s experience, and that the prob¬ 
lems are applications of principles, taught 
in the class. Improperly assigned work 
robs children of valuable time and leads 
to unwarranted discouragement or resent¬ 
ment born of unreasonable demands,- 
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Causes of Waste in the 
Recitation 

8. Economy requires 
that the attention of all 
should not be directed 
to explanations needed 
by a minority of the 
class and that formal 
analysis of a type prob¬ 
lem, well understood, 
should not be eontinued. 


9. Failure to use 
shortcuts entails lumeo- 
essary expenditures of 
time, 


■, 10. Another cause of 
' waste in a recitation ia 
■ the assignment of prob¬ 
lems that are outside 
the_ scope ,of practical 
usage. 


Remedial Measures 

8. After a problem has been completed 
those children who made mistakes should 
be called to tlie board in a group and the 
example in question explained to tliem 
while the rest continue with the next 
problem. The second example should be 
treated m the same way; only those who 
failed m tile solution should be given the 
explanation while the others are permitted 
to myest their time to greater profit in 
addiUonal work in arithmetic or in some 
form of study work in other subjects. 

9. In framing problems the teacher 
should select those numbers for multi¬ 
plication or division which invite the use 
of short outs. Instead of asking for the 
area to be paved if a gutter measures 
54X129 feet, the numbers should be 
changed to 64X126 so that the child 
will be encouraged to add three ciphers 
and divide by 8. If short outs are to be of 
significant value, their use must become 
a matter of habit. The common practice 
m which children perform their manipula¬ 
tions by the long process and use tlie 
short out only when the teacher says, "Be 
sure to do this by the short way or you 
^ be marked wrong," is an utter waste, 
^ort outs must be so taught that ohil- 
dren will use them almost mechanically. 
Then and only then are they sources of 
economy of time and labor. 

10. It was mphasised in our earlier 
macusfflon that problems’ must be real; 
that the conditions they set forth must 
make solution seem necessary; that they 
must constantly reflect the practices of 
commerce and industry. To violate this 
cardmal rule is to reduce the recitation in 
Mithmetio to puzzle solution and to 
divorce school work from life. 
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Problems for Stedy and Libcubbion 

1. List the inddental number facts which first-grade children may 
learn from dramatization of a suitable story, and indicate the essen¬ 
tials of teaching procedure. Illuatration: “The Three Bears,” first, 
second, third, , three largest, smallffit, etc. 

2. Select three games suitable for children in the first two grades. 
List the number facts children may learn from each of these games. - 
(Select real games, not specially designed number games.) Charac¬ 
terize the method of directing the learning of these facts. 

3. List all the number experiences that arise naturally, in the 
course of a day in school. Illuatration; Time to leave tor school, rime 
when school begms, the number on the class door, and so forth. 
What use can the teacher malre of a complete list of this land? 

4. Select one of the following projects and indicate, step by step, 
its probable progress in your class: 

(a) Makbg a calendar at Christmas time. 

(b) Making jelly. 

(c) Making a doll house. 

Id) Planning, making, and oaring for a garden. 

(e). Making a directory of the members of the class. 

Give for the project selected a reasonably complete list of prob¬ 
able arithmetical and social outcomes. 

5. A primary teacher numbered each seat and gave each child a 
card with his seat number on it. Bach day, as the children entered, 
they were met by four duly appointed ushers who insisted on seeing 
the card before showing the holders to their seats, (a) What was the 
teacher trying to teach? (6) Describe a more formal procedure for 
.attaining this aim. (c) Which of the two procedures do you prefer? 
Why? 

fi. Examine three courses of study in aiithmetic. What type of 
Irason patterns, if any, does each course encourage the teacher to 
follow? What is the basis of your inference? Make a similar analysis 
of two textbooks in arithmetic, one designed for the early grades and 
another for Grades 5-6. 

7. “Thoughtful teachers will admit that thar instruction is more 
effective if the basic concepts and the fundamental principles are 
.taught by means of a series of projects or aotmties &at challenge 
the best effort and thought of piqjils through the control or drive of 
vital purposes. Several diffiodtia limit the use of the project 
method” (from Contemporary Ovide in the TeaeMng of Junior High 
School Mathematics, p. 96). 

(a) Plan an argument designed to change the convictions of a 
teacher who denies the thesis contained in the first sentence, 
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(6) ^at are the difficulties referred to in the second sentence? 

Give on illustration of each. 

8. Using the content of Chapters XV-XVIII, prepare a test con¬ 
sisting of two parts: Part I, new-type teat of multiple-choice, com¬ 
pletion, true-false, and matching questions; Part II, six questions 
designed to arouse critical reactions and requiring short essay an¬ 
swers. Justify the organization of your test and each of the Ques¬ 
tions m Part II. ^ 



PART VI 


SPECIAXEED TEACHING TECHNIQUES 
IN ARITHMETIC 




CHAPTER XIX 


TEACHING THE NUMBER CONCEPT: COUNTING AND 
MEASURING 

What number facts do children bring to school? The old 
question, which should be taught first, counting or measuring, 
is answered by the children. They come to school able to count 
and possessed of more number facts than many have sus¬ 
pected. A study made of 1290 children entermg school reveals 
the following facts: 

Ninety per cent of these children could count up to 10; 60 per 
cent of them could count up to 50 per cent of them, up to 40 by 
lO’s; 60 per cent of them could give any number of objects from 1 
to 10; over 25 per cent of them could combine eimple numbers like 
3 and 2,i 

These children had already begun their number work by 
counting and some had taken the next step. To children of 
this age counting is, of course, a mere rote process: names fol¬ 
low in a fixed order. They do not understand the meaning of 
any of the numbers whose.names they call off glibly. Without 
instruction they continue to add to their stock of number facts 
and come to know 3+1, 2+2, 6=2+2+l, 5=4+1, 6=3+2, 
and 3-2=1. They do not recognize these as formally as we 
have set them forth, but they do know them when need arises. 
Left to themselves, children will learn by themselves, but the 
fortuitous process is slow, unorganized, and very incomplete.. 


1 Buckingham and MacLatchey, "The Number Abilities of Children 
When They Enter Grade One,” in the Twenty-Nmlh Yeatiook of the 
National Society for the Study of Education, Part H (Public School 
Publishing Co., 1930), Ch, iv. 
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Thu Meaning of Numbeb 

The concept of number is foundational in the teaching of 
arithmetic. There are many interpretations of number and 
each of these influences methods of teaching the basic number 
facts. 

Number as symbol. The earliest conception of number 
which influenced teaching holds that number is merely a 
symbol for a group. Arithmetic, therefore, was a purely 
utilitarian subject which gave all the number symbols and 
the rules governing their manipulation. The figure 5 was 
made synonymous with the number five and was taught by a 
severely deductive process based on imitation and endless 
repetition. The arithmetician was an artisan and the teachers 
of arithmetic were members of the Rechnenmeisters guild. 
Since number was regarded as a symbol, no educational in¬ 
fluence was sought from the teaching of arithmetic. Although 
this explanation of number is old, it is not necessarily obsolete, 
for much of the rote teaching, with its emphasis on imitation 
and repetition, gives evidence that number and symbol are 
still identical in the minds of some teachers. 

Number the result of sense experience. Pestalozzi was the 
first educator who sought to establish a psychological basis 
for number. To him, number was more than a symbol; it was 
a mental image derived from sense experience. Four books 
are seen, four coins are touched, four sounds are heard—these 
sense impressions are recorded by a one-to-one correspondence, 
and we become aware of four. Just as the facts, red, rough, 
warm, round are acquired through the senses, so, too, it is 
asserted, number arises from a repetition of sense experience. 

Conclusions jor teaching. The pedagogical maxims taught 
by Pestalozzi make clear his conception of number as a sense 
fact. His first maxim for teachers is “Number before figure.” 

He differentiated clearly between . or //'/// 

find the symbol S. The mental picture which images the group 
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of dots or lines is the number; the written symbol, S, is the 


figure. To teach the figure before the picture 





0 0 


or 

///// 

or 

0 

is clearly imaged in the mind. 




0 0 



is to teach a sign before the object which it represents. 

A second pedagogical maxim made famous by Pestalozzi 
is, “All number must be taught orally and objectively.” If 
number is a sense fact, children must learn number by seeing, 
hearing, and touching every variety of illustrative aid—^papers, 
beads, strings, chairs, pupils, pencil taps, bell sounds, hand 
claps, etc. To insure this perceptual basis for number and 
guard against too early an introduction of figures he empha¬ 
sizes, for the first time, oral teaching of number. 

Pestalozzi observed that counting, for some reason, ap¬ 
pealed to children as much as manipulating concrete mate¬ 
rials. He therefore decides that aU number must he taught 
through counting all possible objects and sounds in the en¬ 
vironment. In seeking to teach number exclusively through 
counting, Pestalozzi's practice naturally suffers from the weak¬ 
ness of any extreme position. To Pestalozzi must be given 
credit for having introduced the perceptual basis in number 
teaching and for having indicated the disciplinary value of 
arithmetic. 

The origin of number in rhythm. A conception of number 
closely related to that evolved by Pestalozzi is found in G. 
Stanley Hall’s belief that "counting is the rhythmical punctua¬ 
tion of the stream of consciouBnese." The human mind is 
extremely sensitive to rhythmic repetitions and is agreeably 
affected by them. Where rhythm' is absent in repeated ex¬ 
periences we introduce it: witness the regular nodding of 
head or tapping of foot in counting; we hear the ticking 
of the clock as tick took, tick tock, or tick tock, tick tock; a 
more pronounced movement of the rocker is introduced, at 
each second or third rocking of the rocking-chair. Repetitions 
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of certain numbers are looked upon with favor while others 
are not attractive. Shopkeepeiu find that they can sell more 
articles when the price is set at 47 or 49 cents than at 45 
cents, more at 19 cents than at 16 cents. The “5- and 10- 
cent” stores or the ”3-, 9-, and 19-oent” stores have an asset 
in their very names which include numbers that command 
attention. 

How to teach number through rhythm. If we accept the 
view that number has its origin in rhythm and that “count- 
ing is the rh 3 rthmical punctuation of the stream of conscious¬ 
ness,” the rhythmical series must be the starting point of the 
lesson. The series, 1, 2, 3, 4, 6, . . . 2, 4, 6, 8, 10 . . . 3, 6, 9, 
12, 15 . . . must be seen, heard, performed, and felt. After 
sufiScient repetition of these rhythmic series, the number names 
may be given. These names should be associated with a series 
of objects that can be seen and touched, for example, with a 
series of movements like hopping, stepping, or hand clapping, 
and with a series of sounds until the number names take on 
full meaning and become habituated. Throughout this mode of 
teaching, the pupil is assured of objective presentation or of a 
perceptual basis for his knowledge of number, and of much 
oral practice. The danger is obvious: children may learn the 
number names but make no association with actual experiences 
nor perceive any of the basic relationships. They may repeat, 
“one, two, three, four, five, six,” or “two, four, six, eight,” or 
three, six, nine, twelve,” but may be unable to recognize six 
objects, or to understand that two and two, or two two’s, make 
-four. Rhythmic experiences should be given in teaching num¬ 
ber facts, but not to the exclusion of other procedures. 

Number as ratio. Pestalozzi and his disciples, lost in’the 
psychology of perception, regarded number as a sense fact. 
They taught that when a number of things is perceived, the 
mnd apprehends number. A critical analysis of the number 
idea reveals that • the mere presence of a multiplicity of 
objects does hot give rise to number concepts. For example, 
the savage may catch many fish, but his knowledge of number 
Seems to have no relation to the size of his catch. Children who 
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Bee five or nine things do not necessarily know five or nine. 
Give them six objects and ask them to count. They say, "one, 
two, three, four, five, six, seven, eight," keeping right on be¬ 
yond six. Clearly there is no identification of the word, sts, 
with the quantity it represents. Their counting is a mechanical 
or rote process, not a rational reaction. Show children of lim¬ 
ited schooling the following arrangement of equally sized lines 
and ask them which is more; they usually select the first. 


When children are asked to show five fingers they usually 
count as they point to a finger at a time—"one, two, three, 
four, five," and then point to the last finger as five. They 
mean, of course, fifth, hut they say five. Five never means 
five one’s, two and three, three and two, four and one, two 
and two and one. The first conception of number is usually 
ordinal, not cardinal, referring to place rather than to quantity, 

Number is not learned by mere sense contact with a group, 
but by analyzing the group and notmg the relationships among 
the constituents of the original group. Only as we go through 
the process of comparison, of analyzing and synthesising, that 
is, of measuring, does the complex idea of number arise. Num¬ 
ber is the total of all the relationships in a group. Number is 
an idea which the mind evolves and applies to experiences; 
it is not an idea that corresponds to mere multiplicity of 
experiences in the world outside. Number is a rich interpreta-, 
tion of sense experience, not a mental image of sense ex¬ 
perience. 

Number, therefore, is an expression of relationships that 
exist among quantities. It summarizes the ratios that'exist 
between measuring units and the whole quantity. Thus, ten 
refers to 10X1 or 2X5, especially when we think of money. 
Six may refer to3X2or2X3or6Xl, depending on circum¬ 
stances. Nine may refer to 9X1 or 3X3, depending on the 
unit of measure.. When we have three yards, we may think 
3X3 (3X3 feet) or 9X1 (that is, 9X1 foot). Thus, we repeat, 
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a child who says, "one, two, three, four, five, six,” does not 
necessarily know the number six. Not until he has seen the 
relationships, 3X2, 2X3, 8X1, ^ of 12, 6+1, 1+5,4+2, and 
2+4 does he really come to a reasonably full understanding of 
the number six. Mere mechanical counting or deriving each 
new number by adding one to the preceding number does not 
give an understanding of number. 

In developing a number concept units of measure, not a 
unit of measure, should be used. Since a unit of measure is 
any quantity used to compare quantities of the same kind, 
one or unity cannot and must not be the only unit of measure! 
In actual number experiences one is usually not the unit of 
measure. Assuming^ that the morning newspaper costa two 
cents and the evening paper, three cents, then we think of 
6 cents as expressing the value of three morning papers or two 
evening papers. Carpenters use a two-foot rule or a ten-foot 
rule, rarely a single-foot rule. In purchasing many articles we 
think in terms of a dozen; we buy a dozen eggs or a half-dozen 
oranges. In dealing with population figures the unit is 100 000 
or 10 000, but rarely a single person. In making payments of 
$.76 or $1.25, the unit is probably 25 cents, not 1 cent. 

A'pplications of ratio concept of number. The ratio concep¬ 
tion is extremely useful. It does more than give a richer 
number concept. Every short cut is an application of the 
ratios in number. In the example, multiply 8524 by 25, we 
teach the child to multiply 8524 by 100 and then to divide 
the product by 4. Are we not utilizing the relationship or the 
ratio, 100:25=4:17 Unless this relationship is explained thq 
short cut is taught mechanically, as an arbitrary fact. We 
shall have many more illustrations in our later discussion of 
short outs. 

. _ In the analysis of problems the recognition of the ratios 
involved often saves much time and labor. Consider the fol¬ 
lowing examples: 

,1. At the rate of 6 for 9 cents, what will a dozen cost? 

2. Bflinanas sell 3 for 5 cents. How many can I buy for 25 cents? 
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Older solutions sought the cost of one and found the answer 
by unitary analysis, The relationship between 6 and 12 in the 
first example and between 5 and 25 in the second was over¬ 
looked. These examples which are difficult to solve by unitary 
analysis become almost obvious by ratio analysis. The con¬ 
trasting columns show this clearly. 


Esample 

Unitary Analysis 

Ratio Analysis- 

1. 

6 cost 9 cents . 

G cost 9 cents 


1 costs % of 9 cents or % 

12=2X6 


or 1% or Vk cents. 

.•. 12 will cost 2 times as 


12 cost IVi cents X 12 or 

much as 6 


IS cents. 

Ans. = 9 cents X 2 or 18 
cents 

2. 

3 bananas cost 5 cents 

3 bananas cost 5 cents 


1 banana costs of 5 

25 cents is 5 X 5 cents 


cents or % cents. 

for 25 cents we can 


For 26 cents one can buy 

buy 3 bananas X 5 or 15 


as many bananas as 25 
cents will contoiu % 
cents, hence 

26-H%i= 

bananas. 


0 

20 X 3/0 = 16, the number of bananas. 


To solve these simple examples by unitary analysis the child 
must have considerable knowledge of fractions and a mastery 
of such operations as division of fraction and cancellation. 
By the ratio analysis mastery of the number relationships 
found in the multiplication tables is quite adequate. 

In approximating answers the ratio analysis is most help¬ 
ful. Let us assume that the cost of 30 inches or % of a yard 
is known to be 14.00. The question in the mind of the pur¬ 
chaser is, “Can I afford this material of which I now need 
6 yards?” Comparison of two solutions reveals the superiority 
of ratio analysis in all approximations. 

Umtary analysis; 

% of a yard costs $4.00. 

% of a yard costs % of $4.00 or $.80. 

% of a yard or 1 yard costs $.80 X 6 or $4.80, 

6 yards cost $4,80 X 6 or $28.80. 
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Ratio analysis; 

I need 6 yards or 3% yards. 

I know the cost of % of a yard. 

7 I”"®.?® ^ a ya«^* 

Jtesnn^T.?^!' ® than 

Wo.00, a fair apprommation. 

What a difficult problem this becomes by the unitary analysis 
how simple by the ratio analysis I 

55®®® applications of the ratio concept of number show 
clearly that only as we relate things in a series do we approach 

the number concept. Six as .*.1 is an indefinite and veiy 
Sk^as *‘®Pi’®®®“^*plurality and nothing more. 


• • • 


« • 
% • 




expresses a variety of relations and becomes number in its 
vital sense. 

Eaffo ^ea resvlts from measurement rather than from 

counting. Older teaching practices, we saw, sought to build 

up an understanding of number by counting, that is bv 

applying a set of names in series to a succession of singll 

objects la current methods of teaching number, measuring is 

Wd. The chi d is led to discover the relatioiship between 

Sj!. twelve and specific units of measure, 

nml ' ?■ ‘’y of the two 

procMses, counting and measuring, may sharpen the meaning 


Counting 

1. A mere mechanical applica- 
lion of names to objects, one 
at a time, hence at best, an 
attempt to discover how many 
times a unit has been re¬ 
peated. 


Measuring 

1. An attempt to discover the 
relation between a quantity 
and a measuring unit. The 
®lm is to ascertain how much 
of a quantity. 
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Measuring 

2. An analytic process as each 
number is evolved by dis¬ 
covering the relationship be- 
between the whole quantity 
and the measuring unit. 

3. A sense of equivalence is de¬ 
veloped; 3 two’s, 2 three’s, 
and 6 one’s are all equal to 
six. 

An illustration will cap this distinction. Let us require the 
child to discover how many nickels in 20 cents, how many 
yards in 12 feet or how many quarts in 4 pints. Each quantity 
is analyzed in terms of a unit of measure, that is, it ia meas¬ 
ured by 5, by 3 and by 2 and the results obtained are 4, 3, 
and 2 respectively. In each case the process was analytic, 
and through equivalents built up an understanding of the 
whole quantity. But in noting how often each unit of 6 cents 
or 3 feet or 2 pints is repeated, the child is counting and 
discovering how many by a process of rhythmic repetitions. 

Despite this distinction McClellan and Dewey insist, “All 
counting is measuring and all measuring is counting.” Taken 
literally, this statement is not true, especially when applied 
to mechanical counting, for the two processes are not the 
same; regarded as a summation of final results, it indicates the 
mutually supplementary relationship existing between count¬ 
ing and measuring. 

The three kinds of units oj measure. The types of meas¬ 
uring units must be recognized. The first is the undefined unit- 
which measures by “more or less,” by “much or little,” by 
“many or few.” The second is the defined unit, the pace, the 
hand, the step—measures that vary within pertain limits but 
which convey a reasonably satisfactory idea of dimension. The 
third is the standardized unit, the recognized unalterable unit 
like foot, yard, meter, gallon. In the earliest grades the idea 
of ratio, of magnitudes, must be built up by using the unde¬ 
fined unit.' As the child's mind grasps the relationship the 


Comting 

2. A synthetic process as each 
number is built up by adding 
one. 


3. A rhythmic sense in time and 
space is developed. 
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defined and the standardized units must eraduallv bp in+m 
duced to supplant the cruder notions. 


How TO Teach Numbeh 

The theories of numbci and their psychological implica- 
tions lead us to formulate four steps in teaching a number to 
a young child: 

0 . Pre^nt the whole quantity to be measured and thus give a vague 
idea of the number to be taught. ^ 

b. Select the unit or units of measure, 

c. Perform the measurement process by counting the repetition of 

the unit. 

d. Stress the equivalence between the whole quantity and the unit of 

measure, The ratio between them is the number. 


1. In teaching the number eight we present eight sticlcs to 
the class and ask the pupils to reproduce with these what is 
made with chalk lines on the board. The first figure would 
be the following: 



Every child first makes the octagon and then takes it apart 
to discover that eight one’s are eight. 


2. The next grouping, 


presents two 


squares or boxes. The children are led to find out how many 
sticks in one box, m two boxes, and finally, how many four’s 
make eight. The necessary drill and applications are now 
^ven on four and four, two four’s, eight has how many four’s, 
four and how many wiU give eight, had eight and lost four, 
0 c. This second step (2) with its variety of drills and ap¬ 
plications may take a number of periods, but time is really 
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gained, for the child is learning addition, subtraction, multipli¬ 
cation, and division combinations in the richest possible asso¬ 
ciations. 

3. The children now set up Indian tents, A A A A 
and are led to discover that there are two sticks in one tent 
and in four tents, there are foiu* two’s or eight. The drill on 
2X4, 4X2,2-1-2-I-2+2, 6+2, 4+2+2,2+6, 8-2, 8-4,8-6, 
etc., must now be given, not with the symbols used here for 
economy of apace, but in language forms similar to those in 
step 2. Here, again, the child is learning fundamentals in rich 
associations, This step alone may afford arithmetic material 
for a number of lessons. 

4. The eight sticks are now used to make a pentagon and 
the child is led to discover that five sticks in the figure 



and the three that remain, make eight. This relation¬ 


ship yields 5+3, 3+6, 8-6, 8-3, 6+?=8, 3+?=8, thus 
masteiing combinations in related sequence rather than in iso¬ 
lated tables of addition and then subtraction. 

6. The facts in the preceding steps are now subjected to a 
multiple sense drill, as follows: 

0 . Visual Appeal: Children point to pupils, seats, desks, 
books, window-panes, electric bulbs, etc., to show how 
many two’s in eight,,how many four’s in eight, sk 
and how many make eight, five and how many make 
eight, eight minus three will leave how many? 

b. Auditory Appeal: Tap with pencil or ruler, ring bell, 

clap hands and children recognize the combination. 
The teacher taps xx xx 3ac xx and the child called on 
says "eight, four two’s.” The teacher taps xxxx xxxx 
and the pupil says “eight, two four’s.” All the com¬ 
binations can be reviewed in this way. 

c. Motor Appeal: Children take steps, hop, sing notes, 

arrange fellow pupils, tap with pencil, or clap hands 
to show their knowledge of any combination of eight. 
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When the teacher asks, ”How many two’a in eight?” 
a pupil taps with pencil, xx xx xx xx, or arranges 
eight pupils who are standing in front of the class 
into four .groups of two each. To the question, “Five 
and how many more make eight?” a pupil taps xxx 
or arranges the eight fellow pupils into two groups of 
five and throe and points to the group of three. 


An analysis of the procedure outlined above shows that 
the lessons began with tlic entire quantity, eight; then the 
umt of measure, one or four or two, was selected; this was 
used to measure eight, and the final ratios or relations were 
discovered. The concept eight results from a variety of meas¬ 
urement processes in which the unit was not always one 
When we consider that in the first gi-ade most urban courses 
Of study either make number work optional or prescribe little 
more than the four fundamental operations with numbers from 
1 to 10 and counting from 1 to 100, there can be little reason 
for objecting to the lengtli of time it would take to teach each 
of the numbers up to 12 by this procedure. 

Effectiveness of teaching number through counting vs. 
through measurement. The distinctive elements in the method 
as outlined may be emphasized by comparing the number 
concept eight taught by a process of counting with that result¬ 
ing from a method which emphasizes the measurement process. 


Number Result of Counting 

1. Adopts 1 as the constant unit. 
Eight is taught as 7+1. The 
new number is tlie result gf 

- adding 1 to the preceding 
number. ■ 

2. A mechanical method because 
all numbers are taught in 
same way. Counting gives 

- number o series meaning. 

■'3. A synthetic process. 


Number the Result of 
Measurement 

1. Any quantity is used as a unit 
of measure and a new num¬ 
ber is evolved by measuring 
the quantity by the unit of 
measure selected 

2. Every change in unit gives a 
new combination and a new 
ratio. Measurement gives 
number a group meaning. 

3. -An analytical process. 
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Number Residt of Counting 

4. Comparatively little mental 
activity is evoked in teaching 
eight as seven and one more; 
mere repetition will suffice. 

5. To sustain interest new ob¬ 
jects must be ooimted. In¬ 
terest is thus directed to the 
sense material, not to the 
numbers and must therefore 
be characterized as fictitious, 


6. The combinations of a num¬ 
ber, 6-1-2,7 +1,5 + 3,4 X 2, 
2X4, etc., are learned by pure 
rote through incessant repe¬ 
titions. 


Number the Result of 
Measurement 

4. Much mental activity is re¬ 
quired to discover that eight 
is 4 2’s, 2 4’s, 6 and 3, etc. as 
well as 7 and 1, 

5. Interest is maintained by 
changing the combination 
that produces eight, and lead¬ 
ing the child to discover the 
identity among eight, 4 2’s, 
and 2 4*8. The same objects 
are used; interest is real, for 
it is resident in the new group¬ 
ing, not in the changing ob¬ 
jective material. 

6. Drill is necessary in any 
method, but here we have 
rational drill following the 
discovery of the combinations 
by the child 


Steps in teaching any number through 12 . Distribute the 
necessary objective material. Give as many of each object as 
the number to be taught. Children start ■with six colored sticks, 
six marbles, and six colored beads because number m is to 
be taught. 

1. The counting step. Ask the children to find out hotjo 
many there are. (a) First begin with things, marbles, boys, 
window-panes, chairs, pennies, toothpicks, colored splints, 
books—the things that are at hand in a classroom, (b)' Pic¬ 
tures of flowers, birds, kittens, and people, are counted next, 
(c) Finally symbolic number pictures are used, lines, squares, 
dots, and rings. 

In the initial step it is well to insist on ordinal counting.' 
Thus, the child who is trying to find out how many children 
there are in the line, says, “The first is Mary; the second, 
Jane,... the sixth, Joan. There are six.” The same procedure 
should be followed in finding out how many (counting) pic¬ 
tures and then how many symbolic number pictures there are. 
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2. Ahasuremeni introduced. The pupils are now required 
to perfom with numbers, Here, clearly, the measurement 
process is introduced. 


a. First have children pick out only six pupils, six books 

and SIX chairs from a group decidedly greater than 
BIX. Again we begin with things which are then ar¬ 
ranged to show two three’s, three two’s, four and two 
five and one,^ and six one’s. The lesson on number 
eight gives this procedure in greater detail. 

b. The childi-en are now asked to draw six oranges, six 

apples, and six hoys in prescribed groupings—two 
rows of apples, three apples in each row. The units 
may be grouped to illustrate a story composed by a 
ppil or by the teacher. The story is told of the six 
birds who were so fond of one another that none 
of them ever flew alone. Sometimes they flew, two 
and two and two. [The children draw the following.] 

Y Y Y Y Y Y 

Sometimes they flew tliree and threo. [Now the chil- 
dren draw th© following groups*] 


Y Y Y Y Y Y 

c. More formal number material may now be used, blocks, 
splints, toothpicks. These are arranged by the chil¬ 
dren to show four and how many more make six; 
had six and lost two; how many three’s in six, etc. 


sbnS J measurement experience 

hould give the cbldren ability to discover two three’s, thre 
twos, four and two, five and one, one-half of six, etc. WhiL 

S ^ mastered, that is 

habituated, each child ought to know how to find the answe 

‘O’ 
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4. More formal steps are now taken to habituate the num¬ 
ber facts of any number. This may be done as follows: 

a. Multiple-sense appeal. Children tap four and 7 equal 

six, thus, xxxx XX. They hop three and ? equal six, 
thus XXX XXX. Hand clapping and making lines, dots, 
and rings on blackboard or paper are other ways of 
having children express the number combinations. 

The teacher may tap or ring a bell in such a way 
as to group the individual sounds, thus, xx xx xx. 
The children listen and when called upon say, “Six, 
three two's make six.” 

b. Variety of mechanical drills may be employed. These 

are circles, triangles, ladders,, stairways, railroad ties, 
and the like. 



9x4<-? 

8-a-? 

fl-4-? 

e* 6-? 



Ih II »h II ■= 


The teacher, pointing to the figures 2 and 4, calls ,for the 
answer; pointing to 3, says, “and how many make,” and then 
points to 6, etc. 

c. The algorisms of fundamental operations: 

2 6 6 3 

+4 -2 +? X2 

' “ ? 

d. The equation form of drill: 

2X3=7 3X2=7 4+2=7 

e. The elliptical form: 

2X7=6 4+7=6 7+3=6 4X7=6 

6. Employ the combinations in as many practical prob¬ 
lems as possible and do not rely on unguided transference 
taking place to actual conditions of life. Although this is the 
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fifth step in our list it must be introduced much earlipr i 
the learning process. While we are teaching ^ 

pr«acBl prtl™ fc Mowing ty,« be X® S,; 

I have 4 o».«, b.„ „nny mon mul IL. K 6 
Moot Questions in Tisachino Number 

wolated forms? Some authorities insist that all number facts 
must be taught m relation to a practical situation to insui-P 

In 1 ’ V, ’ facts by rigorous 

^ but cannot apply 

ta to solve a practical problem. Others insist that the forms 

applications. This latter group approves rigorous oral flash 

etc nT^STth*"" 'r' ^ 

fc^Wng ‘ ““ ‘ of 

tlmf'T'l.wi”? '“PfimeoW study Waslibume' found 
th!i’«n^r-^ 1*^® meehames of arithmetic separately and 

Li lead^ tTdiS P'°blems does 

rrr tT 

mom «ipnrim.nJ% dn^h^lf’ 

any d.^ Of omuit:.tfotu«^ ” “» . 

“ 77 ;- ^ *ba t m learning arith metic children 

■ PupifetXTyJfSS^ 
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must establish a host of new bonds, one for each number com¬ 
bination. The formation of two new bonds is required to learn 
7+8 and 7+9. Since each of these bonds is quite independent 
of the other, it is asserted, no attempt should be made to make 
any rational association among these bonds. Do not teach 
7+9 after 7+8 lest the child learn 7+9 by adding 1 to 7+8. 
7+9 must be learned as independently of 7+8 as of 3+4. 
Drill on each bond assures mastery of that bond. 

Another school of educational psychologists supports the 
theory of rationalization. Let each child, we are advised, dis¬ 
cover each combination for himself before we supply drill 
or practice material. Lead the child to associate 7+8, 6+9, 
8+7, 9+6, 5+10, and 10+5. As these are applied to prac¬ 
tical situations, they are mastered. Drill should come only as 
a final stage to cap the preliminary thoughtful experiences and 
reactions to these combinations. Flash cards, games, mechani¬ 
cal aids, filling in figures in blanks—these are all valuable 
aids in drill and should come in the later, not in the prelimi¬ 
nary, stages of learning. 

These two theories are important because each determines 
the spirit of a lesson and the specific teaching procedure. No 
clear-out selection can be made to-day because we lack accu¬ 
rate data, experimentally derived. Gestalt psychology makes 
out an excellent theoretical case against the bond theory; the 
behaviorists and the overzealous disciples of Thorndike are 
as effective in building up support for the bond theory. We 
know that children have learned number combinations when 
taught by methods advocated by both schools. We cannot 
assert the absolute superiority of the one over the other until 
we have reliable facts on which to base a decision. 

Gradation of number for teaching. Investigators have 
sought to discover the comparative difBculty of numbers. The 
place of a number in the series from 3 to 12 is no index of its 
difficulty. Howell presents the following order of difficulty: 
3, 4, 6, 5, 8, 10, 12, 9, 7, 11.* This is not the sequence that a 

* Heniy B. Howell, A Fmmdalional Study in the Pedagogy oj Arith- 
metio (Macmillan Co., 1914), 




240 


THE TEACHING OE AEITHMETIO 


teacher would expect. 6 seems less difficult than 5; 9 more diffi¬ 
cult than 5; 9 more difficult than 12; the last three numbers 
are 9, 7,11—-all odd numbers. 

Brownell's study reaches other conclusions. There is little 
evidence that odd numbers are more difficult when visually 
perceived. In the lowest grades “Ease of apprehension is con¬ 
ditioned by the number of objects visually exposed.”® Diffi¬ 
culty or ease of apprehension seems to be conditioned by the 
“quadrangle arrangement,” tiiat is, :: for 4, :: :: for 8 and 
:: for 7, are all more easily grasped than .... for 4, 

.for 8, and.for 7. From this fact it 

would seem that even numbas would be easier to learn when 
expressed by a quadrangle arrangement. 

Out of the mass of conflicting data no clear-cut conclu¬ 
sion emerges. The entire poblem is perhaps a matter of no 
great moment since equal mastery of all numbers up to 12 
must be developed. 

The use of number pictures. Not all teachers are con¬ 
vinced that number pictures are useful. The number pictures 
do not give rise to a number concept because more than mere 
contact with multiplicity is necessary before number ideas 
develop. Without measurement processes no adequate idea 
of number is conceived. 

Number pictures do present some sense experiences out of 
which number relations may emerge. Investigations by Lay 
tend to show that most childi'en prefer a visual appeal to an 
auditory appeal, even when the sounds are heard in rhythm. 
Hence number pictures make a visual appeal to a child who 
reacts favorably to this sense material. There are arrange¬ 
ments of elements in number pictures, which tend to facilitate 
or retard the learning of number: 

1. One row pictures are not to be favored; for example, 
0 , 0 0 , 0 0 0 , 0 0 0 0 , 0 o o 0 o,. 


® William A, Brownell, "Development of Children’s Number Ideas in 
Primary Gradfes,” Swpplmentary Edwaiioml Monographs, No. 36, 
Sshool of Education, University of Chicago, August, 1028, p, 18. 
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2. Any arbitrary or accidental arrangement is not effec- 

, ,000 

tive; for example, o o for 6 
0 

3. In the best arrangement elements are grouped in two 
rows, in quadratic form, with equal spaces; for example, 




4. The circle of about 5 mm. is superior to the dot, line, or 
other mark. , 

6. The dark circle on a light background or light circle 
on a dark background seems to give the best results. Card 
and blackboard presentation are therefore effective. 

Although these conclusions are not final, they are sup¬ 
ported by data obtained in investigations planned and car¬ 
ried out with great care.* 


The Tbaceinq of Counting 

Its history. Counting is not a natural process; it is labori¬ 
ously developed to meet the needs of life. Untaught people 
do not know how to count, but use such aids as the follow¬ 
ing: finger and toes; Imown objects—as many as legs of a 
horse; made objects, like notched sticks, beads on wire similar 
to an abacus, pebbles in a bag to correspond to a given num¬ 
ber (as many pebbles as sheep). The etymology of the words 
calculate and calculus is found in words which meant pebbles. 
Our present number system is borrowed from the Orient and 
seems to imply failure on the part of Europeans to evolve 
an adequate number system. The decimal notation is the 
cumulative product of ages of thinking about number and, 
quantitative relations. 

Counting defined. Counting is a process of successive 
“inner acts, which are, in essence, inner articulations of num- 


«Howell, op. dt.] Brownell, op. dt. 
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ber names.’”' Experiments were made by Judd upon adults 
who were asked to count tappings, flashes, and musical sounds. 
The results abound in errora and reveal marked variations. 
Some count flashes better than tappings; others prefer the 
auditory experiences. Some make few errors; others make 
many. Adults, when asked to make marks on paper by tap¬ 
ping for ten seconds, make about as many marks as they 
can count orally or silently in that time. "The rate at whirii 
one can send motor impulses to tlie hand is very closely re¬ 
lated to the rate at which one can send simple motor impulses 
to the vocal chords.’’® The conclusions are obvious: counting 
is an acquired complex of skills and involves mental activity 
of a high order. 

Psychology of counting. In its origin, counting is probably 
a motor response to successive experiences prompted by an 
"inner rhythmic sense,” but without absolute reference to 
external objects. In the early stages counting is accompanied 
by motor responses like head or finger movements, finger or 
foot tappings, body swayings, or touching successive objects. 
Counting may be regarded as an outward manifestation of 
innei- rhythmic impulses. We referred, in an earlier connection, 
to the practice, which young children have, of coimting with¬ 
out, reference to any objects. A child who knows the number 
names from one to ten will count ten marbles when he has only 
six. He keeps saying the number names until he has reached 
the last number name which he knows, pomting with each 
name to a marble. But the last number name may bear no 
relation to the quantity he is counting. 

Application of the 'psychology of eamting to teaching. 
Three distinct steps are thwefore necessary in teaching chil- 
, dren rational, not rote, counting: 

1. The acquisition and control of a series of numbers names. 

2. The recognition of the identity of the individual elements in a 

. group, 

' ’ Chftriea H. Judd, "Psychological Analysis of Fundamentals of 
^thmetio," Supplementary Educational Monographs, No. 32, Unirer" 
sity of Chicago, February, 1927, p. 32, 
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3. The making of a one to one coirespondence between object and 
name. 

Ability to count must not be taken for granted despite the 
glib recital of number names by children. Lessons in count¬ 
ing must be graded to insure mastery of each of the steps 
listed above. In the lesson on number eight the reader will see 
these steps illustrated. 

Gradation of counting exeroises. No gradation in counting 
is acceptable to all because we have no scientific data upon 
which to base a specific plan of gradation. We must rely on 
experience and the logic which seems inherent in the suc¬ 
cessive steps of unfolding subject-matter. Here are various 
gradations suggested for cormting. 

Plan I 

1. Counting 1-26 by I’s with and then without objects 

2. " 1-50 by I’a and 2’s with objects 

3. “ 1-60 by I’s, 2's, 5*8, and lO’s 

4. " 1-100 by I’s, 2'si 6's, and lO's 

6. " 100-200,200-300 by lO's 

6. " 100-1000 by lOO’s 

7. “ beyond 1000 by lOO’s as child learns to read and 

write large numbers. 

Plan II 

Follow the general outline of Plan I but add counting by 
3’s, by 4'b, 6’s, Ta, 8'a, 9*3, ll’s, and 12’b as multiplication is 
introduced. 

Counting by 2 'b or by any other number is graded as follows: 

1. Counting by 2's, beg?n with zero, go through 24. 

2. Counting by 2'b, begin with a multiple of 2, go through 24 

3. Counting by 2’8, begin with a multiple of 2, but in reverse 

order. 

4. Counting by 2’s, begin with any number, thm 6,7, 9 . . . 17, 

19,21. 

6. Counting by 2 ’b, begin with any number, but in reverse order, 
19,17,15. 

This form of counting is sponsored as ardently by some as 
it is condemned by others. Those who recommend this practice 
ascribe many values to it. (a) Practice in rapid addition and 
subtraction is assured, (b) Graded steps 1, 2, and 3 of above 
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give the child mastery of the products in the multiplication 
tables, (c) The child becomes familiar with the sequence of 
numbers and the place of each in any limited range, (d) 
"Counting by 2 ’b, beginning with 1 and with 2, counting by 
3’s beginning with 1, with 2, with 3, and with 4, and so on, 
make easy beginnings in the formation of the decade con¬ 
nections.® (e) The mind is unable to deal directly with large 


groups. When confronted by a group like (•••«, 

••• •• ** •« • 

it regroups the elements into* •• taor** •• , 

***** 

• • • fl ' implications are clear: teach num- 

ber by groupings and give drill in counting by 2's, 4's, 3's, etc. 

But those who reject this form of counting are very 
emphatic in their opposition. They argue: (o) Adequate drill 
in rapid addition and subtraction can be given without these 
forms of counting, which do not arise in practical situations, 
(b) Through tiese forms of counting children learn the prod¬ 
ucts in multiplication tables without the factors of that prod¬ 
uct, that is, in 3, 6, 9,12,16,18 ,18 is learned without 3X6, 
or 2X9, and is therefore really not a multiplicative fact. 
Children soon learn to count to a product, 4, 8, 12, 16, 20, 
instead of mastering 6X4 or 3X8 or 2X12=24. Experi¬ 
ence often reveals that children acquire a series of number 
names which are little more than sounds. Instead of 2,4,6, 8, 
they may say, intry, mntry, cutery, corn with as little stimu¬ 
lation of the sense of number. When shown : ! : :, they 

arrive at 8, all too frequently, by counting by I's—not by 
counting by 2’s or by 4’8. Hence there must be longer teaching 
of counting through concrete and semi-concrete experiences. 
Let children count, thus: 


3 4,6 8 10 

L. Thorndike, The Psychology of Arilhmeiic (Macmillan Co., 
1922), pp. 75-76. 
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Or, as they count, 2, 4, 6, 8, 10, they draw lines as follows: 

// 1 n m// 

Brownell’s “ study shows oleari|| ^at when children master 
number names they do not necessarily acquire corresponding 
number ideas and that, for a long time, names are not trans¬ 
lated into ideas. 

The debate may become protracted but it will prove noth¬ 
ing conclusively. Most authorities sanction only a little of 
this type of counting, say by 2’s to 60, by 5’s to 100, and by 
lO’s to 600. Counting by 3’s or 6’s or 4’s they are likely to 
regard as skills of relatively little value acquired at an inordi¬ 
nate cost in time. Psychologically, this position is entitled to 
more than passing respect because each type of counting 
involves a mental pattern all its own. To acquire all these 
forms of counting one must acquire cumulatively and progres¬ 
sively a set of number patterns at a time when more useful 
techniques demand mastery. 

What should counting give the chUdf Systematic exercise 
in counting should give the child a reliable foundation for his 
later number work. The specific gains seem to be at least five: 
(1) the number names in proper order; (2) the rhythm of the 
decimal system; (3) the relative location of any number in 
the number series; (4) a first step.in understanding number; 
(6) a preparation for the fundamental operations. 

Reading and writing numbers. The figures 1-9. Children 
learn to read figures 1-9 and 0 incidentally, in the course of 
all lessons. The writing of these must be taught as an arbi¬ 
trary process by an imitative method with repetitions that 

10 William A. Brownell, "Development of Children’s Number Ideas 
in the Primary Grades,’’ Supplementai-y EducalioMl Monographs, No. 
36, University of Chicago, November, 1028, Ch. iii. 
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make a multiple-sense appeal. To teach the figure 7, the fol¬ 
lowing steps may help: 

1. Teacher writes a series of 7's on blackboard and explains the 
two characteristic lines in 7, namely, and /. 

2. The cluldren now imitate by making large 7 'b in the air. Large 
free-ann movement to impress direction and slope must be en¬ 
couraged. 

3. Visualize the 7. Children close eyes and attempt to "see” the 
7, writing the figure iil the air or with finger on the desk os the 
7 is visualized. 

■ 4. Children now pretend to write 7 on an imaginary paper. The 

teacher corrects and urges smaller forms until the desirable size is 
approximated. 

6. Crayon and paper are then used and the 7 is attempted. Those 
who produce incorrect figures are sent to the board to trace the 7’b 
there; the others are corrected and encouraged to repeat the writing 
of the 7 until habit is formed. 

Figures of two and three orders. Patience is the only 
requisite for teaching children to write any digit. The diflBi- 
culty in figure-writing is not experienced until llj 12, 14, 
and 21 must be written. If the symbol $ represented eleven, 

represented twelve, and jf represented thirteen, there would 
be no new learning difficulty, because eleven, twelve and thir¬ 
teen are new ideas and are represented by new symbols, , 
ij>, and f, respectively. But when 11 is eleven, 12 is twelve, 
and 13 is thirteen, the child finds old symbols representing 
new ideas. In attempting to establish, for the child, an^ asso- 
- elation between new number ideas and new arrangement of 
known symbols, we find the key to the difficulty experienced 
by pupils. To meet the pedagogical challenge teachers devised 
. the plan of converting 13,14, or 19 sticks into 1 bundle of 10 
sticks, and 3, or 4, or 9 sticks over. The same was done with 
beads. Children who were given 13 beads put ten into a small 
bag and said, "Thirteen is 10 and 3 over.” They were then 
taught to write 13,14,16,16 beads, thus, 

Bag Beads 

1 3 

1 4 ■ 

' and later in closer proximity, 13, 14, 16, and 16. 
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While the use of sticks or beads may be necessary in for¬ 
eign schools, the method is needlessly artificial for American 
children who know the dime and cent relation. The first step, 
therefore, is to give oral practice in changing cents into dimes 
and cents; 16, 16, 18, 12, 14 cents are changed into 1 dime 
and 5, 6, 8, 2 or 4 cents, respectively. The children then write 
dimes in one column and cents in another. A small silver circle 
heads the dime column on the blackboard, and a copper- 
colored circle, the cent column; 16 or 16 is therefore written 
as 1 under dimes and 5 or 6 under cents. Por a short time, 
numbers 10 through 19 are reduced to dimes and cents and 
are written as such. But, as the days pass, the signs of the 
tens’ and the units’ place are eliminated, and no reference is 
made to dimes and cents. The child acquires the habit of writ¬ 
ing 15,1,14, regardless of the name of the objects. Numbers 
of three orders may be taught by using dollar, dime, and cent 
equivalents. 

Drill must be given in writing numbers that are dictated, 
in reading numbers from arithmetic books or charts, and in 
writing, in figures, numbers that are spelled out in tlie text¬ 
book or on a chart. The aim must be to develop accuracy and 
instantaneous recognition or visualization of numbers. 

Beading and writing of large numbers. Teachers are fre¬ 
quently urged to limit nuiuber-reEtding and -writing to small 
numbers, not to exceed ten thousands. We must not carry the 
movement for the simplification of arithmetic too far. Children 
are interested in large numbers. They keep asking, “What 
comes after hundred thousands? after millions? how do you 
write millions?” This curiosity should not be discouraged be¬ 
cause large numbers are very common to-day. Newspapers and 
magazine articles discuss budgets,' population, relief funds, 
exports, and imports in terms of dollars or of bulk. The coat 
of military preparation or the extent of comparative national 
armaments is presented in tragically large numbers. There is 
no reason why all citizens, even those classed as dull normals, 
should not be able to read such numbers and have some imder- 
standing of their magnitude. 
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Correctness of form. It is well to insist on correct form in 
reading and writing numbers from the very beginning. Commas 
after each third place, thus, 750,892 or 1,054,782 are not cor¬ 
rect said should not be taught. Neither should the introduc¬ 
tion of the conjunction and be permitted in reading whole 
numbers. “Two hundred and fifty-seven” is incorrect for 257; 
the correct form is “two hundred fifty-seven.” Similarly, “five 
thousand and tliree hundred and eighty-five” is incorrect for 
6385; the correct form is “five thousand three hundred eighty- 
five.” The conjunction and is limited to mixed numbers with 
common or decimal fractions. To illustrate, 

769.34 is read, seven hundred fifty-nine and thirty-four 
hundredths. 

8672.034 is read, eight thousand six hundred seventy-two 
and thirty-four thousandths. 

46.646 is read, forty-five and five hundred forty-six thou¬ 
sandths. 

575.1436 is read, five hundred seventy-five and one thousand 
four hundred thirty-six ten thousandths, 

81210.57 is read, one thousand two hundred ten dollars'ond 
' fifty-seven cents. 

Since there is only one correct form no other form should be 
tolerated, Then the child will be spared the task of unlearning 
wrong responses. 

Roman numbers. Homan notation must be taught in the 
elementary school because it is commonly used, especially in 
decorative schemes,' in dates, in money, and in governmental 
documents. That which is in common social use has a legiti¬ 
mate claim for mclusion in the curriculum. 

Incidental teaching in the early grades. Roman numerals, 
I-XII, should be introduced early—in the latter part of 
the second grade—and taught incidentally. Use Roman num¬ 
bers to supplant the Arabic forms in numbering the black¬ 
board panels and the boxes or lines in a game. In the early 
lessons on telling time a dial with Arabic numerals is used. 
After the children have made progress in telling time, sub- 
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etitute a dial with Roman numerals. Many children do not 
question the substitution. They accept the new symbols, III 
and IV, and associate them with the place formerly occupied 
by 3 and 4. With hardly a word of explanation, the children 
learn the first twelve Roman numerals. This information is 
adequate to meet all needs in the first three or four grades. 

Later development of Roman notation. In the fourth or 
the .fifth grade we may begin to carry the Roman notation 
to L. The instruction should now be made more systematic. 
Prom the numerals I-XII, derive, inductively, the three 
simple rules that govern the Roman notational system: 

1. Repeating a symbol repeats the value; for example, one I is 
1, two I'a represent 2 and three I’s represent 3- 

2. A smaller number before a larger number indicates subtrac¬ 
tion; for example, I before V means 5 — 1, hence 4; I before X 
means 10— 1, hence 9. 

3. A small number following a larger number indicates addition; 
for example, V followed by I or II or III moans 5 + 1 or 6 + 2 or 
5 + 3, hence 6, 7, or 8; so, too, X and I represent 11, X and 

n, 12. 

Each day the system is carried a little further. One day 
from XII to XV; another, from XVI to XIX; a third from 
XX to XXV, At no time is a whole period devoted to this 
work. Three to five minutes a day will suffice to meet any 
reasonable course-of-study assignment. In the succeeding 
semester the Roman numbers may be carried to C; in a third 
semester, to D; in a fourth, to M; in a fifth, to any number. 
Presented in this gradual way Roman numerals are learned 
with little effort and less concern. 

Throughout the school course in arithmetic occasional 
review of Roman* numerals should be provided. Children 
should be asked to read Roman numbers and to justify their 
answers; to write Roman numbers from dictation; and to 
write, in Roman form, numbers that are spelled out. There 
can be no justification, however, for requiring children to 
perform fundamental operations with Roman ijiumhers, 
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Problems fob Sttjdt and Discussion 

1. For each of the following statements give supportmg data and 
an illustration: 

(a) Festalozzi would have approved the teaching of number 
names and then associating them with objects. 

(5) Festalozzi was a formal disciplinist in the teaching of arith- 
metio. 

(c) Many children are eager to learn counting because it is 
rhythmic. 

(d) Moat clnldren are eager to learn counting; they recognize its 
social value. 

(e) Fedago^cal application can be made of the fact that the 
first concept of number is ordinal, not cardinal. 

(/) Number is not a mental picture which corresponds to reality. 

(g) Learning the number idea is essentially a process of group¬ 
ing experiences. 

(h) A unit and unity are not identical. 

(i) Ratio analysis can be acquired by young children. 

(j) No adequate number concept can be acquired merely by 
counting. 

(k) Counting ^vea a rhythmic sense of spatial and temporal 
relations; measurement gives a sense of equivalents. 

(l) In teaching a number begin with a quantity which that num¬ 
ber represents. 

(m) Number is taught by an analytic-synthetic, not by a syn- 
, thetic-analytic process. 

(n) Mastery of. number combinations does not insure ability to 
jase these combinations in natural situations. 

• (o) Gestalt psychology is hostile to Thorndike’s theory of bonds. 

(p) Visual appeals are more effective than auditory appeals in 
early number teaching. 

2. List three important questions concerned with the, teaching of 
number that cannot be answered with any degree of finality until 
we have adequate data experimentally derived. 

■ 3. Number pictures do not give rise to number ideas, because 
more than mere contact with multiplicity is necessary to acquire a 
number concept. Give reasons with illustrations. What more is needed 
for the acquisition of a number concept? 

,4. Counting and measurement may be dis tin gu ish ed, but in actual 
teaching,- the two fuse so that they appear like two aspects of the 
same activity. Discuss with illustrations. 

5, Distingmsh rational counting from rote counting; distinguish 
. teaching counting from teaching number. 
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6. Analyze the steps in teaching the number nine as a group of 
ratios, and show that by your procedure the child would acquire the 
five skills resulting from the systematic teaching of counting. 

7. Describe the religious significance associated with numbers by 
primitive and modem people. 

8. Describe a system of notation other tlian the Arabic or the 
Roman. 

9. Trace the history of the zero and the recognition of the sig¬ 
nificance of “placing” in a system of notation. 
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TEACHING ADDITION OF WHOLE NUMBBBS 
Oral Additton 

Incidental addition, The child who learns his numbers 
through a process of measurement rather than through count¬ 
ing has learned to add and to subtract. Reference to the lessons 
on numbers six and eight ^ reveals the fact that in learning 
number six the child has performed the following additions: 
3+3,2+2+2,4+2, and 5+1. By the time number twelve is 
learned, the child has a very large body of number facts and 
skills about addition. 

The'basic combinations in addition. Wht m theyf The 
sums, never greater than 18, obtained by adding any two 
digits make up the basic combinations. Mathematically, there 
are only forty-five combinations because 5+4 and 4+5 are 
really one and 6+0 and 0+6 are not combinations since the 
positive quantity remains unchanged. Psychologically, there 
are 100 combinations because 4+6 and 6+4 are not regarded 
. as the same combination. A child may know the one and 
not the other. So, too, 6+0 is a real addition fact for the 
child. These combinations, when mastered, give the child the 
basic skills for successful addition. In the last analysis, all 
addition is an application of these combinations. 

A simple device for obtaining the forty-five combinations 
is found in Fig. 6 (reverse combinations and zero combina¬ 
tions are not included); 
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FIQ, 6. 46 Combinations 


To obtain the first set of combinations add 1 of the vertical 
column to each of the numbers in the horizontal line; this 
gives 1+1=2, 1+2=3, 1+3=4, 1+4=5, . . . 1+9=10; to 
obtain the second group of combinations add 2 of the vertical 
column to each number in tlie horizontal line, thus, 2+1=3, 
but since 1+2 is found in the preceding line, this is omitted: 
2+2=4, 2+3=6, , . . 2+9=11. 

The basic combinations of addition are designated in three 
different ways: The first refers to them as the jorty-five com¬ 
binations. 5+4 and 4+6 are regarded as one combination. 
Knowing the one, it is argued, the child knows the other. 
Here we find unlimited faith in the transference of knowledge 
of number facts. 

The second designation refers to them as the eighty-om 
combinations. 4+6 and 5+4 are counted as two combinations; 
it is believed that a child may know the one without know¬ 
ing the other. The forty-five combinations do not become 
ninety because there are nine doubles (1+1; 2+2; 3+3 . .. 
7+7 ... 9+9) which cannot have reverse combinations. The 
zero combinations arc not taken into consideration because it 
is believed that they are too obvious to teach. 
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In the third designation, these number facts are referred to 
as the one hmdred combinations. To the eighty-one combina¬ 
tions are added nineteen zero combinations (0+1, 0+0, 2+0, 
0+2, etc,) because, it is held, tiiat 2+0 has as much identity 
as any combination without a zero and requires as much 
learning as 6+7. 

Gradation of the forty-five or 100 combimtions. Much 
laborious research has been carried on to discover the relative 
difficulty of each one of these combinations. 1+1 seems the 
easiest, 2+2 and 5+5 are among the easiest, but 9+8 and 
8+9 seem to be among the most difficult for the learner. 
Between these extremes there must be varying degrees of diffi¬ 
culty, the determination of which has been a challenge to many 
investigators. 

The additive combinations have been classified according 
to the niunber of errors made by children. The difficulty of 
a combination is determined by the number of children who 
err in it. A second mode of measuring difficulty is based on 
reaction time. The speed with which the answer to a com¬ 
bination is given determines its degree of difficulty. The time 
element is considered by many very important, because if 
time is not limited, the child may obtain an answer by count¬ 
ing, Thus, the sum of 6 and 7 may be obtained by counting 
5, 6, 7, 8,9,10,11,12 or by seeing 6 in the 7 and then adding 
6+5+2,12. A child does not really know a combination unless 
. he recopizes it instantly—and, of course, without computa¬ 
tional aids. Clapp ® used tlie first method (number-of-errors) 
in studying the relative difficulty of these additive combina¬ 
tions, and Smith® used the second (reaction-time). While 
investigators do not agree in their findings, it is interesting 
~ to note that all the combinations except tlrree in the most 


^ F. L. Cltipp, The Number Combinations: Their Relative Difficulty 
and the Frequency o) their Appearance in Textbooks. Bureau of Educa¬ 
tional Beeearch, Bulletin No. 1 (University of WiBoonBin, 1924), pp. 20, 
120 . 

■ ® J. H. -^mith, “Arithmetical Combinations,’’ Elementary School 
Journal, Vol, 21, June, 1921, pp, 702-770, 
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difBcult third of Smith's list appear in the most difficult third 
of Clapp’s list * 

The practical value of these researches seems very slight. 
The implication of a graded list is that we teach the items in 
the order set forth. But we may not be warranted in drawing 
such an inference. May not the alternation of a simple and 
a difficult combination facilitate the learning of tlie combina¬ 
tions? The former may renew the child’s faith in his capacity 
to learn, and thus enable him to meet the difficult combination 
with a, very favorable mind-set. Then, too, the difficulty of a 
number combination depends upon many conditions: Is it met 
in isolation or in a practical problem? Is the combination pre¬ 
sented in a timed or in an untimed test? Is the combination 
tested with children in Grade 3 or in Grade 6? 

A few definite conclusions, however, may be drawn from 
these inquiries ’ into the relative difficulty of the additive com¬ 
binations; 

0 . 8-1-5 and 5 + 8 are not of equal difficulty; adding the smaller 
number to the larger is easier, hence 8 + 6 should precede 
6 + 8 . 


* Clapp gives the following order of difficulty beginning with tlie 
most troublesome combinations and proceeding to the least difficult one. 


8 + 6 

8 + 6 

9 + 8 

7+3 

7 + 0 

4 + 6 

7 + 1 

6 + 1 

2+2 

7 + 9 

4 + 7 

3 + 7 

2+7 

8+7 

0+8 

2 + 9 

6 + 4 

6+6 

5+8 

7 + 6 

9 + 0 

8+4 

0 + 1 

6+0 

2 + 5 

3+3 

0 + 0 

9+7 

7 + 6 

2 + 6 

4 + 8 

7 + 2 

8 + 3 

2 + 8 

1+1 


6+8 

4 + 9 

9+3 

8+0 

1+9 

8 + 2 

4 + 4 

9 + 2 


6+9 

9 + 6 

0 + 6 

1+0 

0+6 

6+4 

4 + 1 

8+8 


6+7 

9 -f 4 

6+6 

6+2 

8 + 1 

1+4 

3 + 1 

1 +3 


7 + 8 

6 + 7 

3+8 

4 + 2 

6+2 

9 + 1 

4 + 0 

1+6 


8+7 

6 + 6 

3+4 

1 +2 

0 + 4 

6 + 0 

1+8 

1+7 


9+6 

4 + 6 

3 + 9 

6 + 3 

3 + 6 

6 + 6 

9 + 9 

2 + 1 


6+9 

7 + 6 

2 + 3 

0+3 

0 + 2 

3 + 2 

7 + 7 



8 + 9 

7 + 4 - 

3+6 

0+6 

2 + 4 

4 + 3 

2+0 





6 + 3 

6 + 1 

3+0 

1 + 6 




'Ifurther references 

on gradation of the combinations in addition 


are; 

Heilman and Shultis, “A Study in Addition," Reseanh Bulletin No. 
1, State Teachei's College, Qreeley, Colorado. 

B. R, Buckingham, “Arithmetic at the Crossroads," Ohio State Uni¬ 
versity Educational Research Bulletin, Vol. 6, January 6, 1927, p. 2. 
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b. For teaching purposes there are 100, not 45, combinations. 

c. Successive combinations that have a common element, thus, 3 + 6, 

3 + 7, 3 + 8, should be avoided, because chilclren may derive 
the later ones from the earlier, 3 + 7 may become, "3 + 6 = 9, 
now add 1,10." 

d. The larger the numbers, the more difficult is the combination. 

e. The doubles are comparatively simple. 

Teaching the basic combinations of addition. Older 
methodology worked out a seemingly logical system of teach¬ 
ing, number facts: first the formula, then the application; 
first 7+6=12, then, “Had 7 cents and earned 5 cents; how 
much did I have?” The justification was that one cannot apply 
what one doesn’t know. To-day we begin with practical prob¬ 
lems and derive the formula from them: first, “I had 7 cents 
and earned 5 cents,” then 7+5= ? Motivation is thus as¬ 
sured and understanding precedes tlie establishment of a 
specific bond. 

Let us turn to a suggested procedure for teaching the com¬ 
binations. 

1. Concentrate on one combination at a time, say 8+7, 
and teach all the facts about it." 

2. Begin with concrete materials and the entire group, that 


“Courtis graded the 100 combinations as follows, on the basis of 
studies he made some years ago; 


Group I. 

Very Easy 

oooooooooo 

0123466789 12 

Group II. 

Easy 

and the reverse 0,0, etc. 
1111111122345 
2345678932346 

Group in. 

Average 

and the reverse, 

222223333342 

346672466757 

Group rv. 

Hard 

and the reverse, 

223344446789 

898967896789 

Group V. 

Very Hard 

' and the' reverse, 

6555666778 

6789789899 



and the reverse. 
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is, with fifteen books or fifteen children. “How many children 
(or books) have we in this group?” asks the teacher, pointing 
to the fifteen children. The fifteen children form one group as 
they are counted by a classmate. We must note that the group 
is not counted to discover the sum of eight and seven. That 
would be very undesirable for it would teach children to 
rely on counting when tliey need the sum of two numbers. 

3. The teacher then regroups the original group into two 
smaller groups, one of eight and the other of seven. The 
fifteen is now analyzed into eight and seven. “How many 
children did you say there were altogether? How many here? 
How many there? Then, eight children and seven children 
are how many children?” 

Prohibit all counting at this stage to ascertain fifteen. 

4. Repeat this procedure with other concrete material— 
fifteen marbles, fifteen pencils, fifteen pads, and fifteen chalk 
lines on the blackboard. Again, make sure that the whole 
group is counted before the subgroups. Attention is directed 
to the two smaller groups after the size of the original large 
group has been ascertained. 

8 

6, Present the algorism for addition by writing 7 and 

15 

saying, “eight and seven are fifteen.” Pupils write this as they 
say “eight and seven are fifteen.” 

6. Repeat step 5 with the reverse of the combination, that 
is, with 7+8. Experimental studies reveal the superiority of 
, teaching a combination and its reverse "together ” (that is, in 
the same lesson) over the teaching of each of the two forms 
without reference to the other.'^ 

7. Introduce the drill with perception cards. A cardboard 

8 7 

of suitable size reveals 7 on one side, and 8 on the other. 
_ 7 _?_ 

B. R, Buckingham, “The Social Value of Arithmetic," The Tmnly- 
Ninlh Yearbook of the National Society for the Study of Eduoatioi^ 
(Public School Publishing Co., 1930), p. 34. 
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If a. pupil fails to give the correct answer when a card is 
shown to him, the teacher should call on another child. Within 
half a minute the child who failed should be called again to 
give the answer to the combination he missed. Each day new 
perception cards are added for the new combinations. Periodi¬ 
cally, old perception cards are taken out after tests show that 
certain combinations are adequately learned. 

8. Teach the subtraction facts based on eight, seven, and 
fifteen. Using concrete material, ask, “seven and ? make 
fifteen? What and eight make fifteen?” The forms, from, take, 
mmua, left, subtract may well be postponed until all the 100 
combinations have been taught. 

9. The equation form of drill may now be introduced: 

8 + 7=? 7 + 8 = ? ?+7 = 15' 15 = 8 + 7 

These forms may be presented on perception cards. The sym¬ 
bols are explained when they first appear. 

10. Apply the number facts, as they are learned in each 
of the above steps, to as many practical problems as possible 
so that the additive idea is thoroughly understood. It is most 
unwise to wait for the fractical applications until the last 
step is reached. 

As progress is made in the combinations of addition, 
children take the steps outlined above quickly and with less 
direction by the teacher. In actual practice the entire lesson 
on' a new combination takes only a small part of a twenty- 
jninute period in number work. 

The zero combinations. There is no value in teaching the 
zero combinations by a procedure suggested for the others. 
The need for zero combinations does not arise in dealing with 
concrete materials. They enter , into calculations only in 
written work when the addends contain zeros, as in examples 
like, 30+ 7+104+162. The addition of zero should be dealt 
with when the situation arises. No carefully planned series of 
teaching steps is necessary for zero combinations. 

... Games. While games designed to give practice or drill are 
generally sanctioned, they must nevertheless be evaluated 



TEACHING ADDITION OF WHOLE NUMBERS 259 


critically. The time spent on these gances may he out of keep¬ 
ing with the value of the contribution they make to a lesson. 
We have yet to prove that they are more effective than ra¬ 
tional motivation followed by functional drill. In the absence 
of objectively derived data, no final judgment can bo made. 

Games must be simple, and attention must be focused on 
number combinations rather than on the process of the game. 
The primary aim of the number game is to teach number 
facts. This objective must ever* be kept in sight. Nor is it 
advisable to stimulate the competitive spirit too much in these 
games. With a little ingenuity teachers can devise suitable 
number games, and adapt to number work the existing games 
used in other school subjects.® 

Objectives to be attained in teaching number combina¬ 
tions, The following questions indicate the factors that deter¬ 
mine the success of a series of lessons on number combinations: 

1. Is the drill motivated and made functional? 

2. Is the recognition made instantaneously and without counting? 

3. Are many children called per minute? 

4 Is there a “calculated frequency of appearance” of each com¬ 
bination? 

6. Are these drills given in short but frequent periods? 

6. Are there periodic testa to discover the specific combinations thati 
each child has not yet mastered? 

?. Are drills individualized to meet the weaknesses of individual 
pupils? 

Carrying the basic combinations to higher decades. Unless' 
the basic combinations in addition are carried beyond the sum 
of 18, they will not give the child an adequate set of skills 
for every kind of useful addition. Adults as well as children 
who recognize instantly 6+7, hesitate at 56+7 or 76+7- The 
tendency seems to be to say for 56+7, “sixty, sixty, sixty- 
three” and for 76+7, “eighty, eighty, eiglity-three." The 3 
never changes when a 6 and a 7 are added; yet the hesitatibn 
is on the fixed element. 


8 Any good present-day textbook in nrithmetio contains many suit¬ 
able games. 
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The explanation is simple: skill developed in the basic 
combinations is not readily transferred to higher decades. We 
■ must provide adequate practice in making this transfer. Carry¬ 
ing the combinations to higher decades is sometimes referred 
to as “upper-decade addition,” or “adding the endings.” 

There are two classes of Upper-decade additions: In the 
first, there is no bridging of tens; 34+5, 42+6 are examples. 
In the second, the addition brings the sum to one decade 
higher than the larger addend; 34+7 and 42+9 are illustra¬ 
tions. The object of this classification is to indicate an 
inevitable gradation. 

Upper-decade addition is very important but it need not 
be presented as a set of new combinations. Experience proves 
clearly that it can be taught adequately as an extension of 
corresponding combinations in the basic combinations. After 
the child has mastered 8+7 and 7+8, he should be taught 
17+8 and 57+8. The blackboard or chart work may take on 
the following appearance: 

7 17 57 27 37 87 67 77 47 

15 “ 

8 18 68 28 38 88 68 78 48 

_7_7_7_7_7_7_7_7 7 

,15 ~ 

Another device for ready drill in carrying the basic combina¬ 
tions to higher decades consists of two concentric circles, thus. 


Add numbers in inner circle to 
the numbers in outer circle as 
rapidly as the teacher points to 
them; e.g., 

7+5,7+65,7+86, etc., 9+6,9+16, 
9+26,9+46, etc. 
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The Bumbers in the outer circle may be erased and 6,16, 26, 
36, or 9, 19, 29, 39, etc.,, substituted. The mechanical devices 
suggested for the basic combinations can easily be modified 
for our immediate purpose. 

Short, frequent periods devoted to this type of drill bring 
gratifying results and tend to generalize the basic combina¬ 
tions of additions. 

Addition through counting exercises. In the preceding 
chapter vre discussed fully the values of counting by 2’s, 3’s, 
4’s, 6’s, etc., as preparatory exercise for addition and multipli¬ 
cation. Those who sanction such counting teach it by the 


following practices; 

1. Count 1,2, 3, 4, 6, 6, 7,8, 9,10,11,12, etc. 

2. Count 1, 2, 3, 4, 6, 6, 7, 8, 9,10,11,12,13,14, etc. 

The teacher writes these two lines on the board. The children 
read the second line, emphasizing the even numbers, thus 1 
(soft,) 2 (loud), 3 (soft), 4 (loud), 5 (soft), 6 (loud). 

Repeat a number of times until 2,4,6, 8, etc., have made strong 
visual and auditory appeals. 

3. Count 2, 4, 6, 8, 10, 12, erasing odd numbers. At first, taps, or 

aim and finger movements may accompany the count; later 
these are omitted. Experiments made in these counting forms 
show that the introduction of rhythmic quality and auxiliary 
movement of finger, arm, on foot will aid in the acquisition of 
the new series. 

4. Similarly (a) 1, 2, 3, 4, 5, 6, 7,8,9,10,11,12,13, etc. 

(6) 1, 2, 8, 4, 6, K 

loud soft loud soft loud V 

6, 7, 8, 9, lb, 


soft loud soft loud soft 
11, 12, 13 

, loud soft loud 
(c) 1 3 B 7 9 11 13 etc. 

Similar procedures are used in 
teaching counting by adding 
by 3’s, 4’s, 6’s, etc. It is im- 
portant to remember that ' 
when the series, 1, 3, 5, 7 


1 

3 

5 

7 

9 

11 


2 

4 

6 

8 

10 

12 etc. 


... or 2,4,6,8,10 .. . is recited by rote, the responses have 
diminished value because the child does not perform rapid 
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successive additions. When this stage is reached, the assign¬ 
ment should be made by indicating an initial number higher 
than 1. Thus, "Count by 2’a, begin with 7; by 3 ’b, begin with 
9.” Now the child cannot fall into a rhythm which requires no 
arithmetical thinking. 

Written Addition 

Written addition to be delayed. In the final analysis, pro¬ 
ficiency in written addition is conditioned upon the mastery 
of the 100 basic combinations and of upper-decade addition- 
two elemenia that make up the oral work in addition in the 
, introductory grades. Nothing is gained by introducing written 
addition too early. In fact, much is lost, because inadequate 
preparation for written addition leads to many bad habits; 
slow responses, finger calculations, and excessive "talk”—all 
arising from the pupils’ lack of confidence and imperfect 
habituation. 

Gradation of written addition. 

1. No Carrying. 

а. Single column 

б. Two columns 
c, Three columns 

2. Carrying 


a 

Hishet 
decade &d> 
ditioDB 

}> 

Carry- 
inc in one 
oolumn 

0 

Carry¬ 
ing in two 
oolumne 

d 

Carry¬ 
ing in three 
oolumna 

$ 

Same as 
i with Be- 
FOB 

/ 

' Addondi 
with Irreg¬ 
ular num- 
bet of 
pleoes 

0 

Any oom- 
biuation of 
proceding 
latepa with 
InoreiiBo in 
the number 
of plooee and 
of addends 

9 

19 

19 

240 

209 

S40 


7, 

7 

87 

£26 

520 

82 



B 

38 

1T4 

107 



49 

6 

40 



40 







8 ' 


9 







7 

'8 






' 
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Single-colunui addition. Adding a single column of num¬ 
bers involves nothing new. It does, however, open many possi¬ 
bilities of acquiring bad habits of thinking and working. 
Against these we must bend all our energies. 

Discourage talking. In finding the sum of the single column 
to the right, children should be trained to think: 

9, 16, 21, 29, 35, 38. They should never be per- 9 

mitted to say to themselves: 9 and 7 are 16; 16 7 

and 6 are 21; 21 and 8 are 29; 29 and 6 are 35; ^ 

35 and 3 are 38. The answer is 38. This excessive 0 

inner talk retards rate and diffuses attention. A 3 

new source of errors is thus developed. Children in ~ 

the upper grades who talk during their addition 
find liiat they make more errors when they try to eliminate 
this excessive inner speech. This is to be expected because we 
are interfering with their addition habits, undesirable habits 
to be sure, but habits none the less. In the early grades, when 
single-column addition is first introduced, children must be 
led to acquire the habit of rapid addition without vocalizing 
each of the successive addends and all the partial sums. 

Eye movement in column addition. The characteristics 
of the eye movements are as revealing in addition as they are 
in reading. Extensive experimentation on eye movement has 
been conducted by the School of Education of the University 
of Chicago. Buswell describes the mechanism for recording 
these movements in addition, 

In brief, the method consists in the photographing of a light from 
a Tungsarc bulb, which is reflected to the cornea of the eye from 
silvered-glass mirrors and from the cornea of the eye through a 
camera lens to the hook of the camera where it falls on a continu¬ 
ously moving kinetoscope film. The direction of the pencil of light 
changes with each movement of the eye. ... An electrically driven 
tuning fork, built to vibrate 25 times per second, is interposed in the 
path of the beam of light in such a way that the pencil of light is 
intercepted at each vibration. There is thus produced on the film a 
series of dots, . . . each dot representing a twenty-fifth of a second." 

" G. T. Buswell, "Diagnostic Studies in ArithmetiB," Supplementary. 
Educational Monographs, No. 30 (Uaivereity of Chicago Press, July, 
1926), pp. 14-lB, 
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This record of eye movement is significant. Since the child 
does not Imow what is being sought, his eye movements are 
not conditioned by any disturbing factor. The record of eye 
movement thus gives an insight into tlie child’s mental 
behavior in a specific arithmetical situation. 

A study of the characteristics of eye movement in adding 
leads to the following generalizations: 

1. In efficient adding there is a regular movement from 
top to bottom or from bottom to top. We also find that (a) 
the fixations are in sequence; (b) there are as many fixations 
as digits to be added; (c) the intervals between fixations are 
fairly regular and give opportunity for combinations of num¬ 
bers—thus a 3 and a 2 are seen as 5. 

2. In poor performers the movement shows regi'essions, 
that is, the fixations are not in the directions desired by the 
pupil, the number of fixations is greater than the number of 
digits in the column, the intervals of fixation are irregular and 
show marked increases at moments of confusion. A consider¬ 
able number of random movements are also made during addi¬ 
tion by those who have not yet acquired the necessary number 
habits. 

Interesting comparisons can be made of eye movements 
in reading with those in addition. The lesson from the facts 
thus far acquired is simple: we must impress upon each child 
the importance of continuing his addition in one sequence, 
' say, from top to bottom, and of resisting any temptation to 
look back or to linger at any point in the column of figures. 

Adding up or down. Whether the eye should move up or 
down in adding a column of figures is a question which has 
, engaged the attention of many research workers. The dispute 
seems trivial “ and the investigations concerning it seem foot¬ 
less. The data gathered so far favor a downward movement 


“F, B, Enight, "Some Aspoota in Elementary Arithmotio,” Cum'c- 
vhm Problems in Teaching Mathamalics, Second Yearbook of the 
National Council of Teachers of Mathematics (Teachers College, 
Columbia University, 1927), p, 11. 
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of the eye.’'^ But the most practical method of checking addi¬ 
tion is to add each column in reverse order. Hence children 
must be taught to add down-wards and then upwards. The 
important characteristics to develop in eye movement in add¬ 
ing, are consistent direction and regularity of movement and 
fixation. 

Gradation of single-column addition. With children other 
than the very ablest, it is well to grade single-column addition 
by limiting the sums to 20, then to 30, and thus increasing 
them by decades. Piner gradation than this is unnecessary. 
Nothing will take the place of regular daily practice in 
addition. 

Two or more column addition. Gradation. At first children 
should be taught to add two or more columns in which there 
is no carrying. Such examples are: 


24 112 

31 and 314 

82 121 

12 42 


A variation of this type of example introduces numbers in 
the left column which will yield an additional place, thus: 


24 

412 

S3 

314 

72 

521 

— 

42 


The next major step is taken when carrying is necessary in 
one column. The succeeding steps in the gradation are offered 
earlier in our study of written addition. 

Carrying. In teaching children to add the accompanying 

R, Buckingham, "Adding Up or Down," Jourml of JUdueaHoml 
Bmarch, Vol, 12, November, 1026, pp. 261-261; "Arithmetic at the 
Crossroads,” Ohio State University Educational ReseareJt Bulletin, Vol. 
6, January 5,1927, p, 6, 
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nuintere of two orders, review the names of the two places, 
units and tens, or cents and dimes. When tlie sum 
of the units is obtained let the children analyze ^ 

17 into 1 ten and 7 units or 1 dime and 7 cents. 29 

The simplest procedure is to put cents or units in 31 

the units’ column and the ten or dime in the tens’ ^ 

. column. The carry figure is written in the ap- 7 

propriate column. 

Objection is made to the use of the auxiliary carry figure 
on the ground that it is a crutch. In defense we may argue 
that the object is to attain accuracy and reasonable speed. 
To insist that children “keep the cany figure in mind” may 
retard their speed by causing them anxiety lest they forget to 
carry. A cause of error is thus introduced. Boolckeepers always 
put their “carry figures” at the foot of the ledger for the help 
these figm'es render in checking addition. The critics of the 
procedure ha-e suggested insist that when the addends are 
numerous and large, carry figures may be inserted in the 
proper column, but children should not be given such long 
addition examples. The question is thus raised whether we 
should teach two addition practices or techniques, 
depending on the length of the example, or only 
one and then guide children to apply it consistently. 

Siuely the example at the right is not beyond the 
scope of the elementary school. Writing the carry 
figure in the tens’ place is a decided help to any 
child and enjoys a good reputation among 
bookkeepers. 

A'device to quicken ihe habituation of the 
“carrying” technique is to give practice, as indicated below, 
for a few minutes on each day of one week. The following is 
placed on the board; 


64 

73 

89 

97 

21 

83 


7 


4 7 2 5 9 1 8 3 6 

The teacher points to 4, 6, 8, and 6 and does 
not accept the answer 23, but insists on 26, that 
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ia, 23 increaaed by 3. She then points to 9, 6, and 4; ahe 
rejects the answer 19 and aceepts only 22 (19 increased by 3). 
After five or six such examples, the 3 in the carry box is 
changed to another number and the practice is continued. 
Three or four minutes daily for five or six days facilitates the 
learning of carrying in addition. 

In teaching “carrying” we usually explain the process with 
examples in which the carry number is 1. As an initial step, 
this is thoroughly justified. But at a later time it becomes 
important to teach children Low to carry 2, 3, 5, and all 
other numbers to 10. In an advanced stage in addition the 
carry numbers should be larger than 9. Children in the fifth 
grades obtain 127 as the sum of a first column. They put 
down the 7 correctly and look puzzled when they find that 
they have 12 to carry. This condition must be anticipated so 
that the child will meet it intelligently when it arises. 

In teaching three-column addition a similar procedure may 
be followed. The processes should be rationalized, but the 
rationalization should be kept simple and the algorism should 
be designed to aid the acquisition of the necessary habits. It 
seems unwise to overanalyze and dig too deep in explaining 
the process. Such rationalization as the following merits the 
general condemnation now accorded it: 238+ 325= 

238 = 200 + 30 + 8 
326 = 300 + 20 + 5 
■ =500 + 60 + 13 = 600 

50 
_13 
563 

Even the superior children are lost in this maze of equivalents 
and cannot make the synthesis of the ihany steps necessary 
for a generalization. 

, Miscellaneom drills and suggestions. As soon as a suffi¬ 
cient number of habits in additive combinations have been 
developed, any appropriate form of addition employed in com¬ 
merce or in industry should be used for systematic practice.' 
Mechanical devices like the ladder, the circles, the trianglq, 



268 THE TEACHING OF ARITHMETIC 


the etaircase, and the railroad ties have their values, but they 
give practice in only one kind of addition. The child must 
learn to do more than add 9, 6, 5, 8, 7, 4. Hence statistical 
data found in geography or history texts or in newspapers, 
and conveniently arranged figures in the arithmetic textbook 
will be found helpful in providing continued practice in many 
kinds or arrangements of addition. 

Practice may also be given, though not very frequently, 
in horizontal additions by requiring pupils to make tabula¬ 
tions like the following: 


Eboobd 01 Pabobls Sbipmid by BnowN & Co., Week Ending 
October 27 


Sent by 

Mon¬ 

day 

Tuca- 

dny 

Wednes¬ 

day 

Thurs¬ 

day 

Friday 

Satur¬ 

day 

Total 
for the 
Week 

Parcel post.. 

72 

148 

106, 

203 

117 

48 

7 

Expreas. 

38 

06 

92 

86 

110 

71 

1 

Frdght. 

17 

32 

41 

64 

. 74 

39 

y 

Measenger... 

9 

7 

14 

12 

8 

27 

7 

Doily totals 

7 

7 

7 

7 

7 

7 

7 


Systems of adding have been devised for increasing speed. 
So far the most reliable aid in achieving reasonable rate is 
the acquisition of those 
habits that make for ac¬ 
curacy. For this reason 
the much extolled “catch¬ 
ing ten’s’’ should not be 
taught. Speed may be at¬ 
tained by this process at 
the cost of accuracy. Too 
often the child spends too 
much time looking for 
combinations that make 
ten, and thus loses time. The accompanying examples illus¬ 
trate the "method of catching ten’s." A mere glance shows that 
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unless the child exercises unusual care, some numbers may be 
overlooked in gathering the addends that produce a ten. 

Practice in rapid addition of two addends of two orders 
(for example, 35 + 48) is advocated by many. In such addition 
two processes may be used: Form A: 30+ 40 = 70, 6 + 8=13, 
70+13=83; Form B: 36, 76 (36+40), 83 (75+8). In Form A 
there is danger that the child will lose the 70 (resulting from 
30+ 40), by the time he has 13 (resulting from 5+8). The 
second form is recommended because it is a continuous process 
and the child can be taught to think “35, 75, 83.” Addition 
of three numbers of two orders each can be performed in the 
same way; namely, 54, 64+ 20 =74, 74+ 8= 82, 82+10= 92, 
28 

92+9=101; the child thinks: “54, 74, 82, 92,101.” 

This form of rapid addition must be graded before it is 
taught. The following tabular arrangement summarizes a plan 
of gradation discussed earlier. 


Step I 

Step II 

Step III 

Step IV 


34 + 40 

34 + 43 

34 + 47 



57 + 22 

67+28 

Basis; 3+4 

Boeis; Step I 

Units numbers give 

The ten’s are 

and 6+2 


sum not greater 
than 9. 

bridged. 

Child thinks: 

Child thinks: 

Child thinks: 

Child thinks: 

30,70; 

, 34,74; 

34,74,77 

34,74,81 
(34 + 40 + 7) 

67, 77,86 
(67 + 20 + 8) 

60,80 

67,77 

(34 + 40 + 3): 

67,77,79 
(67 + 20 + 2) 


Eive mmutes out of each arithmetic lesson for a week, 
devoted to this graded practice, develops ability to add rapidly 
and continuously such numbers as 28 and 46, 37 and 69, 
and 44 and 37. 

Inventory of common errors in addition and remedial 
suggestions. In every arithmetical process, there are common 
pitfalls. These we must know in order to forestall them in our 
teaching and to look for them in the work of less proficient 
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pupils. We shall present these common errors and suggest 
corrective measures for each. 


The Common Errors 
1. Errors due to faulty learning 
of the basic combinations. 

7 + 8 = 16 (ignorance of num¬ 
ber facta or of the 
signs) 

5 + 1= 5 (confusion with 
multiplication) ■ 

, 59 

_40 

00 (zero difficulty) 

47 

39 

97 

162 (imperfect mastery of 
carrying basic combina¬ 
tions to higher decades) 


2. Errors due to defects in carry¬ 
ing. 

86 

96 

171 (failure to carry) 

35 

23 

68 (carrying when not neces¬ 
sary) 

83 

J9 

141 (carrying the wrong num- 
her, 9 + 3 = 12. The 2 
was carried.) 


The Corrective Measures 

1. 0 . Give periodic diagnostic 

tests on basic combinations 
to discover individual weak¬ 
nesses. 

6. Encourage pupils to keep 
an individual record of 
combinations requiring fur¬ 
ther drill. Supply differ¬ 
entiated drills. 

c. Give speeial periodic drills 
to the class on the most 
troublesome eombinations 
as revealed in diagnostic 
tests. 

d. Discourage counting and 
such auxiliary aids as 
9 + 7 = 16because9 + l = 
10,1 taken from 7 leaves 6, 
hence 10 + 6 = 16. Some 
children indulge in even 
more complicated arithmet¬ 
ical circumlocutions. 

e. Periodic tests to ascertain 
degree of mastery of the 
symbols +, =, etc. 

2. 0 . Give a simple esxplanation 

of carrying, and provide 
drills in carrying as sug¬ 
gested earlier in this 
chapter. 

, 6. Vary types of examples so 
that in any one lesson there 
are examples that do not 
require carrying as well as 
examples that do. 

c. Insist on ohecldng of an¬ 
swers. 

d. Much individualized and 
differentiated drill on 
upper-decade addition. 
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The Common Erma 

3. Errors due to carelessness re¬ 
sulting in misreading of direc¬ 
tions and in miscopying. 

7 + 8=56 (-Hread as X) 
6X4=10 (confusion due 
either to lack of 
knowledge of eym- 
• bole or to careless 
reading of sym¬ 
bol) 

Add: 78 

_8 

624 (multiplication per¬ 
formed) 

■ Add 74,36, and 42. 

74 

36 

24 (42 is miscopied) 


The Corrective Meaaurea 

3. a. Occasional talks on the im¬ 
portance of careful reading 
of examples, figures, sym¬ 
bols, and key words are 
helpful. 

b. Give frequent examples in 
addition with only two ad¬ 
dends so that children will 
not associate any two num¬ 
bers with multiplication. 

c. Once each week' a five- 
minute exercise should be 
assigned in copying such 
numbers as 339, 933, 603, 
309, 711,117, 171. 


4, Errors due to skipping or re¬ 
peating decades. 

37-1-8 = 56 (skipping the 
forty decade) 

37-1-8 = 35 (repeating the 
thirty decade) 


4. a. Insist on checking of every 
answer by doing example 
again or by adding in re¬ 
verse order. The errors re¬ 
ferred to in the left column 
do not occur in isolated 
form as there shown, but in 
the process of adding long 
columns. 

b. Motivated practice in car- 
' Tying basic combinations to 
higher orders is a decided 
help to children who make 
these errors. 


These are not the only errors made by children, but they 
are the most common errors. A complete list of possible errors 
in addition reaches a total of over forty-four.'® Such a list is 


I'B.'F. Knighti “Some Condderatipns of Method," in the Tmnty-‘ 
Ninth Yearbooh of the National Society for the Study of Education 
(Public School Publishing Co., 1980), pp. 177-179. 
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interesting but excessively full for practical classroom use 
One cannot need not teach every component skill that 
enters into the general ability known as addition. We teach 
each of the important skills and assume, with justification 
that a measure of transference does occur.^" When a child has 
k^ned to oary 1, 2, 3, and 6 we may rest assured that he 
will know what to do in an example in which 4 or 6 must be 
CMried. We shall refer to these common errors later in our 
discussion of diagnostic testing and remedial teaching. 

Problems for Study and Discussion 

to transfer of 

trajmng in number combinations i 

(а) No transfer talces place- the child who learns 6 + 7, is not 
helped in learning 7 + 6 or 17 + 6 or 16 + 7 

( б ) Traming is gener^ and therefore transfer of training takes 
place: the child who learns 6 + 7 will know 7 + 6 and®17 + 6 
md 16 + 7 if he is attentive while learning. 

(c) A measure of transfer of skill does talce place because of the 

X situations: the child who learns 6 + 7 

6^+7 of the fact 

6 + 7, he facilitates die learning of 7 + 6 a nd even 16 + 7 . 

<m interesting report of an experiment made with 100 ohiWrpn nf 
pade IS presented by Beito and Bnieokner 'T aA™ * I 

oonbinatjon moll aa j^as nearly aa ean be, the revetae farm. 7 ia learned 

.The bond 

over almost completely to the rn n addifaon combination carries 
is influenced very little bv tlin moti, .i amount of carry-over 

the amount of transfer is influGneerf h “1 We believe that 

izes about idenS oTeSSt Seneral- 

oocurred in the inferior groun The peateat transfer 

makes these findings incond^ 

These two unite f w1833)- 

‘Tta.afar cdTlrdnl.nt ahairlar 
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Which of these three positions are we warranted in accepting on 
the basis of experimental data thus far gathered? Give reasons and 
references • 

2. Formulate a justification for the foDowing procedures: 

(o) Teach 7 + 9 and 9+7 in the same lesson, aa related facta 
rather than in separated lessona as discrete facts. 

(6) To teach 5+8, begin with a single large group of 13 objects 
and not with two small groups of 5 and 8 objects, 

' (c) Zero combinations in addition may well be postponed until 

the child does column addition. , 

id) Be cautious in providing practice in addition through games, 
(e) Discourage voiced or unvoiced speech in addition, even 
t. lin n j rh the pupil may insist that he can add more rapidly 

and more accurately that way. . ,., 

3. Ma k e a list of the technical terms and expressions which occur 

in this chapter. Define and illustrate each. . 

4. List the characteristics of eye movement in effective reading; 
compare these with the eye movements of a pupil who is efficient in 
adding. Repeat the comparison, using the eye movements of children 

deficient in reading and addition. _ 

6. Secure a set of test papers in column addition. Analyze the 
errors you find in children's work, following tlie analysis of errors 
offered in this chapter. For each common error, set forth corrective 


measures. 

6. If possible, have assigned to you a small group of about five 
children who are poor in addition. Prepare a diagnostic test in addi¬ 
tion. Obtain the I.Q. or the mental age of each child. What diagnosis 
can you moke of each child’s deficiency? What corrective program 


I 
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TEACHING BTJBTRACTION OF WHOLE NUMBERS ' 
Oral SuBmcrioN 

Relation of subtraction to addition. While there are no 
objective data on which to decide whether addition and sub¬ 
traction combinations should be taught separately or together,^ 
experience seems to indicate that the latter procedure is the 
wiser. When children have mastered the 100 basic combina¬ 
tions of addition, they have taken a significant step towards 
the mastery of the subtraction combinations. Hence 9+6 and 
6+9 are not really learned until the children Icnow 9+?=16 
and ?+6=15. Another step brings the pupils to 16 less 6 
and 15 less 9. 

The basic combinations of subtraction. In the learning 
process the foundational facts of subtraction come, as we have 
just seen, from the basic combinations of addition. A careful 
review of these additive combinations, with stress on the forms 
for subtraction, is sufl&oient at this stage, Care must be exer¬ 
cised to teach each form of expressing the idea of subtraction. 
Thus, to teach 16-7, we follow the lesson outlined for any 
combination of addition (see pages 256-262) and then intro¬ 
duce the following at the appropriate place: 


, 7,cents and how many more nmke 16 cents? 7 + ?=16 

How many cents and 9 cents make 16 cents? ? + 9 = 16 

I had 16 cents and lost 7 cents. 16—7 = ? 

I had 16 cents end lost 9 cents. 16 — 0= ? 


, R. Buckingham, "Teaching Addition and Subtraction Facts 
. Together or Separately," Ohio State University Educaiioml Research 
BuMin, Vol, 6, May 26, 1927, pp, 22M20, 246-242. 
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I had 16 cents yesterday and only 7 cents to-day; how 

much did I lose? 16—? = 7 

I had 16 cents yesterday and only 9 cents to-day; how 

much did I give away? 16— ? = 9 

Both the vertical and the horizontal or equation forms of 
the algorism should be taught, that is, 

16. 16 16 16 16-7=?,16-?=7, ? 

zl Z® Zl! ±i’ 

? ? 7 9 16. 

Finally, the comparative fonn of subtraction must be intro¬ 
duced; 16 is how much greater than 9? 9 is how much less 
than 16? Through a host of practical examples that lend them¬ 
selves to objective demonstration the child should be made 
familiar with the various forms of expressing the idea of 
subtraction. 

Oradation oj the basic combinations. The gradation of 
the 100 combinations in addition applies, of necessity, to the 
subtraction combination. One change is urged, to wit, that all 
zero combinations be taught last and in the following 
sequence: (o) a number less itself, 

5 and 6-6=0; (b) a number diminished by 0, 5 and 

zl z2. 

0 5 , 

6-0=5; (c) zero less zero, 0—0=0. In all other respects the 
gradation of addition may be followed. 

The three basic ideas of subtraction. From the illustra¬ 
tions we have cited, three distinct subtraction ideas emerge: 

1. What is left—I had 12 and lost 3; how many are left? 

2. How much is needed—I have 12 but I need 15; how many more 

must I get? , 

3. The difierence—I have 12 and John has 15; how many more has ' 

John? 

These three , conceptions of subtraction must be repeated , in 
simple, practical problems as children learn each new combi¬ 
nation. Uhleas this is done children will know the abstract ■ 
number facts but will be helpless to make applications of, 
them to real situations. 
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Widening the scope of the basic combinations. Unless 
the foundational combinations are carried to higher decades 
their usefulness is appreciably lessened. Many who can give 
an instantaneous response to 17—8 hesitate at 37—8 and 
say "20,20,29.” There is an explanation but not an adequate 
excuse for this retarded response to 37—8—failure'to carry 
basic combinations to higher decades. 

It is well to grade these subtraction combinations of higher 
decades. The following plan is suggested: 

Step I. Combmations in the same decade: 69 — 52; 67—61; 
86 - 84. 

Step II. Subtrahend, 10, 20, 30, 40, etc.: 78 — 10; 78 — 20; 
78-40. 

Step III. Combinations with a zero in the minuend: 60 — 62; 
70-61; 90- 84. 

Step IV. Bridging ten’s, with subtrahend over ten: 52—11; 

68 — 12; 74—13; no borrowing involved. 

Step V. Bridging ten’s with a subtrahend less than ten: 62—9; 
64-8; 83-7. 

Step VI. A combination of steps IV and V: (o) 74—68; 82—76; 
(b) 74-16; 82-16. 

The gradation may be made finer or cruder depending upon 
the ability of the pupils. The elimination of -Steps IV and VI 
can be justified very readily. 

Mechanical devices will facilitate the drill on highei’-decade 
subtraction. A few illustrations are here submitted: 



Subtraction m the same decade. 
9-12, 19-12, 69 - 62, 89 
-82,99 - 92. 



Subtraction of a digit from any 
decade. 9 from 14, 24, 64, 64, 
94. 6 from 14, 94, 84, 74. 
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Subtraction of any numbw of 
two orders from any other 
number of two orders. 

38-19, 68-66, etc. Proc¬ 
ess: 38-19, 38-10, 28-9, 

19. Reverse of similar addi¬ 
tion device. 

The numbers on the large dial must be changed in each case 
until every variety of combination is introduced. 

The following is a simple but helpful preparatory device: 

1 2 3 4 6 6 7 8 9 

_ -8 

The teacher points to 9 and —8 or to 8 and -8, child gives 1 
or 0. Teacher points to 7 and —8; when child says, “can't 
take 8 from 7” the teacher gives permission to make any num¬ 
ber ten higher,, for example, 6 becomes 16, 7 becomes 17, 4 
becomes 14. Teacher points to 3 and —8, to 5 and —8, to 4 
and -8, to 6 and —8, and the child thinks “13, 15, 14, 16“ 
as the minuend in each case, and gives the answers, “6, 7, 
6, 8” respectively. The subtrahend 8 is changed to anodier 
number and the drill is repeated until the responses become 
habitual. 

This is a useful drill to prepare for subtraction with bpr- 
rowing: 

62 52 ? 27 ? 

-27 -? -27 + ? -+27 

27 25 62 62 
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52 is how much greater than 27? 27 is how much less than 52? 
Required process: (a) 52 -27 ; 52 -20, then take 7 from the 
result; for example, child thinks “52, 32, 26.” (b) Addition 
jde^Tn^hat number added to 7 gives two, etc,, as will be 
explained under Austrian subtraction. 

Present Obtain 


62-27 

92-60 

,74-26 


a b c 
52- 27= 25 
92- 60= 32 
74- 26= 48 


218-113 = 105 


Call first column a, second 6, the 
answers c; then add all of a, all of 
6, all of e; take all of b from all of 
a to find if total c lesulte. 


218-113,218-100=118 
118- 10=108 
108- 3 = 105 


To increase the number of these drills special adaptations 
can be made of the devices suggested in addition. These drill 
forms are for all grades throughout the school course. 


Weittbn SimraacTiON 

Gradation. 

1. No carrying 

Gradual increase in number of places witli zeroes in the sub¬ 
trahend; 89 894 548 

72 273 203, etc. There is no difficulty of num¬ 
ber or of teaching in this type of subtraction. 

2. Carrying or borrowing 

0 . Zero in units' place, 70 80 

‘ 5. Number larger than zero in unit’s place in two-place num- 
71 82 

beis, 35 43 

c. Three-place numbers with borrowing in the tens’ place, 

837 

d. Steps 2 and 3 combined, 830 754 also 754 

247 267 206 
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e. Threo-plaoe numbers, internal zero in minuend, 806 

f. Steps 2,3, and 5 combined, 806 605 

g. Increase places with one or more difSculties in the list above, 

h. Two or more zeros either terminal or interval, 

800 8000 8004 etc. 

m 2746 ^ 

!. Any reasonable subtraction example. 

Teaching of subtraction-with borrowing or carrying. There 
is obviously no difficulty in the first type of subtraction when 
every number in the subtrahend is smaller than the number 
in the corresponding place in the minuend. Here the child 
writes the answer instead of saying it. The process is familiar; 
only the algorism must be taught. 

But when a number in the subtrahend is larger than the 
number in the corresponding place in the minuend, difficulty 
is experienced by the children, and a teaching problem arises. 

It is best to begin this type of subtraction with minuends 
having zero in the units’ place, 70, 60, because only one 

major new step must be taught. In such examples as 72 two 
new steps are involved. 

There are many ways of subtracting 28 from 72. Which 
to teach is still a moot question. The reader is advised to 
perform each of the following examples slowly so that he may 
identify the process he uses. 

1. The method of take away and carry or equal additions. 

The rationaligaUon: 8 from 2,1 can’t take. I borrow 1 
72 from the tens’ place, which gives me 10 units. 2 units 
and 10 units are 12 units. 8 from 12 is 4. But the one 10 
borrowed must be repaid to the tens’ place. Hence, 
8 from 7 is 1. 

,. The child thinks: 8 from 2; 8 from 12, 4; 6 from 7,1, 
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Critidsm: The process is based on the axiom that if equals 
are added to each of tvo numbers, the difference between 
them remains unchanged. In this method we proceed as if we 
had done the following: 

72, thus resulting in 70+12 

—68 minus 60+8 

result 10+ 4=14. 

This rationalization does not rationalize the process to young 
children, because they do not understand why we pay back 
to the lower lO’s after having borrowed from the upper lO’s. 
The conception of borrow and pay back is not mathematical 
and probably tends to interfere with rapid habituation. In 
such examples as 3203—1664 this process becomes especially 
cumbersome. 

2. Method of decomposition or reduction to equivalents. 
The rationalkation: 8 from 2 I can't take, hence change one 
of the lO’s to 10 units. 2 units and 10 units make 12 
units. 8 units from 12 units leaves 4 units. 5 ten’s from 
6 ten's (not 7 ten’s since 1 ten was converted into units) 
leaves 1 ten. 

Child thinks: 8 from 2; 8 from 12, 4; 5 from 6,1. 

CriUdm: This method is the favorite of many teachers 
who hold that it is very simple because it can be demonstrated ■ 
objectively with dimes and cents and that it can be habituated 
quickly. Others are opposed to it because it requires mastery 
of a second set of number facts—the subtraction combina¬ 
tions. They also point out that when two zeros occur in the 
minuend the children experience no little difficulty in reducing 
to equivalents, thus; 

2 g g jQ ’ The recommended form 

200 4 3004 no "crutches" 

-1768 1768 should be permitted. 

1236 1236 

Of course, the auxiliary figures are here shown merely to 
indicate the child’s thinking as he carries out each stop. Surely 
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no one will maintain that thie ie a simple process. These two 
indictments are swept aside by the proponents of the method 
of decomposition or reduotion-to-equivalents, who argue: sub¬ 
traction tables are necessary in all methods, and a minuend 
like 3004 usually presents difficulties no matter what system 
of subtraction is used. 

3. Siibtraction by addUion, the Amtrian method. Earlier 
in our discussion subtraction was presented as a process of 
comparison as well as a process of diminution. A fuller mean¬ 
ing of these two concepts may be obtained by tracing their 
contrasting characteristics: 


A 

John had 2Sf! and lost 20{i. What 

had he left? 

1. The subtrahend was origi¬ 
nally part of the minuend. 

2. The result, 5^, is a re- 
mainder. 

3. This example requires 25jl 
for abjective presentation. 

4. The process, 26<!—20^= 

is one of diminution. 


B 

John had 25^, William 20f John 

has how much more than 

William? 

1. The subtrahend is a separ 
rate quantity and was 
never part of the minuend. 

2. The result here is a mea¬ 
sure of difference. 

3. This example requires 46^ 
for objective presentation. 

4. The process, 20^ -f 7=25(S, 
is one of comparison and 
difference. 


It is obvious that subtraction by adding or by coiriparing 
must be stressed. The Austrian method holds that subtraction 
can be reduced to addition, and therefore should be taught, 
not as a new process, but as an application .of the older one. 
“John has 5o and William 7c, how much does John need to 
have as much as William?" reduces itself, naturally, to John's 
money plus how much will equal William’s, or 5+?=7. If 
% child knows the 100 combinations of addition, he knows 
the missing number, 2. Let us analyze a few examples worked 
by additive' subtraction. 
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The rationalization: 2 and what will give 6 ? 4. 

Write 4 in answer. 4 and what gives 7? 3. Write 3 in 375 
answer. 1 and what will give 3? 2. Write 2 in answer, m 
The child thinks: 2 and 4 , 6 ; 4 and 3,7; 1 and 2,3. 234 

The rationalization: 8 and what will give 6 ? 

Nothing. 8 and what will give a 6? 8.8 and 8 are 16, 
hence write 8 in answer and eariy 1 to the tens’ 128 
column. 1 and 2 are 3. 3 and what will give a 4? 1. ^ 

Write 1 in answer. 1 and what will give 3? 2. Write 218 
2 in the answer. 

Child thinks: 8 and 8,16; 2, 3, 3 and 1,4; 1 and 2, 3, 

The rationalisation: 8 and what gives 4? 8 and what gives 
a 4 or 14? Answer 6. Write 6 in answer. 6 and 8 are 14, carry 

1 to tens’ place. 6 and 1 are 7. 7 and what gives 2? a 

.2 or 12? answer 5< Write 5 in answer. 5 and 7 (6+1 > 

carried) are 12, hence, as in addition, carry 1 to hun- _ijl 
dreds' place. 4 and 1, S. 6 and what gives 7? 2. Write 266 

2 in answer. 

Child thinks: 8 and 6,14; 6,7,7 and 5,12; 4,5,5 and 2,7. 
Critical analysis of the Austrian or additive method. 
The superiority of any one of these methods of subtraction 
has not as yet been proved. Opinion is still pitted against 
opiiuon and the debate continues, 

The cose for the additive method. 1. No new number com¬ 
binations need be taught. The child learns 6+2—8 in addition 
and uses this combination in 8—2 or 8~6 because he thinks 

2 , and ? ^ves 8 or 6 and ? gives 8. 

2. It is the method that experience teaches the small shop¬ 
keeper in making change. When the purchaser of a 69-cent 
article gives the merchant a dollar, the latter gives the former 
the amount necessary to add to 69 cents to equal a dollar, 
by counting “69 and 1 makes 70, and 5 makes 75 and 25 
makes 1' dollar,” In getting his ledger balance he always seeks 
the niunber which, added to the smaller, will give the larger 

. -sum. 

3. Additive subtraction proves the answer in the very 
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process of subtraction. In other methods of subtraction the 
proof consists of adding the answer and the subtrahend to 
obtain the minuend. In the Austrian subtraction this addition 
goes, on all the time so that when the subtraction is complete 
every item has been automatically checlied. 

4. Investigators—not all, to be sure—have found additive 
subtraction superior to other methods. Their testimony, con¬ 
cerned with equal additiom, is interesting. 'Tor every age the 
E. A. [equal addition] children of both sexes were found to 
work subtraction more expeditiously than the D [decomposi¬ 
tion] children. And on the whole the number of errors is less.” *• 
McClelland concludes; “The method of equal addition appears 
superior in speed, accuracy, and adaptability to new condi¬ 
tions, while the method of decomposition is superior in speed 
after long practice.” ® Winch tells us that the method of equal 
addition is superior in accuracy and rate with young children. 
“This is true in the case of the superior children who already 
had learned something of both methods, and also in the case 
of the inferior children, who, prior to the experiment, really 
knew nothing of either method.” * The proponents of the Aus¬ 
trian method ought to derive little comfort from these results. 
They apply, strictly speaking, to the method of equal addition, 
and were derived from experiments with small groups of 
children. 

The case agrni&t additive subtraction. 1. Osburn^ and 


®P. B. Ballard, “NoriM of Perfonnanco in the Fundamental Pro¬ 
cesses of Ai'ithmetic, with Suggestions for Their Improyement,” Journal 
oj Experimental Pedagogy, Vol. 2, December, 1914, pp. 396-405; Vol. 3, 
March, 1916, pp. 9-20. 

■a William W. McClelland, “An Experimental Study of the Different 
Methods of Subtraction,” Journal oj Experimenial Pedagogy, Tol. 4, 
December, 1918, p. 298. 

* W. H. Winch, “Equal- Additions vs, Decomposition in Teaching 
Subtraction,” Journal oj Experimental Pedagogy, Vol, 6, December, 
1920, p. 270. 

• W. J, Osbum, “How Shall We Subtract,” Journal oj Educational 
JtesearcA, Vol, 16, November, 1927, pp. 237-246, 
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Buckingham,® on the basis of their own studies, conclude that 
the “take-away” method is more effective than the additive. 
But, again, their studies are not conclusive for reasons similar 
to those that prevent us from accepting as final the findings 
of their opponents. We have, then, equally inconclusive experi¬ 
mental data for both sides of the dispute. 

2. The argument that no new number combinations need 
be taught for additive subtraction cannot be maintained, for 
it holds with equal effectiveness for “take-away” subtraction. 
7 +4=11 is not completely mastered unless we also teach 
7 +y=ll and ?+4=ll. The reverse of any number combina¬ 
tion, we saw, is learned most economically when taught with 
the direct form. In neither system of subtraction can the idea 
involved in 11-4=? be neglected, because in dealing with 
quantities the act of diminishing is as basic as the act of 
augmenting. In both systems every additive combination, for 
example, 7+4=11, must be modified to 7+?=ll, then to 
11-7=? and finally to ll-?=4. 

3. Everyday business transactions do not demand additive 
subtraction. True, the shopkeeper does not usually say to his 
customer who makes a purchase amounting to 69 cents and 
presents a dollar, “100-69=31.” But neither does he say 
“69+?=100.” He uses coins and builds up from 69 to 100 
by adding 1 cent and then either 3 dimes or 1 quarter and 1 
nickel. Surely this process of adding the coins is not additive 
subtraction in the sense in which this term is employed. In 
business practice subtraction is usually regarded as diminu¬ 
tion. This is true in all forms of discount, depreciation of 
values, business losses, depleted stock, and the like. In these 
situations one generally thinks of a larger amount that became 
less. 

4. To hold that in the additive method one proves his work 


’B. B. Buokingham, “The Additive vs. the Take-away Method of 
Teaching Subtraction,” Ohio State University Educational Research 
Bulletin, Vol. 6, September 28, 1927, pp, 26&-260; "Arithmetic at the 
Crossroads ” Ohio State University Educational Research BuUetin, Vol. 
6, January 6,1927, p, 6, 
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as he performs it is to court deception. Let us compare what 
happens in each of these two methods of subtraction. 


Deamposition {Tdke Away) 
7203 Minuend (M) 
-4627 Subtrahend (S) 

2576 Difference (D) 


Additm or Austian 

7203 

4627 

111 

2676 


7203 Proof, D + S = M 


7 and 6=13; cany 1 to 2, result 3; 3 and 
7 = 10; carry 1 to 6, result 7; 7 and 
S = 12; cany 1 to 4, result 6; 6 and 
2 = 7. 


At first glance it does seem as if the very process of work 
proves the subtraction in the Austrian method, but a moment’s 
thought reveals that the inference is unjustifiable. What if 
the child says: 7 and ?=13; answer, 9; 9 and 7=13, write 
9 and carry 1 . When an error is made in Austrian subtraction 
it is afhrmed by repetition of the same combination. In the 
“take-away” subtraction the proof is a genuine check because 
the child uses two processes, 7 from 13= ? and 7 and 6 =? 

6 . The additive system of subtraction is not carried out 
consistently. In long division and in subtraction of fractions 
many children drop additive subtraction for a “make less” 
system. Taylor found that by the time “children reach the 
sixth grade, 88 out of every 100 taught by the Austrian method 
subtract by a method (equal additions or decomposition) not 
taught them.” ^ 

Summary of the dispute. It is clear that there are two pre¬ 
vailing methods of teaching subtraction: the “take-away” 
and the additive or Austrian. 'Whether one is significantly 
superior to the other is an open question that no debate will 
settle. Nor will speculations on the origin o'f number ideas help. 
We are told that subtraction originated in counting backwards. 
The statement is accepted as fact in some quarters and infer¬ 
ences are drawn from it. Who knows how the subtraction 

J. S. Taylor, "Subtraotion by the Additive Prooesa,” Elementary 
School Journal, Vol, 20, Pebruaty, 1919, pp. 203-207, ' . 
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idea arose? An apparently logical supposition is no assui-ance 
of actual occurrence. What if subtraction did originate in 
counting backwards? Are we to teach it that way? Shall we 
follow the culture-epochs theory to such a degi'ee? The argu¬ 
ment runs; the “take-away” process should be taught first 
“because of the psycho-genetic” implication. All this is a non 
sequitur. The dispute will be settled only by a well planned 
experimental study with suitable controls. Until we have such 
data each contestant must rely on the force of verbalism 
rather than on fact. It may be that we shall find a modified 
plan necessary in which the vital point will be to teach chil¬ 
dren the “take-away" process, but to increase the subti-ahend 
figure by 1 rather than to diminish the minuend figure by 1, 
thus, 

819 

Think 6 from 8 not 5 from 7- ^ 556 

93 

Whatever the conclusion, it must be derived by a scientific 
method. 

. General suggestions for teaching addition and subtraction. 
Throughout the work in addition and subtraction proof and 
checks should be required of Ihe pupils. The relative worth 
of various methods of proving and checking mechanical opera¬ 
tions will be treated at the end of the discussion of the four 
fundamental processes. 

The aim throughout this early work should be to mechanize 
. the process as soon as possible. Eationalizations must always 
be kept extremely , simple and given only to those children who 
can comprehend them. 

In the attempt to habituate a process, teachers must not 
!. lose sight of the practical application. Children must not only 
be,able to subtract 289 from 508 with accuracy and reasonable 
speed, but must also recognize the subtraction idea in practical 
situations. Too many children become experts in 17-9 and 
in subtracting 468 from 703 but are helpless when the fact or 
■the process must bo applied. Abundant practice in solving 
problems that involve real situations is very impoi’tant. 
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A final caution is to beware of emphasizing difficult forms 
at the expense of simpler and more common number situations. 
Children who can divide 64.346 by 2.007 are often confused 
when asked to divide .1 by .01 or 2 by .2. So, too, children 
who can subtract 2465 from 5009 err when they are told to 
take 3564 from 8689, because they continue to “borrow and 
carry” from force of habit. The business needs of arithmetic 
abound in simple rather than complicated manipulations. 

Inventory of common errors in subtraction and remedial 
suggestions. Detailed analyses of the general sldll known as 
"ability to subtract" have been made. We reproduce below 
one of these studies in which subtraction ability is resolved 
into thirty-two unit skills. To be able to subtract correctly 
and with reasonable speed a pupil must master each of these 
thirty-two skills. The list is given here for various reasons: 
(1) It illustrates the type of analysis that must be made for 
each fundamental operation. (2)'It points to the soft spots 
in subtraction which need most drill. (3) It reveals the major 
steps that must be considered in grading subtraction. 

Theoretically, children ought to be taught each unit skill 
in developing the hierarchy of sldlls that constitutes subtrac¬ 
tion. Practically no such fine gradation is necessary, for there 
is sufficient similarity among many of these progressive steps 
to insure transfer of a skill in one constituent step to a 
higher step. 

Analysis op Subtraction op Whole Numbers 
OP Learninq Process* 

The Constituent Skill 
I. As to form of stating example 

A. Number written with figures , . . 

1. Indicated subtraction, as 6—2 = 4 1 

Additive subtraction, as 6—?=4 lo 

* P. B, Knight, “Curricula Problems and Their Scientific Solutiba,"' 
and “According to What Criteria Should Drill Be Organized,” in the ' 
Third Yearbook of the Department of Superintendence, pp. 86-69.- , '. 


IN Terms. 

Unit oj Skill 
Number 
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Unit of Skm, 

The Oonatituent Skill Number 

2. Culumnsubtraction, dsG 
2 

4 2 

6 
? 

4 2a 

3- Words used, "minus” or “less" or “take from,” 
as 9 minus 4 3 

B. Numbers written vdth words 

1. Indicated subtraction, as four—two 4 

2. Words used, as four "minus,” “less,” "take from” 6 

C. Pictures used 

1. Indicated subtraction, as 

000-00 6 

2. Words used as 0 0 0-0 7 

11. As to procedure 

A. No borrowing or carrying 

1. One digit, as number—1-digit number, 6 — 4 = 8 

2. Two-digit number—1-digit number 
When difference is 1 digit, as 12 

-4 9 

When difference is 2 digits, as 

18 

10 

3. Two-digit numbers less two digits as 

43 

-24 11 

4. When the remainder is zero, as 

6 16 

^ ^ 12 

B. More than two-digit number, as 483 

-121 13 

0. Zero in subtrahend, as 463 463 

-102 -120 14 

7. Zero in both subtrahend and minuend, as 

40 . 

-20 16 

8> Gaps in column, os 483 
- 21 , 


16 
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The Constituent SMU 

B. Borrowing or carrying 

1. Two-digit number —one di^t, as 46 

— 6 

Unit oj Skill 
Number 

17 

2. Two-digit number — one digit 

Zero in minuend^ as 40 
— 6 

18 

3. More than two-digit number 

a. Borrowing units column, as 423 

— 117 

19 

b. Borrowing other than units column, as 

463 
— 178 

20 

c. Borrowing two consecutive columns, as 

482 
— 197 

21 

d. Borrowing two not consecutive columns, 

4236 

-1718 

as 

22 

4. Borrowing zero in minuend, as 420 

— 128 

23 

5. Borrowing two zeros in minuend, as 

4200 
— 1267 

24 

6. Borrowing more than 2 zeros, as 43000 

—12676 

26 

7. Borrowing zero in both not final, as 

4306 
— 1204 

26 

8. Borrowing zero final, as 248000 

— 162000 

27 

9. Subtraction of unequal number digits, as 

a. Where zero is subtracted from last loft 
number, as 4862 

—732 28 


28 
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Unit oj SMU 


The Constituent SMI Number 

b. Where zero is not subtracted, as 
1467 

-835 29 


c. Last left numbers are equal, os 
635 

— 604 30 

■ C, Ability to check 31 

D. Ability to copy for work as 43728 — 39162 = 

43728 

-39162 32 


For diagnostic testing and remedial teaching of subtraction 
the reader is referred to an identical topic under addition. 
For each error listed (page 270) there is a parallel related type 
of error in subtraction. The reader is urged to work these out 
and then adapt the suggested corrective procedure to sub¬ 
traction. 

The most jrequent causes oj errors in subtraction are six: 

1, Ignorance of basic number combinations in subtraction. 

2. Confusion arising from zeros in these combinations, 5—0=0, 

and the like. 

3, Inability to apply the basic combinations to higher decades. The 

child may know 17—8=9, but 37 —8 is frequently for him, 
9 or 27. 

4. Incorrect borrowing 82—35= 82 

-35 


57 

5. Incorrect borrowing when two successive borrowings occur, 
824 — 267 becomes 824 or 824 


-267 

-267 



567 

657 



6. Zeros in minuend and subtrahend 

874 

804 

8004 


206 

216 

2406 


608 

7?8 

7?78 


To these we may add ignorance of any of the thirty-two unit 
skills listed above. These six ar4 major causes that suggest, 
■ very readily, the appropriate remedial measures. 
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PnoBLBMS m Study and Discussion 

1. State your position with supporting reasons on each of the 
following: 

(o) It is wise to teach one method of subtraction to make tlie 
process clear, and later to teach another for developing speed 
in computation. 

(5) It is advisable, in the absence of dctemiining data, to permit 
each teacher to teach that process of subtraction which she 
uses in her own computation because we teach best what we 
know best. 

(c) In the final analysis, both the “take-away” and the “addi¬ 
tive" method should be taught because both are necessary. 

(d) It is unwise to use money as the only illustrative instrument, 
useful as the American monetary system may be in teaching. 

2. List three important questions in .the teaching of subtraction, 
the solution of which is dependent on experimentally derived data. 

3. Plan an experimental inquiry into the relative merits of any 
two methods of subtraction. Assume that the facilities necessary wffl 
be assured. Describe in most precise form, (o) the object and the 
scope of the inquiry; (6) the procedure; (c) the establishment of 
“controls” and the attainment of comparable data; (d) the oautiohs 
to be exercised; (e) the type of inference you think may reasonably 
be drawn from the data; (/) the method of checking the conclusions. 

4. Consult at least two references to experimental studies in sub¬ 
traction. Did'the authors really prove anything? What? Character¬ 
ize the method of procedure used by each. 

5. Group the 32 unit skills of subtraction here presented in a 
way which would integrate the list and thus reduce the number of 
unit skills. Classify the unit skills into, (o) most important, (b) im¬ 
portant, (c) relatively unimportant. 

6. Analyze the following examples. Identify the elements which 
will probably cause errors in the work of children: 

5824 6824 5004 

1209 1009 1897 3042-1979. 

How would you help the puinls to overcome these difficulties? 

7. Invent six practical problems iovolving subtraction of num¬ 
bers like those in question six, 'WTiat is the aim of this exeriase? How 
will you judge the effectiveness of your problems? 

8. Secure a dozen specimens of written work of children who are 
deficient in subtraction. Make a diagnosis of their deficienoies and 
prescribe corrective practice. 
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TEACHING MULTIPLICATION OF WHOLE NUMBERS 
Ohal Multiplication 

maltipUaiticin concept. Teaohere fcid thet 
tte idea of mnltiphcetion cm beet be introduced throuirb 
a(^dition of e^„ addends, The form 7X3=21 in not an help- 
M a, 7+7+7=tae 7’s=21. The initial multiplier ehcdd 
ot be 1 hsOTUso 1X5 or'5X1 a very difficult for children. 

trora 1X6-6. Each number comhination should he inlro- 
dKcd throu* practical application. If 4X6 is to bo taught, 
to tte problem a to find what tour notebooks will cost if 
one coat 5 cents. Evidently four will cost S+6+6+6 cents 

md M “r" loor S’s are 20 

and finally 4X6=20e If this practice is followed in all the 

tTe « 

TMiMug the basic multipUcation comhinations. Begin mth 
2 or 6 s. Some mvestigators urge that 5 be the first multi- 
ph®, ottffls insist on 2 because the child knows 2+2, 3+8 

100 'addilili V'*'*' toy of the 

addition combinations. Beginning with 2 as a multi- 

to Jake the meaning and the language of multiplioation 

The prixedm. The following tabulation may indicate the 
^^m lutroduomg the iniHal items of toe multiplicatiou 
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First Step 

Second Step 

Third Step 

Fourth Step 

Fifth Step 

Initial Con- 

The Additive 

Multiplica¬ 

tion 

Vertical 

Equation or 
Horizontal' 

Crete Situation 

Form 

Introduced 

Algorism 

Form 

One pad costs 



2 


2 cents, 2 pads 



X2 


will cost? . 

2^2 = 4 cents 

two 2 ’b = 4 

4 

2X2 = 4 

One pad costs 



s 


Scents, 2 pads 



X2 


will cost? 

3 4-3=4 cents 

two 3 'b = 6 

6 

2X3 = 6 

One pen costs 



4 


4 cents, 2 pens 



X2 


will cost? 

4 4-4=8 cents 

two 4’s = 8 

8 

2X4 = 8 


[Continue through 2 X 0 m 2 X12] 


OraddHon of multiplicatioYi cowbinotionSi Clapp,^ who 
made a very extensive inquiry into the relative difficulty of 
the various items finds, XO and OX among the most difficult 
and XI and IX among the most simple. Norem and Knight* 
give the arrangement of the 100 combinations as listed in the 
table on page 294. The first is the most difficult, the last, the 
least difficult. 

Another gradation, which is simpler but based on teaching 
experience rather than on scientifically obtained data, is the 
following: 

Teach multiplication first, by 2’s, 4’s, 5’b, 10’s through 9 
and the reverses. 

Teach multiplication, second, by O’s, I’s, 3’s, O’s, 7’s, 8 ’b, 
9’s through 9 and the reverses. 

And, finally, teach multiplication by ll’s and.l2’s and the 

reverses. 


ip L niann The Number Combwatiovs: Their Relative Difficulty 
and theFre^mevolThair Appearance in Bulletins No 1 

ttnd 2. BuiboiU of Educfttional Rsss&rch; University of Wisconsinj Mordi- 

son, Wiseonain, 1924. . , m u.' i- n u- 

. »Norem and Knight, "The Learning of 100 Multiphoabon Combma. 
tions,” Tweniy-with Yearbook of the National Society for the Study of^ 
Education, Part II, Oh. vii. 












2a4 THE TEACHING OF ARITHMETIC 


QbASIID ABRANCIEMlilNT 07 Mm/TIFLICiTION COMBINATIONS 


m 


The 

Combl- 

tion 

The 

Bank 


The 

Rank 

The 

Oombi- 

tion 

The 

Bank 

8X9 

100 

6X6 

76 

7X2 

60 

0X6 

26 

7X8 

KB 

9X6 

74 

3X6 


2X0 

24 

7X6 

98 

8X9 

73 

8X2 

48 

1X7 

23 

8X6 

97 

3X6 

72 

2X9 

47 

3X1 

22 

4X8 

96 

8X3 

71 

0X4 

46 

7X0 

21 

4X9 

96 

4X4 

70 

4X2 

46 

1X6 

20 

7X9 

94 

8X4 

69 

0X6 

44 

1X6 

19 

7X7 

93 

9X8 

68 

1X1 

43 

2X6 

18 

6X7 

92 

4X3 

67 

0X7 

42 

7X1 

17 

4X7 

91 

6X7 

66 

2X4 

41 

8X1 

16 

7X6 

KB 

9X3 

66 

8X3 

40 

1X4 

16 


89 

4X8 

64 

2X3 

39 

6 XO 

14 

8X8 

88 

3X7 

63 

9X2 

88 

0X8 

13 

9X7 

87 

6X4 

02 

6X2 

37 

0X3 

12 

8X6 

KB 

6X3 

61 

3X0 

36 

4X0 

11 

9X6 

86 

8X6 

60 

2X7 

36 

4X1 

10 

3X9 

84 

3X4 

69 

1 XO 

34 

2X6 

9 

8X7 

83 

6X6 

68 

8X0 

33 

0X0 

8 

4X6 

82 

9X9 

67 

3X2 

32 

1 X9 

7 

6X6 

81 

6X3 

66 

2X8 

31 

1X3 

6 

9X4 

80 

6X4 

66 

0X2 

30 

5X1 

6 

8X8 

79 

0 Xl 

64 

0X9 

29 

6X1 

4 

3X8 

78 

7X3 

63 

2X1 

28 

9X0 

3 

6X8 

77 

6X2 

62 

2X2 

27 

9X1 

2 

7X4 

76 

6X0 

61 

1X2 

26 

1 X8 

1 


, This gradation assumes that the multiplication combina¬ 
tions will be taught in three semesters. In the second semester 
much is listed, but much of it is mere repetition. Thus, in the 
multiplication by 7’s, the child finds that he learned in the 
previous grade 7X2, 7X4, 7X6, 7X10 and now must learn 
only 7X0, 7X1, 7X3, 7X6, 7X7, 7X8,7X9, In all XO and 
XI combinations, only two basic facts must be learned, 
namely, that in XI, the multiplicand remains the same and 
that in XO the product is always zero. Hence the work of the 
second semester is reasonable in quantity. 

From analyses of children’s results it seems that the size. 
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of a product is an index of the difSculty of a combination; 
that when one combination is wrong, others closely related to 
it are likely to be wrong; that 91 per cent of errors in multipli¬ 
cation combinations are answers that are correct products for 
other combinations.® 

Suggeations jor teaching the combinations, 1. Do^not teach 
all the items of a table seriatim. The classroom techniques of 
an older day sanction the presentation of carefully printed, 
charts that exhibited in vertical arrangement all the "seven 
times” combination, 7X1, 7X2 . . . 7X12. The number of 
symbols and figures, if nothing else, make for discouragement 
and confusion. 

2. Make each item the result of an objective process. With 
the initial combinations the objective procedure is naturally 
slower and fuller. As the child's stock of known combinations 
grows, the objective demonstration may be reduced consider¬ 
ably. If the child really knows his addition combinations much 
time will be saved in teaching the multiplication combinations. 

3. Teach the reverse with each combination. When the 
child learns 4X6 he is ready for its commutation, 6X4. These 
two forms are learned beat when learned together. 

4. Introduce the related division form as early as possible. 
A multiplication combination is really not known until its 
implications for division are also learned. Suggested forms are 
given below: 


The Known Facta 

The Inferred or Derived Faota 

6 X 6 « 30 

30 is made up of 
.d’a- 

30 ie made up of 
.S’s 

There are. 

6’s in 30 

3 X 6 = 18 

IS ie made op of 
.6'8 

18 is made up of 
.3’s 

There are ..... 
S’BinlS 

4 X 8 = 32 

32 ia made up of 
.8 'b 

32 is made up of 
.4 ’b 

There are ..,.. 
4 ’b in 32 

, etc. 

,eta. 

, etc. 

, etc. 


® Norem and Knight, loo. cU ,, 
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Ths 

Edowd 

F&ots 

The Intoned Faeta 

New FotiDB to be 
Leerned Letci 

8X0-27 

3X7-Z7 

7X0-27 


.3'im27 

27+3-0 

27+0=3 


6X7 

7X8-40 



40+6-8 

40+8-6 

, oto. 

, etc. 

, etc. 

1 etc. 

t fibs. 

1 etc. 

, etc. 


5. Mastery of additive counting, that is, learning to count 
additively by heart, 4,8,12,16,20, 24, etc., encourages count¬ 
ing when a product of two digits is needed. Hence this form 
of counting, which serves merely to introduce a new combina¬ 
tion, is not repeated after the initial step in a lesson on an 
item in the multiplication table. 

6. Mnemonics are helpful to some children; to others they 
are retarding factors in learning. They should be taught dis¬ 
criminatingly and only to superior children. The most com¬ 
mon mnemonics are the following: 

а. When either multiplicand or multiplier is 0 the prod¬ 

uct is zero. 

h. When either multiplicand or multiplier is 1 the prod¬ 
uct is the other quantity. 

c. When either multiplicand or multiplier is 5 the product 

always ends in 0 or 5. 

d. When the multiplier is 11 (through 9X11) the prod¬ 

uct is the other number repeated, 11, 22, 33, 44, 

... 99. 

б. When the multiplier, is 10 the product is the multipli¬ 

cand with a terminal 0. 

Steps m teaching a multiplication combination. We must 
now arrange in sequence the suggestions we have already made 
for teaching the basic combinations in multiplication. 

1. Focalize on one or two combinations and introduce them through 
practical problems. If 1 pencil costs 4 cents, 6 will cost? One 
pear cost 4 cents, 6 will cost? One box has 4 crayons, 6 boxes 
will have? 
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2. Elicit, six 4’s in each case, thus 4 

4 

4 

4 

4 

4 

3. Elicit the short form of the long addition, six 4’a or 4 

The vertical algorism is introduced, Use perception cards, 

4. Teach 4=4 X 6 = ? Introduce perception cards. 

? 

5. Introduce the commutation 4=4X6= 0 = 6X4 

6. Introduce elliptical form of the equation, thus: 

6 X 7 = 24, 7 X 6 = 24,4X? = 24, ?X4 = 24. 

7. Elicit, six 4’a in 24;_6 ’b in 24; 24 contains —6 ’b; 24 oontaim 

_4’s. 

8. As many practical problems as possible, applying 6 X 4 and 4 X 6 

should accompany each of the above steps. 

Each oombination is thus taught through a process of 
measurement and each product becomes replete with ratios. 

Ratio analysis as an application of the multiplication facts. 
With growing mastery of the facts of the multiplication tables 
children should develop skill in finding values of quantities 
by ratio and not by unitary analyses. Let us assume that the- 
children know the facts usually referred to as the 2, 4, and 5 
times tables. They are then ready to solve the following 
problems: 

Apples cost 2 for 54; what will 4,3,12 cost? 

Apples cost 4 for 104; how many can I get for 5 cents? for 204? 

With the aid of objective material and simple diagrams we 
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can ]ead children to avoid finding the cost of one. They can 



uickelB 


As this mode of thought becomes increasingly familiar, 
objective demonstrations are dropped. Gradually the children 
acquire helpful control of the ratios in these products of the 
multiplication tables. Aside from the value of these skills, their 
application introduces genuine interest in number and pro¬ 
vokes intensive thinking. 

Increasing the range of the multiplication combinations. 
As soon as the progress of the child will permit, the combina¬ 
tions in the tables should bo carried to higher orders, the prod¬ 
ucts being found by analogy, for example, 3X4=12, 
30X4=120, 3 X40=120 ; 5 X6=30, 60 X6 =300, 5 X 60= 300; 
7X12 =84, 70X12= 840 ; 7X120= 840; 8X 9 =72, 8 X90 =720, 
80X 9=720. The child may be told arbitrarily to add the 
cipher and multiply as if the numbers had no cipher. Siich 
drills, given occasionally, tend to widen the scope of the com¬ 
binations and thus increase their usefulness. 

Miscellaneous drills and reviews in the basic combinations, 
There is no royal road to mastery of multiplication combina¬ 
tions. Regular and well motivated drills are the price that 
must,be paid. All these suggestions for developing the multi¬ 
plication facts are designed to reveal the nature of and the con¬ 
stituent factors in the products. These rationalizations must 
, be followed by daily drills that employ the devices enumerated 
in the addition combinations, namely, the circle, the olook^ 
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the ladder, the staircase, the relay race, the railroad ties, etc. 
The abstract facts like 3X6 and 7X8 must be applied to real 
problems in the daily practice. An arrangement of numbers 
like the following may prove helpful: 



Here we have re^lar counting by 2 ’b, 6’s, 10’b, etc., and the 
products of all the combinations .though 12X12. This anange-,, 
ihent also reveals the peculiar products in the combinations 
with 6, 10, 9, and 11. Such a table can be used to drill on 
factors and multiples; it serves to aid children in answering 
such questions as “What two numbers when multiplied give' 
36?” Another tabulation can be made by writing the numbers 
1 through 12 in the vertical and in the horizontal lines and 
leaving the boxes blank; the children are then asked to write 
in the proper space, 24, 48, 36,18, showing what two numbed 
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toU produce them. An interesting series of games may bo 
devised to give zest to these exercises. 

Wkttbn Multiplication 

The teaching problems in wi-itten multiplication, as in 
addition and subtraction, arise from inadequate mastery of 
the facts and techniques suggested for oral 'work. Responses 
to the basic number combinations must be prompt and accu¬ 
rate. The written work in multiplication consists essentially of 
arranging properly the facta learned in the oral exercises. 

Multiplying by a single digit. Gradation. Ten distinct steps 
of increasing difficulty must be recognized by the teacher who 
hopes to lay a sound foundation for more advanced multipli¬ 
cation. Let us analyze these: 


The Graded Steps The Identijicatwn of the New Element 


1. 214 

312 

1. No product over 9; no carrying; no in¬ 


Hi 

crease in places. 

2. 614 

612 

2. No carrying; last multiplication increases 
the number of places in the product beyond 


211 



those in the multiplicand. 

3. 46 

114 . 

3. Carrying introduced in one place. 

X2 

X4 


4. 53 

221 

4. Difficulties 2 and 3 combined. 


211 


6. 420 

610 

6. Terminal zero difficulty is introduced. 

211 

211 


6. 601 

204 

6. Middle zero difficulty shown for tiie first 

X3 

X2 

tjme, not complicated by carrying. 

7. 605 

204 

7. Middle zero difficulty coupled, ■with carrying. 


211 


8. 346 


8. The extention to two successive carryings. 

HI 


0, 300 


9, Two terminal zeros. 

X9 
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10. 406 486 10. Middle aero with carrying from the first 

X 4 X 4 place; carry figure more than one. 

This gradation does not imply that ten different types of 
examples, and therefore ten distinct lessons, must be taught. 
We have here the difl^culties that may beset children. The able 
pupils can learn more than one type in a lesson or, having 
learned one, they transfer, in generous measure, both knowl¬ 
edge and skill to the next type in the graded series. 

The' raUonalization. One-digit multiplication may be' 
, explained either by ah analysis of number or by showing the 
elements of similarity between multiplication and addition. 


1. By analysis 
a 

214 

428 


To multiply 214 by 2 
b 


200 + 10 + 4 

'^1 ^ '61 

400 + 20 + 8 = 428 


The child is then led to understand that the direct process, 
under a is more economical than the long process under h. As 
a rule, this type of rationalization proves too involved for 
the young pupil for whom it is intended. For this reason we 
urge its discontinuanoe althougji it is approved by many 
supervisors. 

2. Through addition 

2141 214 

X2J~ + 214 

The class is led to add 4 and 4 and conclude two 4 ’b are 8; 
1 and 1 are 2, but two I’s ore 2; 2 and 2 are 4 but two 2 ’b are 
four. Both forms are worked out on the board and the children 
see that the first is shorter and therefore preferable. Similarly, 


216 

61 

8 


216 
= 216 
216 


8 
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Children are led to say, "6,12,18,' but three 6’s are 18, put 
down 8 and carry the 1." (The teacher does so in each case.) 
"1,1,1, are 3 and 1 to carry is 4, but three I’s are 3, and 1 to 
carry ai'e 4." (Teacher perforins tiie operation in both cases.) 
"2+2+2 are 6 but three 2’a are 6.” (Teacher completes process 
in both cases.) This form of rationalization requires little 
time, and presents the reason for, every step in the process, 
so that even young children come readily to the conclusion 
that multiplication is only the short form of addition. 

Preparing the pupils jor carrying in multiplication. A few 
days before wo expect to teach children multiplication by one 
digit with carrying, five-minute drills like the following should 
be given daily: 



This multiplier This addend is 

is changed fre- changed frequently, 

quently. 

The teacher points to 9, to X4 and to Add 3. The response, 
,36, is rejected because 3 was not added to the product. She 
then points to 6., XJ^., Add S and accepts, not 24, but 27 as 
the answer. This is repeated four or five times. The multiplier 
, X4 and the addend 3 are then changed to other numbers. If 
this is done regularly, the children acquire the habit of tak¬ 
ing two steps—multiplying and adding—^in rapid succession. 
This is precisely the process of multiplying with carrying. 

Abstract and concrete numbers. Much has been made of 
the distinction between abstract and concrete numbers, espe¬ 
cially in multiplication. To be sure, the multiplier must always 
be an abstract number, for how can we multiply by 6 inches, 
by 12 cents, or by 16 boys? In elementary^-school arithmetic 
■this distinction is little more than a bit of pedanticism 
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because the pupils are too young to understand the basic con¬ 
cept. Let us consider these examples: 

John has 6 tops, 2 bats, 4 baseballs, and 1 mitt. How many 

_has he? 7 tops + 2 bats + 4 balls 4-1 initt equal 14; but 

14 what? 

In a class having 15 girls there are twice as many boys as girls. 
How many boys in the class? How many pupils in the class? 

15 ^rls 

30 boys I 15 girls + 30 boys = 45 what 1 

The fallacies are obvious. In algebra, x represents the 
number of, not the dollars or any concrete things. In each of 
the two examples, 5, 2, 4,1,15 are not the tops nor the balls 
but the number of these concrete things. Hence it is wise to 
regard numbers in multiplications as abstract and “reason 
out” the denomination of the product. Thus, “At 8 cents a 
book, what will 7 cost?” Answer 7X8=56, bub 66 must have 
a name; obviously, the 56 must be the number of cents. If 
there are 15 girls and twice as many boys then 15X2=30 
but this 30 must refer to bojrs. 15 girls and 30 boy8= 
15+30=45, but this 46 must refer to children, not to boys 
or to girls. "A floor measuring 30 by 18 feet has what area?" 
The answer is obtained not by multiplying 30 feet by 18 feet, 
for that is impossible, but rattier by multiplying 30 by 18 and 
obtaining 540. But this 640 must have a name. The conditions 
of the example indicate that ttie number 640 refers to square 
feet, By treating both multiplicand and multiplier as abstract 
numbers and relying on common sense for the denomination of' 
the product, the children are freed from a , difficult concept 
relating to abstract multipliers. 

Multiplying by two-place numbers, Multiplying iy 10, 

SO, Jfi, 60, 70, _ 90. Before teaching multiplication by two- 

place multipliers, teach multiplication by 10, 20, 30, .... 90. 
The process is simple. Children know how to multiply by 7,6; 
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8, and 0. Let them treat 10 as if it were a one-digit number. 
Require the solution of the following: 


58 

172 

306 

562 

SI 

X 10 

XIO 

XIO 

XIO 

XIO 

580 

1720 

3060 

5620 

910. 


Now ask questions calling for a comparison, in each cose, of 
multiplicand and product. The pupils perceive that in each 
example the product adds a zero to the multiplicand. Repeat 
the process, the next day, using 2 and 20, 5 and 60 as multi¬ 
pliers. At the end of this analysis the children will deduce the 
rule for multiplying by these numbers. 

MuUvplying by 11 and IB. Many supervisors advise that 
11 and 12 should be treated as a two-place multiplier, like 58. 
In 75X12, the children would multiply by 2, by 1, and then 
add the two partial products. The advantage, we are told, is 
that we reduce all two-place multipliers to a uniform process 
and eliminate X11 and X12 from the basic combinations. In 
the absence of reliable data no final decision is possible. Few 
intelligent people multiply uniformly with all two-place multi¬ 
pliers. They treat multipliers like 11,12, 15, 25, and 50 as if 
they were single numbers. We shall probably do to our pupils 
as was done to us, because the process we use is the process 
we like best. 

Gradation oj two-place multipliers. It is not necessary to 
postpone two-place multipliers until children have learned all 
the multiplication steps in one-digit multiplication. To multi¬ 
ply 542 by 13 is simpler than to multiply it by 9 or by 8. 
The gradation is obvious: (a) multiply by 10; (b) multiply 
by 20, 40,60,. . .90; (c) multiply by 13,14,15; (d) multiply 
by 21, 22, 23, 31, 32, 33, 41, 42, 43, multipliers that do not 
contain numbers above, 5; (e) multiply by any two-place 
number. 

The rationalkation. It is not difficult to demonstrate to 
children that multiplying by 13 is the same as multiplying by 
3 and then by 10. It is important to note the order, 3+10, 
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not 10+3. The blackboard arrangement of the 'work is given 
below: 

{a) (6) 


426 N 426 426 

X13 = X3 + XIO 



5538 ) 5538 


The children see that (426X13) = (426 X3) + (426X10); that 
the arrangement under (a) contains all that is essential under 
(b), but that it saves much useless writing; that (a) is decid¬ 
edly preferable to (b). 

The terminal zero in the partial product should be used 
until the process is thoroughly habituated. Then we can deduce 
the rule that the extreme right-hand figure of each partial 
product must be directly under the digit used in the multi¬ 
plier. We must avoid the direction “skip a place” for it is 
neither mathematical nor helpful. 

Multipliers of three or more places. The rationalization. 
The process with two-place multipliers may be adapted to 
meet the needs of three-place multipliers. The explanation is 
easily seen in the following arrangement. 



This compact process is The long process which is worked qut 

merely axepetition of the first to prepare for the short arrange- 
long;^cesa .uhder (5). meat under (a). 
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In the initial stages the ciphers may be introduced, but when 
the sequence of steps has been grasped by the child the multi¬ 
plication should proceed by using units, 3—then the tens, a 
1—then the hundreds, a 1—as tlie multipliers, placing the sec¬ 
ond and the third partial products in the correct relative 
positions. 

Further gradation. The continued gradation is quite obvi¬ 
ous. Unusual care must be taken with multiplication in which 
zeros enter in various places in multiplicand and multiplier. 
It is well to give practice in the following cases: 

204 270 388 380 3800 234 2004 2356 207, 

^ ^ ^ ^ ^ ^ ^ etc. ■ 

Stone* reports that 50 per cent of high-school graduates 
failed in multiplying 63 241 by 20 304. The reason is not diffi¬ 
cult to find: inadequate practice in all important types of 
multiplication. 

As in the other fundamental operations, practice must be 
given in application of multiplication to real problems in mak¬ 
ing out bills, in computing areas, in ascertaining costs—in 
any genuine business situation. 

Inventory of errors in multiplication and remedial sug¬ 
gestions. 

The Error 

1. Errors due to imperfect 
mastery of basic combi¬ 
nations, especially with 
zero and one 


2. Errors due to carrying 
0, Carrying wrong num¬ 
ber 

^John C. Stone, “The Stone Arithmetics,'' Teaaheraf Manual, 
Grades 1 to « (Benjamm H, Sanborn & Co., 1928), p. 27. 


The Remedial Measure 

1. The corrective measures outlined 
for similar errors in addition apply 
here with obvious adaptations. In 
general the procedure is (o) teach; 
(6) diagnostic testing to ascertain 
individual and group weaknesses;, 
(c) differentiated practice; (d) re¬ 
test. 

2. Adequate practice in carrying must 
be' provided in examples especially 
devised to introduce the conditions 
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The Error 

b. Forgetting to carry 

c. Unnecessary carrying 


3, Errors due to zero 

a. in the basic combina¬ 

tions 

b. in terminal positions 

c. in internal positions 


4. Errors due to misplac¬ 
ing of partial products, 
which may be due to 

a. ignorance, especially 

with zeros, or 

b. carelessness 


5. Errors due to misinter¬ 
pretation of signs and 
to lack of knowledge of 
. the technical terms of 
multiplication 


The Remedial Measure 
referred to. under 2 a, 6, and c of 
the opposite column. Examples like 
2132X13 and 1324 X 2 should 
alternate with 6974 X 85 to Tnnkp 
SUM that carrying does not become 
an unfailing process in ail multipli¬ 
cation. 

3. Children who experience the zero 
fiffioulties should be given simple 
explanations of the effect of a zero 
in multiplication in one of the three 
relations referred to in the opposite 
column. After that individual prac¬ 
tice with individual records of 
progress will bring improvement. 

4. The cause must be ascertained. If it 
is ignorance, then the procedure is, 
of course, reteaching, practice, and 
retesting. If the cause be careless< 
ness then motivation is essential. 
The child should be led to realize 
that he has the necessary knowl¬ 
edge and skills, but that his grades 
are below his ability because of fail¬ 
ure to attend carefully to his work. 
Genuine motivation, regular inspec¬ 
tion of written work, and judidous 
praise are usually efficacious correc¬ 
tive measures. 

5. In planning the day-by-day work, 
introduce very gradually but inci¬ 
dentally the signs X and =; dis¬ 
tinguish X from -I-. In wording 
exercises the term product is taught 
by asking children to find the prod-; 
nets of the fdlowing: 608 X 72, 
etc. In the same way multiplier and 
multiplicand are presented. No for- 
mal definition of these terms should 
be given or required; accurate iden;' 
tification is quite sufficient. 
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Problems ron Study and Discussion 

1. Give your judgment, with adequate support, of tlie validity of 
the Mowing statements; 

(а) It is desirable to begin multiplication with 2 ns the multi¬ 
plier. 

(б) The multiplication combinations should not be taught seri¬ 
atim. 

(c) Mnemonios are of extremely doubtful value to most children. 

% Give a teaching application of each of the foUomng state¬ 
ments; 

(а) The measurement idea should prevail in teaching multipli¬ 
cation combinations. 

(б) Most products of the multiplication combinations can be 
found by the children themselves. 

(c) The child who knows 8X4 does not necessarily know 4X6. 

(d) The range of the multiplication combinations can readily be 
increased. 

3. Evolve a suitable gradation for the zero difficulty in multipli-' 
cation. State the steps and identify the new element in each. 

4. Examine a set of children’s arithmetic papers in which multi¬ 
plication examples are stressed. What types of errors do you find? 
What is the relative frequency of each? How does your list compare 
with the list of common errom found in the closing part of this 
chapter? 

5. For each of the five most common errors, indicate suitable 
corrective measures. 

6. Examine the sections on multiplication in a textbook in arith¬ 
metic and in a practice or workbook. Note among other things, (a) 
the gradation; (5) the illustrative aids; (c) the type of drill; (d) 
the application of number combinations to real situations. To what 
extent are the basic principles elucidated in this chapter carried 
oiit? What suggestions for procedure did you find in this examina¬ 
tion that are not included in tliis chapter? 
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TEACHING DIVISION OF WHOLE NUMBERS 
Oral Division 

Introducing the concept of division. The limited vocabu¬ 
lary of young children is accountable, in great measure, for 
the difficulty they have in recognizing the function of division. 
They are baled by the expressions “7 goes into 42 how many 
times?” “42 contains 7 how many times?” “42-r7”; “7 into 
42," and the like. The idea of division must be introduced when 
the multiplication facts are being learned. Thus the child sees 
: : : and concludes three 2’s make 6, 3X2=6. From this he 
can be helped to discover how many 2’s in 6, or in 4. The 
following sequence is helpful in teaching combinations like, 
21-5-7 and 21 ■?-3: 

0 .1 book costa 3j!; 7 books cost 21 cents; there are_.7’s in 21; 

there are ——3’s in 21. 

b. 1 book costs 3;i; how many books can I buy for 21 cents: there 
are-3’s in 21; 21 -r- 3=7. 

1 pencil costs 7^; how many pencils can I buy for 21 cents; there 
are_7’s in 21; 21-r-7i=? 

After much patient repetition of the patterns under a and 
b, the concept divide takes on real meaning. The conclusion is 
quite obvious: all division combinations must be taught 
through concrete situations. 

Division a test of mastery of fundamentals. In division 
the child must fall back on the combinations in the other 
fundamental operations. Osbum^ lists 1237 items that must 
be known before division can be mastered. This list presents 
a more discouraging picture than actual facts warrant. It 

^ W. J. Osbum, Corrective Arithmetic (Houghton Mifflin Co., 1924), 

p. 21. 
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assumes that every one of these facta constitutes a separate 
bond calling for independent learning. While ive do not Imow 
the extent of transfer of one number fact to related number 
facts, we have abundant evidence that such transfer does take 
place. In division the worker's proficiency is determined by 
his ability to multiply and subtract. Thirty per cent of the 
errors in division have been traced to lack of knowledge of 
multiplication combinations. In division we assume that the 
child can multiply, but the arrangement is now wholly 
changed. Let us examine two arrangements in which 37 is 
multiplied by 7. In a multiplicand, multiplier, and product 
are in their accustomed places; in b the arrangement is quite 
different and certainly less helpful. Here is a cause of chil¬ 
dren’s difficulty that calls for patience in the slow learning of 
di-vision. 

a b 

37 __7 

^ 37)259 

259 ^ 

The number combinations in division. The basic combina¬ 
tions of division, 36-^-4, 36-5-9, 48-f6, 48-5-8, etc., are taught 
with the multiplication combinations. We saw that the child 

learns 5X9=45, then 5X?=45, and finally_9's in 46. One 

more step brings the child to the inescapable form, 45-5-9 and 
45-5-5. The difficulty, it was shown, is one of language, not 
arithmetic. Our chief concern in teaching the combinations of 
division is to make the division idea clear to the child. As 
in multiplication, the 0 and 1 combinations are very trouble¬ 
some; the quotients of 1-5-1 and 9-5-9 are frequently given as 
0; 0-5-5, as 6; 6-5-1, as 1. Patient drill and repeated demon¬ 
strations ultimately bring correct responses. 

Wbittbn Division 

Dividing by a digit. Gradation. Pine gradation is more 
important in division than in many other operations. Let us 
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analyze a Bystem of gradation designed to 
‘ing process. 

Tlie Step 

1. 2)M, 3)M, 4)M, 3)0%, 


2^8 _ _ _ 

2. 2)^ 3)67, 4)86, 3)695, 

2^7 _ _ 

3. 2^ 3)75, 4)52, 3)675, 

2) 456 

4. 3)^, 4^, 3)M 

5. 3)85, 4)69, 3)651 

6. 3)435, 4)652 

7. 2)M, 3)246, 4)^ 

8 . 2 ) 1 ^, 3 )^, 3 ) 9 ^ 

9. 2)408, 2)^, 3)ra, 

3) 708 

10. Divisors increase to 7, 8, 
9 . 


quicken the learn- 

The Progression Identified 

1. Two- and threo-plaoe quotients; 
no carrying; no remainders. 

2. Same as 1 hut with remainder. 

3. Carrying of 1 from tens' to 
units’ place but without re¬ 
mainder. 

4. Carrying mcreased above 1. 

5. Steps 2, 3, and 4 combined. 

6. Two successive carryings with 
or without remainder. 

7. 'The difficulty arising when the 
initial number of the dividend 
is smaller than the divisor. 

_ 8. The terminal zero in the divi¬ 
dend. 

9, The internal zero in the divi¬ 
dend. 

10. Difficulties listed above intro¬ 
duced with increasing divisors. 


A careful adherence to a gradation as fine as this will do 
much to simplify the process for the learner and help him 
materially to acquire the sldll necessary for success with 
divisors of two or more places. 


Rationalization. The mode of explanation of the process is 
shown in outline form. 


1, 64 -i- 2 (64=6. dimes and 4 cents) 


3 2 

\ dimes cents 
0. 2j 6 4 


32 

= 6.2)64 

It should be made clear that the short - 
form repeats the long process. 
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2. 65 -r 2 (65=: 6 dimes and 5 cents) 

2 an d I cenl left over, 

\ dimf« cents 32 and 1 cent left over 

G 8 2)05 

The children are told to express the remainder in the form 
used above or in the form, "remainder over divisor.” No rea¬ 
son need be given. The two forms of writing the remainder 
should be taught in the primary grades, but not together. 


3. 74 -p 2 (74 — 7 dimes and 4 cents) 


3 7 

TSinea cents 37 

“-2/7 4 =b.2j^ 


2 into 7 dimes = 3 and 1 (lime 

over. Change the 1 dime into 
cents. 10 cents and 4 cents = 
14 cents. 2 into 14 cents—7 
cents. 


Again, it must be made clear 
that the short form repeats 
all the steps of the long form. 


No rationalization should be given beyond that offered for 
ttie division by two. The process should be reduced to habit as 
quickly as possible through repeated solutions of a large num¬ 
ber of graded examples. In the example 3)1756 the children 
learn to think, "3 into 17" and to say “5”; to think, "3 into 
26 and. to say "8”; to think, "3 into 15" and to say "5.” 
As they say a number they write it in its correct place. 

No auxiliary figures should be permitted with divisors that 
Me sma , say, 2, 3, 4,6, and 10. With larger numbers, 6, 7,8, 

’ 1 ’ rapid and more accurate 

work when they follow the algorism for long division, writing 
aown all the multiplications and subtractions. Teachers should 
encourage meohanioal operations without auxiliary figures 
Bkowu in the accompanymg solutio n, 0652 . But, in the case 


5868 


t f. J 

0 nervous children, rate and accuracy are both reduced b; 
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denying them the use of the crutches 0 in the quotient and the 
small 4 and 1 in the dividend. Such pupils should not be made 
victims of fixed pedagogical procedures. Auxiliary figures in 
multiplication are not of any measurable worth; in division 
and in subtraction they contribute materially to the confi¬ 
dence of some types of workers. 

Division by a number of two orders. Oradation, Instead 
of using the sequence 11, 12, 13, 14, 16 . . . 19, 21, 22, 23, 
24 . . . 28, etc., as the numerical order of divisors, it has 
been found more advantageous to use 11, 12, 19, 21, 29, 31, 
39, 41, 49 first and then, any number like,’ 24, 36, 47. 
This sequence is justified by the fact that these divisors in 
heavy type are so close to 10, 20, 30, 40, and 50, respectively, 
that they present leas difficulty to the children when they 
seek an approximate or trial quotient figure. This technique 
will be explained in greater detail later in the discussion. . 

A second factor in gradation at this point is the selection 
of the dividend. The sequence suggested, therefore, is: 

21)231 2l)m 21)106 21)l0n 

instead of using 21)1846 as the first type of example. The 
reason for this general gradation will become apparent to the 
reader after he solves each example. 

Rationalization. No attempt should be made to give 
explanations or justifications for the procedure in this more 
advanced division. The children should learn it by continuing 
the process followed in the simpler division. The old distinc¬ 
tion between short and long division, non-existent in math¬ 
ematics, with changes in algorism, should not be perpetuated. 
To teach children to divide by 19, 21, 29, 31, and 39, we con¬ 
tinue the process begun earlier in dividing by a single digit 
divisor. To illustrate: the child divides 278 by 4, thus: 69%; 

4)M 

4698 by 5, thus: 939%. But when the divisors are raised 
5)4698 

to 8, 9, or 12 it is necessary, in the interests of accuracy and 
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speed, to permit the following form instead of tlie shorter 
one. 


long Fom 
733 ^ 
3^6868 

26 

28 

4 

489 

12)5868 

106 

?L 

108 

108 


Short Form 

jm 

8)5868 


489 

12)5868 


The children are shown that in the long form the carrying, 
multiplying, and subtracting arc performed on paper rather 
than “all kept iii mind." The divisor may now be increased 
to 21 and the child is shown that the process does not vary, 
for example, 

279%i 

or 21)6808 

166 
W 

198 
Iffl 

9 

The algorism in all division should remain uniform. No 
adequate reason has, as yet, been adduced fo^ retaining the 
distinction between short and long division. To divide by 9 


11 

21)231 

Hi 

21 
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may be more difficult than to divide by 20. After months of 
work with large divisors children become proficient in divi¬ 
sion and will, of their own accord, stop writing the multipli¬ 
cations and subtractions when dividing by 8 or 9. 

Those who favor the retention of the two algorisms^® 
argue that business people pref er th e short division arranged 
thus, 6 )432 ; that the algorism 6)432’ is inconvenient in fiinding 
averages or in successive division as is shown in the accom¬ 
panying column; that no confusion has 
ever arisen in the minds of children be- a 
tween long and short divisions. In answer, 36 
we may submit that business people do 
not concern themselves with such school gg 
matters; they ask for correct answers in 
reasonable time and leave all questions of 


methodology to the school. The long divi¬ 
sion arrangement in the two instances cited h 

is not convenient in finding averages or in 6)6868 

successive divisions; but it is better to re- 2)978 

write the dividends, 185 of a and 978 of b 4^ 

than to continue the useless distinction in 


all division. The fact that the two forms, long and short 
division, were learned in former generations is no justication 
for continuing them. 

Trial quotients. A real difficulty is experienced when chil¬ 
dren try to find a quotient digit. They proceed by trial and 
error. If 4 is too small, then they select 6, 6, and 7 in sue- , 
cession and finally find that 8 is the correct quotient digit.. 
By this time their continuous erasures have gone tlrrough 
the paper. The waste in such unguided trials must, be • 
checked. 

Graded practice in finding trial quotients must be pro- , 
vided. An arrangement like that found on page 316 is a good 
introductory device. ' 

The chart suggested on page 299 for teaching multiplica¬ 
tion combinations can be used with good effect. "How many 


IS David Eugene Smith and John C. Stone are among them. 
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Bivi8or4 


Divisor 7 


4 

6 

6 

7 

7 

8 

9 

10 

11 

12 

18 

S 

9 

10 

11 

14 

15 

16 

17 

18 

10 

20 

12 

13 

14 

15 

21 

22 

23 

24 

25 

28 

27 

16 

17 

IS 

10 

28 

29 

30 

31 

32 

33 

34 

20 

21 

22 

23 

35 

36 

37 

38 

39 

40 

41 

24 

26 

26 

27 

42 

43 

44 

45 

46 

47 

48 

28 

29 

30 

31 

49 

60 

51 

52 

63 

54 

66 

32 

33 

34 

36 

56 

57 

68 

59 

60 

61 

62 

36 

37 

38 

39 

63 

64 

65 

66 

67 

68 

69 


Teaser points to 33, ohild sees Teacher points to 34, Child 

, 24,says6and3oyer. sees 66 ,says 8 and4over. 

W Ti™-y of 8, 

over ’’ la column 8, hence, the answer, "8 and 1 

over, 18 readily suggested, 

' bv a dividing 

to’i!’ cli'ldren are then told 

31 asTo- 39 Ind 41 “ aS purposes; 29 and 

i”" " “ “■ « 51 « 50. » ae 


2 

,19)6476 

Think of 19 as 20 
and 64 as 60. Then 
say, “20 into 60= 
2 ." 


31)9462 

Think of 31 os 30 
and 04 as 90. Then 
say, "30 into 90 = 
3." 


39)9462 

Think of 39 as 40 
and 94 as 90, Then 
say, "40 into 90 = 
2 ." 
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Thorc IS DO ssBursnco that the first trial quotiest number will 
always be correct, but it will generally be not more than one 
from the true quotient digit. The whole example need not be 
done to pve practice in finding the trial quotient number. 
Charts with suitable practice material should be prepared for 
daily five-minute oral drills until the children give evidence of 
ability to make a sensible selection. 


21)130 

21)166 

21)186 

21)196 

21)216 

19)136 

19)166 

19)11 

19)196 

19)16 

49)156 

49)^ ■ 

49)16 

49)356 

49)458 

49)146 

49^ 

49)143 

49)166 

49)36! 


Simple rules for finding the trial quotient digit may prove 
helpful and interesting. Let us inspect the following examples: 
3 4 

64)17896 43)17896 

16 6 

Try 6 into 17, not 64 into 178 j Try 4 into 17, not 43 into 178; 
answer, 3. answer, 4. 

This practice is especially helpful with two-place divisors 
when the number in the units’ place is less than 6. 


Now let us analyze these examples; 

4 7 5 

68)25986 58)45872 67)35iw 

^ ^ ^ 

27 62 16 

Try, not 6 into 25, Try, not 6 into 45, Try, not 6 into 35, 
but 8 into 26; an- but 6 into 45; an- but 7 into 35; an¬ 
swer, 4. swer, 7. swer, 6. 


When the unit digit is 6 or higher, then increase the tens’ 
number by 1. This we did in the three examples above. While 
these two simple devices may be helpful, trial quotients 
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require, in the last analysis, an approximation based on 
reasoning. 

The Austrian method of division. Austrian subtraction has 
a parallel in division. In Austrian division additive and multi¬ 
plicative processes arc emphasized. 

421 

326)137240 
1304 

684 

m 

32(J 

Old or usual form of Austrian method of division. Process: 
division with re- 4X6 = 24; what added to 4 gives a 2? 

mainder empha- An 8; put down 8 and carry the 3, 

sized throughout 24-1-8 = 32. 
the process. 

4X2=8; 8-1-3 = 11; what added to 1 
gives a 77 A 6; put down 6 and carry the 
1,11-1-6=17. 

4 X 3 = 12; 12 -I-1=13; what added to 13 
gives 13? Answer, 0, hence no other num¬ 
ber need be put do\vn. 

Now bring down the 4 of the dividend; 326 
into 684,2. ■ 

2 X 0 = 12; what number added to 2 gives 
a 4? Answer, 2; put down the 2; carry 1, 
12-1-2=14. 

2X2=4; 4-l-l = 6; what added to 8 pves 
an 8? Answer, 3. Put doivn 3; nothing to 
carry2X2=4, 4-f 1=8. 

2X3 = 6; what added to 6 gjves a 6? 
Answer, 0. 

Now bring down 6; 326 into 320, 1 and 
process is completed. 

Division by the Austrian system requires less writing and 
combines both multiplication and subtraction. Whether thm 
leads to economy of time and an increase in accuracy remains 


421 

326)137246 

684 

32d 
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to be demonstrated by actual achievement. Writing fewer 
figures and combining two processes may not only require 
more mental effort and more time on the part of the child, 
but may also cause a greater number of errors in computation. 

Quotition and partition. Division may take one of two 
forms. Let us assume that a given whole must be divided into 
a number of groups. It may become necessary to find the 
number of units in each group. If 16 cents is to be divided 
among a number of children, each receiving 2 cents, then it is 
necessary to find the. number of children who will be given 
2 cents each; but if 16 cents is to be distributed among 8 
children, then it is necessary to find the number of cents that 
will be given to each child. These two forms of division are 
known as quotition and 'partition, respectively. In quotition 
the number of equal groups is sought; the numbers in the divi¬ 
dend and in the divisor refer to the same commodity; the 
numbers in the dividend and in the quotient refer to different 
commodities. In partition the number of units in each equal 
group is sought; the number in the dividend and in the quo¬ 
tient refer to the same commodity; the number in the divisor 
is abstract. Partition is a form of division closely related to 
finding fractional parts of a number, for example, of $15"; 
quotition is a form of division closely related to problems 
which find what fractional part one quantity is of another, 
for example, “$3 is what part of $15?” While these two forms 
of division may interest the teacher, the classification should 
never be taught to the children. 

The more complicated forms of division. The very difficult' 
divisors have not been considered here. Careful gradation will 
tend to -make them less troublesome and constant practice 
will help to insure mastery. Both the gradation and the drills 
for the advanced forms of division can be found in any good 
textbook in elementary arithmetic. The introdu ction of zeros 
in the divisor or the dividend, for example, 204)76 068, does 
not complicate the process as it does in multiplication. If the 
type of divisor that ends in one or more zeros is postponed 
until decimal processes are understood, the very zeros will 
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simplify the division. Instead of dividing $2478.64 by 800 the 
decimal operation may be introduced, and the divisor mav hs 
reduced to 8, for example, 8.00) $24.7854, thus saving time 
and effort. 

Signs and terms in fundamental operations. There are 
important signs and terms, the significance of which children 
must learn. Chief among the former are , X ^ =s' 
among the latter, sum, minuend, subtrahend, difference, nulti- 
plicand, multiplier, product, dividend, divisor, quotient, unit 
and remainder. The meaning and the function of each should 
be learned incidentally in the course of solving examples. Chil¬ 
dren should not be required to memorize sot definitions of any 
of these. Ability to illustrate and recognize each of these terms 
and to perform the process indicated by each of these signs 
should be regarded as sufficient mastery. 

Inventory of errors in division and remedial corrections. 
We must now list the common errors that children make in 
division and indicate corrective measures for each. We are not 
seeking a complete list of errors—merely those made by con¬ 
siderable groups of children in any school. 

The Remedial Measures 
1. Division combinations are usually 
not stressed as much os multiplica¬ 
tion combinations. We must com¬ 
pensate for this oversight by giving 
diagnostic tests and prescribing indi¬ 
vidual and differentiated drill ma¬ 
terial according to the needs re¬ 
vealed. 

Special attention must be given to 
the 0 and 1 combinations. With 
bright children a careful explanation 
a^ concrete demonstration of 6)6, 
6)1, 6)0 will go far to eliminate the 
errors listed in the opposite column. 
Combinations in which a number is 
divided by itself also need special 
attention. 


The Errors 

1. Errors due to inade¬ 
quate mastery of basic 
combinations 

8 

0. 4)35 
1 

b. 6jT 

_0 

c. 6)6 

6 

d. ejo 

1 

e. 1)6 
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The Errors 


2. Errors due to carrying 

3. Failure to use the first 
figure or figures when it 
or they are less than the 
divisor 


llie process, therefore, is, (a) 
test; (6) reteach and provide differ¬ 
entiated drill; (c) retest. 

2, 3. 0 . Careful padation of the vari¬ 
ous types in division. Provide ample 
practice for each type. 

6. Simple rationalization for all who 
can understand it. 

c. Use mechanical devices, thus— 
There must be a quotient digit 
for every digit in the dividend." 


To illustrate: 


0132 QQ74tlfl 0368%4 0303 >%i 
9)1188 16)1188 24)8601 31)9405 

L ' ili HI 93 

28 68 ' 140 7o5 

27 W 93 

18 4 201 *12 

18 ^ 

9 


It IS better to permit the crutch of 
zeroes to the left of the quotient 
than have initial dividend figures 


4. Errors due to misplace¬ 
ment of quotient digits 
and dropped zeros 

3 49 
7)21343 

304 % 

7)21343 


4. a. Explain importance of careful 
placing of quotient digits, Show 
how arduous work is lost by this 
form of carelessness. Motivation 
is a great aid. 

h. Give practice in copying com-,, 
pleted examples in which quo¬ 
tient digits are very accurately 
placed. 


00 ^ 

57)375 

34i 


m 


Child sees that next quotient 
digit must be placed directly 
over the units’ place of tlie 
dividend. 


c. Use mechanical device. 
Before placing a quo¬ 
tient digit, each child 
should find the align¬ 
ment with a narrow 
strip of cardboard. 
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The Remedial Measures 

5. a. Carry out suggBBtiona for giving 
children an understanding of the 
division idea. 

6. Vary relative size of dividend and 
divisor: 

Had 8 cents to give to 2 boys. 

What does each get? 

Had 4 dollars to give to 8 boys. 
What does each get? 

6. a. For a time, give no credit for 
work that is correctly conceived 
but is terminated by m’ong an¬ 
swers. Do not give partial credit. 

6. Strong motivation. Let the chil¬ 
dren see what is at stake. Make 
clear to them that they know the 
process but do not apply what 
they have mastered. 

c. Judicious praise at signs of im¬ 
provement. 

Problems pon Study and Discussion 

1. Give two moot questions that arise in the teaching of division. 
What are the opposing arguments? Which are based on opinion and 
which on fact? 

2. Analyze the processes in division of whole numbers and indi¬ 
cate what can be and what cannot be rationalized in teaching fourth- 
grade children? 

3. Set forth a series of four graded steps designed to help pupils 
find trial quotient digits. 

4. Administer a diagnostic test in division to children in a suit¬ 
able grade. What are the most common errors? What is the relative 
frequency of these errors? Compare the list of errors you derive 
with the list of errors in the last section of this chapter. To what 
extent do the two lists agree? 

5. List all the difficulties that zero may cause children in divi¬ 
sion. What teaching procedures will minimize each of tlicse diffi¬ 
culties? 

6. Devise twelve problems that require division. In terms of what 
standards do you accept or reject a problem suggested by a class¬ 
mate or colleague? 


The Errors 

5. Errors due to inter¬ 
changing dividend and 
divisor, especially when 
the dividend is smaller 
than the divisor. Thus 
3 -T- 6 is erroneously 
turned into 3] 6 


6. Errors due to careless¬ 
ness: omitting the re¬ 
mainder; mis-reading 
signs, •r for — and vice 
versa; bringing down 
wrong digit from the 
dividend to continue the 
division 
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TEACHING CHECKS. PROOES, AND SHORT CUTS 
Checks and Proofs 

Importance of checking results. Children must be 
impressed -witih the absolute standard of accuracy demanded 
by the business world. To encourage the child the school often 
gives credit for correct planning of a solution even though the 
correct answer is not obtained. Children may therefore under¬ 
estimate the importance of the answer in arithmetic. Appro¬ 
priate forms of checking results must be embodied in the 
fundamental processes. The consistent use of checks and proofs 
inculcates a critical attitude toward one’s own work. They 
teach children the art of self-correction; they diminish the 
number of absurd answers and stress accuracy in arithmetical 
computations. 

Methods of checking and proving. We may check results 
either by obtaining an approximate answer or by working out 
a full proof. 

By approximations. When, for some reason, it is impos¬ 
sible or impractical to prove the answer absolutely, we may 
merely test its- reasonableness. Thus in the example, “Find 
the interest on $3504.27 for 3 yr. 5 mo. at 3^0,” endless and 
difficult computations are required to prove the answer by 
"working it backwards.” In such situations we assume that the 
time is 3 yr. and 4 mo. or SVs yr. and that the principal is 
$3500, not $3504.27, The approximate interest is therefore 
10 per cent of $3600, or $350. It is obvious that $350 or any 
sum less than $360 must be incorrect. The answer that' is a 
little above $350 is reasonable and its correctness is assumed. 
This method of approximation demands sustained thought and 
tends to eliminate ludicrous answers. 
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By exact proofs. There is a variety of methods of testing 
for the absolute accuracy of tiie result. These are listed below 
with appropriate illustrations. 

1. Reword the problem, maldng tlie element to be found 
a given, or a Icnown element. Then, solve the new example 
to ascertain whether the figure found is identical with the 
figure sought. 

lUustration: A plot of land mortgaged for 60% of its value is mort¬ 
gaged for $3600. What is tlie land worth? An. $6000. 

Check; Land worth $6000 is mortgaged for $3600. What per cent 
of the value of the land is covered by the mortgage? 



2. Ascertain whether the answer meets the conditions of 
the problem. 

Illustration: A retail dealer who usually receives a discount of 16% 
finds that goods listed for $350 were charged at $280. Is the 
retail merchant being allowed a better discount? If so, how much 
does he gain? Usual discount =15% of $350=$52.50. New dis¬ 
count, $70, minus usual discount, $52.50 = $17.60, increase dis¬ 
count. 

Test. Usual discount $52.50 +new increase $17.50=$70 now dis- 
70 , 

count,—=%=20%=new rate, hence 6% inoreose. 6% of 

$350 = $17,60=increase discount. 

3. Solve by another method. 

lUustration; Goods marked $38,60 per gross are sold to Mr. A at a 
discount of 25% and 10%. What’is the final cost per gross to 
Mr, A? 

First Method: 100%-26% =75%; 10% of 75% =7.5%, hence 
final cost is 67Mi% of $30.60 or $24,71. 

Second Method: % of $36,60=127.45; %o of $27.45=$24,705, 

4. Rework tlie example with great care. Veiy often another 
form of solution involves an inordinate amount of computa¬ 
tion. Working the example or problem backward is even less 
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practical. In Buch cases a careful examination of every step 
in the solution is the only reasonable check that may be made. 
5. Check the mechanical processes involved. 

Checks for addition: 

0 . Add the columns in reverse order. If the columns were 
added up, add them down, or vice versa. If the answers agree, 
the assumption is that the final result is correct. 

b. Successive subtraction. From the sum take, in succes¬ 
sive subtractions, each of the addends. This method is too 
long to be considered seriously. 

c. Casting out nines. 

542 add 6 and 4 and 2; 11; oaat out 9 of 11, result 2 

S76 add S and 7 and 6; 16; cast out 9 of 16, result 7 Add these; 

480 add 4 and 8 and 9; 21; oast out 9’b of 21, result 3 13; cast out 

757 add 7 and 5 and 7; 19; cast out 9’b of 19, re^t 10 of 13; 

- - result is 4. 

2164 add 2 and 1 and 6 and 4; 13; cast out 9 of 13, result 4 

When the final numbers agree, as 4 and 4, the result is 

assumed to be correct. While this is interesting to number, 
minded children, the process should not be taught for reasons 
given under d. 

d. Reducing to single digit. 

542 add 5,4,2; result 11; add 1 and 1; result 2' 

376 add 3, 7,6; result 16; add 1 and 6; result 7 

489 add 4, 8, 9; result 21; add 2 and 1; result 3 Add 2, 7, 3, 1; 

767 add 7, 6,7; result 19; add 1 and 9; 10; result 13; add 1 

Now add 1 and 0; result 1 and 3, result 4; 

2164 add digits of the answer; 2+1+6+4=13; 1+3=4 

The last two methods (c and d) are too long to merit prac¬ 
tical application. They are mere reciprocals of each other. 
Assume that the answer was 2146, not 2164, and apply either 
mode of test; 2146 would give 2+1+4+6=13; cast out 9 or 
reduce to a digit and 4 is obtained. 2146 answers the test but 
is incorrect. These two modes of checking are, therefore, inter¬ 
esting historically but are not reliable. 

e. Add groups of addenda and then find the total result of 
these partial sums. 
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354 


Add all of A 

354 



273 

A 


273 



856 



856 



977 

522 

B 


/ 

III 

Add 

1483 

389 

33 




and 

\m 

3371 


Add all of B 

977 

/ 

3371 




622 y 

/ 





389 / 






1888 / 




Check 


This is obviously a check, but the time involved makes its 
use unwise. 

j. Re-add but do not carry figures to next order. 

3S4 354 

273 273 

856 ^ 

13 total of units’ column 

1483 check this thus, 17 total of tens’column 

13 total of hundreds’ column 
1483 check 

This is like the method suggested under o. 

£f. Add all but one addend. To the sum add the addend 
not included. The total sum is the check number. 


354 

273 

866 

977 

522 

389 

3371 


■A 

B 


354 
273 
856 
977 
522 

2982 
B= 389 


3371 check 


In the final analysis, the first and the last two suggestions 
are the only useful ones; few practical workers have recourse' 
to plans b, c, d, and e. 



TEA.CHING CHECKS, PROOFS, AND SHORT CUTS 327 
Checks for subtraction: 

a. Add the answer to the subtrahend to obtain the 
minuend. 

h. Subtract the answer from the minuend to obtain the 
subtrahend. 

Checks for multiplication: 

d. Interchange multiplier and multiplicand to obtain the 
same product. Similar to a under addition. 

b. Divide the product by either multiplicand or multiplier 
to obtain the other factor. This method requires too great an 
expenditure of time. 

c. Casting out nines or reducing to a digit. 

254 add 2,6,4; 11; cast out 9; 214 X 2=8, cast out 9; 8 
X 68 add 6,8 13; oast out 9; 4 J • ’ 

20 ^ 

1270 

14 732 add 1, 4,7, 3,2,17; cast out 9; 8 

254 add 2,5,4; 11; add 1 and 1; 21 4 X 2=8 
58 add 5,8 13; add 1 and 3; 4J 

2032 

1273 

15 762 add 1, 6,7, 6, 2; 21; add 2 and 1; 3, hence answer is incorrect, 

add 1, 4, 7, 3, 2; 17; add 1 and 7; 8 hence 14732 is correct, . 

For criticisms see d under addition. 

Checks for division: 

a. Multiply the divisor and the quotient to obtain dividend. 

b. Divide the dividend by the quotient to obtain the 
divisor. 

c. Casting out nines and reducing to a digit when there is 
no remainder in the answer. This is an interesting but unre¬ 
liable procedure. 

Shobt Cots 

Because teachers are not convinced of their worth, short 
cuts have not as yet attained their rightful place in arithmetic. 
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Too often they are regarded as numerical tricks lacking sound 
mathematical basis. 

Value of short cuts, 1. Mconomy of time. The obvious 
value of a short out lies in its economy of time and labor. 
The time and effort so saved may be used to solve more 
problems and thus inculcate greater arithmetic skill. 

2. Added interest in mechanical processes. In the solution 
of problems interest usually attaches to planning the solution 
and obtaining the result, but never to the mechanical compu¬ 
tations, Short cuts tend to make these very mechanical opera¬ 
tions thought-provoking and therefore interesting. 


In multipl^E 6423 by 279. there is no interest in multiplying by 
and madding the three partial products. Instead 
of following the long process teach children to multiply 5423 bv 0 
Md then to multiply the partial product by 3, because 27 is 3 times 

Df tniis * 


5423 

279 

48807 

obtained by multiplying 48807 by 3. (27=9X3) 

1613 017 


To discover that 3 times the partial product is the same 
as 27 times the multiplicand provides an application of 
the ratio idea of number that lends interest to this mechanical 
operation. This method applies to multipliers like 648, 546 
649, 729, 819, 459, 728, 497 ... a series of great length. 

3. A deeper insight into number. The preceding illustra¬ 
tion suggests that the application of short cuts gives the pupil 
a deeper insight into number relations, that is, into ratios. The 
child who learns the short method of multiplying by 12U 
(add 2 ciphers and divide by 8), and by 126 (add 3 ciphers 

and dmde by 8), has learned some of the implications in the 
proportion 

Vs : l=12y2 : 100=125 : 1000. 

Every short cut gives a deeper understanding of the relations 
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among numbers and shows more clearly the significance of the 
ratio conception of number. 

4. Greater skill in manipulation, A value of short cuts that 
comes as a sequel to the deeper appreciation of number rela¬ 
tions is increased skill in number manipulation. The illustra¬ 
tions above show clearly that greater dexterity follows the 
understanding and the use of short cuts. 

Cautions in introducing short cuts. 1. Not prematwely, 
Short outs must be introduced only after the long process is 
' thoroughly understood. To teach short cuts before the longer 
proeeBses are understood reduces them to mere tricks of com¬ 
putation. A short out must be rational and contribute to a 
deeper comprehension of the functions of number. 

2. Short outs not as mere mnemonics. It follows, therefore, 
that a short cut must not be taught without mathematical 
justification. The method of testing mulipHoation by reducing 
to a digit is an illustration of an arithmetical process founded 
on a mathematical principle that cannot be demonstrated to 
the pupils. So, too, multiplying 92 by 94 and obtaining the 
product by writing 48 to the right and 86 to the left, 8648, 
is another example of a short out that should not be taught. 
The following is the procedure: 96 X 89; take 96 from 100 

. and 89 from 100, thus obtaining 4 and 11; 4X11=44; now 
take 4 from 89 or 11 from 96 and obtain 86; the answer 
is 8544. When the numbers are 88X85, the process becomes 
confused and the child is lost because the short form of multi¬ 
plying 96 by 89 is based on a principle beyond him. 

3. Short cuts taught must be susceptible of general appli¬ 
cation. The short form of multiplication by 16 (X10; % of 
this product; add the two numbers), or by 11 (64X11, write 
6, write 4, insert their sum between the 6 and the 4, 594), 
or by 41,21, 61 (multiply by 40, 20, 60 and add the multipli¬ 
cand to. the product), are illustrations of processes that are 
not worth the teaching. To multiply by 15 or- by 11 or by 71 
directly will in the end save time and make for greater accu¬ 
racy. To multiply 67 by 11 by writing 6 and 7 iand inserting 
their sum will give 6137, a product obviously incorrect; to 
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require children to learn that when the sum of the two digits 
is greater than 9, the 1 must be added to the tens’ digit makes 
the short multiplication too cumbersome n process. A short 
out that has exceptions should itself be excepted from the 
list of forms worth teaching. 

4. Short cuts worth teaching should be reduced to habit. 
A short cut must not be taught as an end in itself. Too often 
the teacher assigns an example to the class and adds, “Be 
sure to use the short cut.” Those who solve the example by 
the long process are usually marked partly or wholly wrong. 
But when the suggestion is not given to the class almost all 
the pupils follow the long process from force of habit. Unless 
they are used spontaneously by the children themselves, short 
cuts are useless. 

To make the use of short cuts habitual, it is necessary to 
assign very few new ones to each grade. This gjves the .class 
opportunity for sufficient drill. To require a teacher to teach 
almost all short cuts is a practice which makes impossible the 
reduction of the abbreviated solutions to habit. Teachers must 
so frame their examples and problems that the numbers will 
encourage children to use the short cuts that were taught. 
Thus, instead of asking for the number of gallons of water’ lost 
in 254 days at an average daily leakage of 536 gallons, the 
former number may be changed to 246 or 486 or 497 so that 
the short cut may be employed. Most problems can be made 
to yield practice in the thought phase of arithmetic and in 
the use of short outs. Unless the short cut is employed from 
force of habit, it becomes msely an additional burden. 

Paetial List oir Short Cuts 
AidiUon and Subtmtim 

1. To add 58 and 27; add 68 + 20 + 7; say 68, 78, 85, 

2. To take 27 from 86 reverse the process; say 85, 66, 58. 

Midtiplicatm 

1. To multiply by 

26, add 2 ciphers and divide by 4. 
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12%, add 2 ciphers and (Uvide by 8. 

250, add 3 ciphers and divide by 4. 

125, add 3 ciphers and divide by 8. 

16%, add 2 ciphers and divide by 6. 

2. To multiply by 

76, add 2 ciphers, divide by 4, multiply by 3. 

376, add 3 ciphers, divide by 8, multiply by 3. 

.625, add, 3 ciphers, divide by 8, multiply by 5. 

750, add 3 ciphers, divide by 4, multiply by 3. 

83%, add 2 ciphers, divide by 6, multiply by 5. 

82%, add 2 ciphers, divide by 8, multiply by 6. 

This short cut is generally not worth using, as it may in¬ 
volve as much computation as the long process. 

3. To multiply by 10, 100, 1000, add the required number of 

zeros. 

4. To multiply by 729, 546, 549, etc., proceed as explained above. 

6. To multiply by a number containing two factors. 

624 X 64 (8 X 8)=624 X 8 X 8or B24 

X8 

4192 

X8 

33636 

4632X 175 = 4832 X 25 X7 
4)463200 

115800 X 7 = 810600. 

The long process involves two multiplications and one addi¬ 
tion; the short process employs two successive multiplica¬ 
tions and eliminates the addition of partial products. This 
is oj doubtful value. 


Division 

1. To divide by 10, 100, 1000, move the decimal point the re¬ 

quired number of places. , 

2. To divide by 

25, move decimal pdnt 2 places left and multiply by 4. 
125, move decimal point 3 places left and multiply by 8. 
250, move decimal point 3 places left and multiply by 4. 
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16%, move decimal point 2 places left and multiply by 6 
12%, move decimal point 2 places left and multiply by 8. ' 


3. To divide by a number that is a multiple of two 
by the two factors. 

33536-7-64(8X8) 33536 h-8=4192 

4192-r 8=624 


Fractions 


factors, 


Ans. 


divide 


1. To add fractions with nrimerators of 1: %+ %= 

2. To add any two fractions, for example, 


3-H6 


3X6 




3X4 

Shortened Algorism 

1. In multiplying or dividing numbers by IH, 1%, etc., it is not 
necessary to rewrite the numbers; the abbreviated algorism 
IS preferable, 


254 X 114 rather than 254 
63 % iVi 

317% 264 

63% 

317% 


2. When the cost is set at .60, .26, ,76, .12%, it is always better 

to use the fractional part of a dollar, for example, %, %, % 

/o* 

3. In taking a per cent of a number it is better to use the frac- 

tonal equivalent in all cases where it is easily recognized. 
For example, 37%%, 83%%, 75%, and 12%%. 

4. In examples where the successive steps involve a series of 

multiplications and divisions the cancellation form is pref¬ 
erable to the performance of each process separately. 

_ to the problem, “Find the cost of filling a tank measur¬ 
ing 4 X 6 X 3 ft. with gasoline at 21 cents a gallon,” there 
are two procedures; 

0. The long way 

4 X 5 X 3 = 60 on, ft. m the tank. 

60 X 1728=103,680, ou. in, in the tariTf. 
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448.83%7, gal. in the tank 
231)103680.00 
924 

1128 

m 

2040 27 ^ _9 

1848 231 77 

1920 

1848 

720 

27 

448.83?^7 X $.21 « 448.83?f7 

lira- |x21 = f.2.M, = 2«, 

89706 

2^1 

$942645^1 $24.26, cost. 

. 6. The short form 
1 .03 

4 X 6 X 0 X 1728 X .21 60 X 1728 _ 1036.80 _ 

m “ 11 “ 11 

77 $94.25J{i = $94.26, cost. 

11 ■ 

Applieotion of Ratio Idea. 

A ship travels 190 mi. in 6 hrs.; what distance will be covered in 
18 hrs.? 

а. H of 190 = 31Ji mi. per hr. 31% X 18 = distance in 
18 hrs. 

б. Ratio method: 18 = 3 X 6, hence 190 mi. X 3 = 570 mi. 
Any illustration in the discussion of the ratio method of solv¬ 
ing problems will show the economy of using this process, 
when practical, in contrast to the method of unitary analysis. 
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practice material. These are the wealoiesses in teaching 
against which teachers must always he on guard. 

Common or decimal fractions first? Mathematically con¬ 
sidered decimal fractions ought to jjrecede common or vulgar “ 
fractions because the former are more closely related to the 
system of notation in whole numbers. For psychological rea¬ 
sons we teach common fractions first. The decimal fraction 
has a denominator too large for convenient objective demon¬ 
strations. In the life of the child the fractions and arise 
naturally and frequently; % 0 ) rather infrequently. For these 
reasons decimal fractions are taught after common fractions 
are understood and mastered. 

Incidental learning of fractions. Because most courses of 
study begin systematic work with fractions in the fourth year, 
teachers must not assume that common fractions should not 
be introduced much earlier. In the first or second grade chil¬ 
dren learn to identify Vs) and % .by folding paper, by 
cutting objects or dividing quantities into parts, by making 
purchases for a half, or a quarter of a dollar—in a word, by 
living in a modern community. Children can no more avoid 
certain common fractions than they can avoid the ordinary 
range of whole numbers. To be sure, they say that half means 
only a "part” or a "piece," but they soon see some of its 
implications. Two six-year-old children dividing a bar of 
chocolate insist on a true half of the whole for each. 

Gradually, through manual experiences and directed activ¬ 
ities, children learn % of a string, % of 6 pencils, % of a line, 
and the like. Through such concrete experiences as grouping 
fellow pupils, apportioning beads or marbles, folding paper, 
nHin g money, and distributing class supplies children learn 
y2+V2=i; V4+%=y4=i; ®/4-y4=%; y^=y^\ y4X3=y4:, 
They are now ready to work from large, charts 
drawn in contrasting colors to seti off the equivalent parts. 
The following charts, or sheets of paper 8X4 inches, suitably 

^Vutgaf is the old adjeotive msaaing, of course, not "coarse" but 
"oaimnon.” In an, older day s. commoner’was referred to as a, vulgar - 
person. 
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folded by each child, can be used to find the 
examples listed below: 


answers to the 



i+i J-i fX3 

Hi i-i 1x2 

Hi i-| 1X3 

HI i-i fx2 
Hi ■ i-i Jx2 


1-3 

i-i-3 

i-S 

1-3 

4-5-2 



finrf 1 / ^ of obiects children can be led to 

\ ® ^roWems in finding 

what fractions part one number is of another can also be 
given because they can be made concrete; 

Had it, spent Vz of it; what did I spend? 

Had 4}!, spent 2f, what part of my money did I spend? 

Had 8^, spent % of it, what did I spend? 

Had 8^, spent 4(}, what part of my money did I spend? 

- After the arithmetical situations arc understood the first 
ao pair of the above questions may be omitted and the 
children may then be asked, “Had 6 marbles and lost 3 wfa 
paa-t of my marbles did I lose?” ' 
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All of this work in fractions is almost incidental and free 
from rationalization, definitions, and rules. It is always con¬ 
crete and often is written in the form, "1 quarter+2 quarters 
are 3 quarters," until the children learn to focus attention on 
the numerator. In the first three years the aim is to teach the 
child those computations with fractions that the untaught per¬ 
son learns from actual experience. 

Systematic instruction in fractions: Graded steps in the 
development of fractions. Through concrete experiences and 
purposeful activities children must learn the following pro¬ 
gressive ideas of fractions: 

1. %, % of a single object, m % of this sheet of paper. 

2. 14, of a group of objects, as % of these 8 sheets of papers. 

3. a, 14, H of a definite unit, as 14 of a foot is how many inches? 

4. 14, 14, 14 of a group of definite and standardized units, as 14 of 

$8; 14 of 60^. 

6. %, %,% of a. single object or standardized unit, as 14 of $1; % 
of 1 lb. 

6. 94, %, 94 of a group of standardized units, as 94 of $4; 96 of 24 lb. 

7. 94, 14, % of an object or standardized unit refers to the thing 

itself. 

8. 94, 94, 14, % of a group of objects or units refers to the whole 

group. 

9. Improper fractions as 94, 94, 14, % of a group of objects or units. 

10. The mixed numbers as 114=94, 114=94, 114 = 14, 114=94. 

The four Ideas in the concept of fraction. After an ade¬ 
quate groundwork has been laid for work in fractions four 
main ideas should be taught as the constituents of the rich 
concept known as fraction. These are (1) a fraction is one or 
more of the equal parts of a unit; (2) a fraction is one of the 
equal parts of a number of units; (3) a fraction is an indicated 
division; (4) a fraction is an expressed ratio. 

A fraction as one or more of the equal parts of a unit, The 
children have had enough experiences with fractions to answer 
the teacher’s questions very readily. Reference to concrete 
material helps the children to include the idea of equality in 
their statements. 
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Teaehei' Asks 

1.1 need % of this paper. How will 
you give it to me? 


Teacher Elwiis jrom the 
Children 

1. I will fold the paper into 
two equal parts and give 
you one, 


2. A man traveled Va the distance 
between Brandon and Rutland. 
What does % tell you? Teacher 
draws on blackboard: 

BRjLHDOH 'B.VCLi.KO 


3. Bill ran % of a mile. What does 
% tell you? Teacher draws on 
blackboard: 

^ or A. uiui 

'X-1- 1 - 1 - 

•TAUT riNian 

4. The man in the service station 
noticed that he sold % of his 
gasoline. What does % tell you? 
Teacher draws on blackboard: 


2. The distance between Bran¬ 
don and Rutland is divided 
into two equal parts and 
the man traveled one of 
them. 


3. A mile was divided into 
four equal parts. Bill ran 
three of them. 


4. The barrel is divided into 
eight equal parts and five 
of them were sold. 



These fractions are now written in a horizontal line, thus 
Vit %, %, as the teacher asks, “How did you know into how 
many equal parts to divide the paper, the distance, the mile, 
the tank? How did you know how many of the equal parts 
to take?” The blackboard information now takes on a new 
form: 

■13 5 tell us how many of the equsil parts to take 
2' 4’ 8' tell us into how many equal parts to divide the thing 

We must note that the teacher writes only what the children 
say. The class is now ready to leom three terms; numerator, 
denominator, and jraction. The teacher explains that the 
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words numerator and, denominator are used for the long ' 
expressions above and below the line. Adding these two terms 
to the blackboard material, we have: 

1 3 fi tell na how many of tha aqual parts to taJce Numerator 

2’ i s’ tell ua into how monv equal parts to divide the thing’ Denominator 

The lesson is capped when the definition of a fraction, “one 
or more equal parts of a thing” is elicited. 

A fraction as one of the equal parts of a number of vniis. 
The full understanding of a fraction requires a knowledge of 



the fact that % may be regarded as % of 1 and i/4 of 3; that, 
% may be interpreted, as % of 1 or of 2. To make this sec¬ 
ond relationship clear, children are asked to tell the differ¬ 
ence between, % of 1 ft. and ^ of 3 feet. Naturally some 
think % of 1 is more than % of 3. Others 'disagree. The 
teacher then suggests that dispute will prove nothing, but that 
a concrete demonstration may show the correct answer. To 
■ illustrate the interpretations two vertical lines are dra^ on 
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the board, one, 12 inches, the other 36. Measurements are 
made, and % of 1 foot is found to be 9 inches, while 14 of 3 
feet is also 9 inches. Similar demonstrations can be made by 
folding paper or by using any of the tables of weights and 
measures taught in these grades. Children should be required 
to tell the two stories of of %, of %, of %, thus % means 
% of 1 and also % of 3. A two-minute exercise like the fol¬ 
lowing is helpful and not unpopular with children, 

Write the other form of each of the following; 

%of2=_of—. %ofl = _of_ 

%ofl=—of- %ofl=-of_ 

%of7=—of—. ltof5 = — of 

It is futile to argue that in no business situation is one 
required to know that % of 1=% of 2, because all will admit 
the fact, These ideas that make up the concept fraction are 
necessary for that adequate understanding of number rela¬ 
tions \yhich insures intelligent and accurate number manipula¬ 
tions in any common industrial or commercial situation that 
may arise later. To prepare for tho practical demands of 
business one must learn much that is foundational in the 
structure of arithmetical ideas and skills. 

A fraction os an indicated division. That a fraction is an 
indicated division must be indelibly impressed on each child. 
Much of the later work—-not only in common fractions but 
in decimal fractions and in cancellation—depends on a clear 
comprehension of this basic fact. Children can be led to dis¬ 
cover this relationship by listing on the board fractions and 
their interpretation as part of a unit or of a group, as shown 
under A below. The teacher then asks, “How can we obtain 
1/4 of 3?” and elicits, “Divide 3 into 4 equal parts." The 
teacher TOtes what the children say and obtains the material 
shown under B. Section C is shown as an abbreviated form 
ofB. , 

A B 0 

14^% of 1, that is, 1 is divided into 2 equal parts, 1 -j- 2 
14=Vi of 1, that is, 1 is divided into 4 equal parts, 1 -r- 4 
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of 1, that ia, 1 is divided into 5 equal parts, 1-^-5 
% = 14 of 3, that is, 3 are divided into 4 equal parts, 3 -r- 4 
% = 14 of 4, that is,-4 are divided into 6 equal parts, 4-5-5 
% = 14 of 6, that is, 5 are divided into 6 equal parts, 6-5-6 

The children are then led to recognize that 1,1, 1, 3, 4, 5, are 
the numerators in each case and that 2, 4, 5, 4, 5, 6, are the 
denominators. The following tabulation readily leads to the 
generalization that a fraction is the equivalent of its numer¬ 
ator divided by its denominator. 

%=l-h2=N-5-D 
%=3-5-4=N-5-D 
14=4-5-5 = N + D 
%=6-f-6 = N-5-D 

Practice must how be given in telling the three stories of 
a fraction, thus %= (a) % of 3; (b) % of 1; (c) 3-r4. Exer¬ 
cises like the following help to fix these forms: 

2-r3 = 14of— %=%of — 

2-5-3 = %of— % = _ofl. 

Once more we justify the teaching of a mathematical prin¬ 
ciple, not because of specific business needs, but rather because 
we are preparing young people for any reasonable arithmetical 
demand that business may make upon them. 

A fraction as a ratio. The idea that a fraction expresses a 
ratio should not be taught in any given lesson, but should be 
developed gradually through cumulative experiences with frac¬ 
tions, especially in finding what fractional part one quantity 
is of another. The child who has 2 agates and loses 1 realizes 
that 1 of his 2 agates is % of his possession. As a result of 
extensive experience and maturing insight, ^ assumes a new 
significance; 1 out of 2, 1 as compared with 2, 1 is to 2, 1:2. 
It seems reasonable to conclude that integers developed from 
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fractional ideas rather than vice vena; fractions are more 
closely related to measurement of, small quantities than 
integers. The primitive man who caught one deer while his 
neighbor brought in two, perceived, although he did not con¬ 
ceive the fact, that he had only one-half of lus neighbor’s 
quarry. In the measurement process we perceive the parts 
before we have estimated the whole; each part is a fraction 
of the whole. The ratio idea also grows with the solution of 
such examples as “A has $4 and needs $5; what part of the 
amount he needs has he now?" The answer % means 4 out 
of 5; the relation of what he had to what he needs is 4 to 6, 
hence % is equivalent to 4:5. Explanation of these relation¬ 
ships do not help an immature pupil. Repeated experience with 
increasing maturity lead to a gradual understanding. The 
method of teaching the ratio idea is given in greater detail in 
an appropriate chapter later in this hook. 

Limiting the scope of fractions. There is a gi'owing ten¬ 
dency to use only the fractions %, 1 / 3 , %, % %, %, ^ 5 . % 

and % and to eliminate from school work such fractions as 
%, Via and % Why ignore these fractional forms? They ai‘e 
not as common as the fractions in the first list, but they do 
occur—not only in everyday relations, but in working with 
the acceptable fractions. % and % do produce %; the sum of 
1/4 and % is yij. If we teach %, %, and VJ, we must also teach 
those fractions which are produced by adding or multiplying 
these. Stone, who objects to “uncommon" fractions, neverthe¬ 
less says, "In every school course there should be some atten¬ 
tion to problems that seldom occur in the mere 'social needs/ 
problems of a type never met before by the pupils,”' to 
develop greater power to see quantitative relations. 

Reduction of fractions. Technical meaning of the term 
"reduction" Children who know the word reduction are often 
confused by the technical meaning of the term—not by the 
process of reducing a fraction. They use the. word in the dic¬ 
tionary sense of making less or smaller. But when fractions 

>John C. Stone, The Slone Aritkmetici The Teacher’s Manual, 
Grades 1 to 8 (Benjamin E. Sanborn & Co., 1928), p. 19. 
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are reduced they may take on a larger as well as a smaller 
form. The essential characteristic of reduction, in this tech¬ 
nical sense, is that the form is changed but the value remains 
unaltei’ed. In %=%=% we have % reduced to lower terms, 
and to higher terms, % Both changes are known as reduc¬ 
tion; neither change affects the value of %. 

Kinds of reduction. Five useful kinds of reduction must be 
taught in the elementary grades: 

1. Reduction to lowest terms, = 

2. Reduction to common denominators, % and % = % and %; %, % ' 
and 14=%2, ^9ia and %2 respectively. 

3. Reduction to higher denominators—changing quarters to eighths. 

4. Reduction to improper fractions, 114 = 54; 2% =“14. 

6. Reduction to mixed numbera, %= 114; *%= 2%. 

Teaching reduction of fractions. The teaching problems in 
these five types of reduction are identical. In each we must be 
sure to incorporate the following teaching practices: (1) moti¬ 
vation; (2) the use of concrete materials; (3) gmding the 
class to realize the importance of dispensing with the objective 
aids; (4) helping the clara to formulate the generalization; 
and (6) the application of the generalization by solving many 
examples. The sequence of these practices may be changed to 
suit circumstances, but in the final analysis each will be found 
in an effective lesson on reduction. For an illustration of this 
technique, we refer the reader to the lesson on the reduction 
of fractions to lowest terms as given in Chapter XV in which 
occurs the discussion of the inductive recitation. After each 
form of reduction is taught, cumulative drills'like the following 
should be mimeographed and given to the children as useful 
practice material for spare minutes. 

1=-| f=l 1=1 7 and-J. arc the same as T and 

S=-j •^•=7 and-J-are the same as xj and 

i=l 1=1 ■jfi-fend^aietheflameJoB-n'iiTrandn 

3=-i ■y^=? l|=-s |=?-s l=■|; I='l 
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Reducing to lowest terms by the greatest common divisor. 
In practical arithmetical operations there is almost no occa¬ 
sion for finding the greatest common divisor. Where fractions 
are to be reduced to lowest terms, the method of successive 
divisions is adequate; thus: fractions in 

business computations are as clumsy as even with 

such a fraction the greatest common divisor is an arithmetical 
luxury. 

Where the long Euclidean method must be taught because 
of course-of-study assignment, no attempt should be made at 
rationalization, 

,G. C. D. of 58 and 126 
2 

68)126 
116 6 
10)58 
60 1 
8)10 

ii 

2)8 

G.C. D. = 2. 

To teach children to reduce fractions to lowest terms by 
resolving both numerator and denominator into their factors 
and then discovering the highest common factor also involves 
needless waste; this can be seen in the case cited below. 

S“ 2 ^ 7 X 3 '2^ 

+“ 14 _ 1 14 14 _ 1 

+14 42 "3°^42+14" 3 

Here, again, too much time is consumed and the method 
is unnecessary for the tjrpe of fractions generally found in 
commercial and industrial life. 

In every instance the reader will find tiiat the method 
of trial (guess) and correction is superior to systematic anal¬ 
ysis into prime factors. A few suggestions for testing divisibil- 
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ity of numbers may be helpful, but these should be pointed 
out incidentally and never committed to memory: 

1 . A number is divisible by 2 if the last digit is even. 

2. A number is divisible by 3 if the sum of the di^ts is divisible 
by 3. 

3. A number is divisible by 4 if the last two dipts are divisible by 4. 

4. A number is divisible by 5 if the last digit is 0 or 5. 

6 . A number is divisible by 6 if it is divisible by 2 and 3 or if it is 
even and rule No. 2 applies. 

6 . A number is divisible by 8 if the last 3 digits are divisible by 8. 

7. A number is divisible by 9 if the sum of the digits is divisible by 9. 

Multiples and factors. Their importance. A knowledge of 
multiples is necessary in all reductions of fractions, in addition 
and subtraction of fractions with dissimilar denominators, in 
cancellation, in proportion, in ratio solutions, in short cuts, 
and, indirectly, in most processes in arithmetic. Multiples 
imply factors, for the two clasBes of numbers are intimately 
related. To know that 56 is a multiple of 8 and 7 or that 8 
and 7 are factors of 56 enables one to solve division examples 
by short cuts—that is, by two successive divisions. 

Teaching multiples and /actors. To develop the concepts 
multiple and factor set the stage for a number game or a 
number puzzle. Write small numbers in a column, and ask 
the class to give the larger numbers that will be divided 
exactly by these smaller numbers, thus; 

Teacher gives: Children supply: 


2,3, 

6,12,18, 24, etc. 

4,6, 

20, 40, 60, 80, 100, etc. 

8 ,6, 

24, 48, etc. 

30, 60, etc. 

3, 5, ,6, 

2, 5, 4, 

20, 40, 60, etc. 

2, 3, 5, 

30, 60, 90, etc. 


The winners of the game are those who can give the large 
numbers most readily or who can give most of the numbers. 
The teacher then elicits the relationship existing between num- 



346 ' THE TEACHING OE ARITHMETIC 


bers in the first column and those in the second. When the 
children formulate the function of each the teacher writes it 
in the most suitable and economical language. Under the two 
columns of figures, we now see on the blackboard the fol- 
lowmg: 

Can divide the larger number Can contain or can be divided 
without a remainder. by the smaller numbers, with-. 

out a remainder. 

Factors Multiples 

The words jactors and multiples are now introduced in the 
appropriate columns as shown above. Children (1) see the 
function, (2) formulate it, and (3) learn the technical term 
for it. The expression least common multiple is introduced 
as the best descriptive name for the first or smallest multiple 
in each line. 

Finding L. C. M. or L. C. H. by inspection. Much valuable 
time is often lost because teachers interpret the expression 
by inspection to mean vnthout any computation whatever, or 
guessing. In seeking the least common denominator for the 
fractions %, %, and %, children may be seen gazing aimlessly 
at 4, 6, and 9, hoping to attain by mere chance the least com¬ 
mon multiple. They usually sdect, in a casual way, au unsuit¬ 
able number. By inspection must be interpreted to mean 
without uoritten computation; hence children must be taught a 
simple means of determining the least common denominator. 
The following are some of the devices suggested—the first will 
be found the most satisfactory; 

1 . Select the highest factor and try successive multiples until the 

necessary number is found. 

4, 6, 9; 9 is selected; 9 X 1, 9 X 2, 0 X 3, 9 X 4=36. L. 
C. D., 36 

2, Take the first two numbers and find their L, C. M., then find the 

1. C; M. of that and the next number, 

4, 6, 9; L. C. M. of 4 and 6 is 12; L. C. M. of 12 and 9 
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3, Disregard those smaller denominators that are factors of larger 

ones) then find the L. C. M. of the remaining denominators. 

2, 3, 4, 8j 6; disregard 2 and 4 because of 8; disregard 3 
because of 6; find the L. C. M. of 8 and 6; 8X1; 
8X3; 8X3=24. L.C.D, is 24. 

4. Write out the successive multiples of each denominator, then select. 

' the first multiple that is common to all. 

4, 8, 12, 16, 20, 24, 28, 32, 36, 40 
6, 12, 18, 24, 30, 36, 42, 48, 64, 60 
9, 18, 27, 36 hence 36 

This method often involves the tvriting of more multiples 
than are neoeasary and may, therefore, be longer, but it shows 
clearly the meaning of least and common. 

Thorndike is very insistent on the elimination of the least 
common denominator. Teach children to think of given frao-., 
tions as fourths, sixths, ninths, twelfths, fifteenths, eigh¬ 
teenths, or twenty-fourths, as the case may require. To add 
%, %, and % children should think of each addend as twelfths 
and obtain % 2 , % 2 , and i% 2 i respectively. The difference 
between the common practice of teaching children to find and 
-use the least common denominator and the practice advocated 
by Thorndike, resolves itself into teaching a term or not teach¬ 
ing it. This is really a quarrel over a word. A common tech¬ 
nical term is a convenience once it is thoroughly understood: 
teacher and class can then identify a necessary element with a 
minimum of language. 

To aid the children to reduce fractions to equivalent frac-. 
tions that have the same least denominator, the chart on 
page 348, hung in front of the class, is very serviceable. 
If the fractions are % and % the child looks for the first 
column that contains the same denominator for thirds and 
fourths and finds twelfths; if the fractions are % and % the 
child finds that the first suitable column is, again, the one 
marked twelfths. 

L. C, D. not found hy inspection. When many fractions 
having large denominators must be added, the least common. 
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Fractiona g The Common Denominators 
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;ienominator cairnot bo found by mepcction. The long process 
of finding the least conunon .multiple must then be used. It 
was BUggostcd in outlining the scope of elementary-school 
arithmetic that such fractions should be excluded, but many 
courses of study demand these and children must therefore, 
be taught how to add % 2 » % 4 i and yig. This long process of 
finding the L. C. D. should be presented in a deductive lesson 
with rigid exclusion of all rationalization. The teacher must 
show the process a number of times so that the class will 
learn through imitation. Any attempt at rationalization will 
become an additional source of confusion and will interfere 
■roth the early mastery of the process. 

What should reduction, of fractions give the child? As a 
result of a well developed program of class work in fractions 
and their reductions, children should show thorough mastery 
of “the six rules of fractions”: 

1. The effect of dividing numerator and denominator by the same 

. number, 

2. The effect of multiplying numerator and denominator by the same 
number. 
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3. The effect of multiplying the numerator alone. 

4. The effect of dividing the numerator alone. 

6. The effect of multiplying the denominator alone. 

6, The effect of dividing the denominator alone. 

These six rules should not be reduced to stereotyped sentences 
nor should they be taught seriatim as here listed. They should 
be learned incidentally in working with fractions. Periodic, 
tests composed of questions like the following will give ade¬ 
quate emphasis to the six rules of fractions: 

Which is larger 14 or %? ^ or 14? % or %? or %? 

Which is smaller 14 or 14? 14 or 14? % or %? 

Which is worth more % or %? 1 or %? % or %? % or 1? 

What does the multiplier 2 do to each of the following fractions? 

3 3 X 2. 3 X 2. 2 2 . 1 1 . 6 X 2. 1 X2 

M 4 ’ 4X2’2 ’ 2X2' 6 ’ 6X2’: 6X2’ 6X2 

A pint is what part of a quart? A quart is what part of a gallon? ' 
A pint is what part of a gallon? 3 pints are what part of a gallon? 

A cent is what part of a nickel? of a dime?'A nickel is what part of 
a dime? Three cents are what part of a nickel? Three cents are 
what part of a dime? 

What is 14o of a dollar? 14 of a dime? % of a nickel? 

How many cents in % of a dollar? Ho of a dollar? %o of a dollar? 

In the comparison of fractions children learn the signif- 
. icance of increasing and decreasing the size of each and of 
both terms of a fraction. They acquire a number sense that 
may save them from absurd statements like the following, so 
frequently made by eighth-grade children: %+%=% or % 2 ! 
%X3/4=%;4-^y2=2;4Xy2=8. 

I 

Problems tor Study anu Discussion 
See end of Chapter XXVI 
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TBACHIKG FUNDAMENTAL OPERATIONS WITH COMMON 
FRACTIONS 

Addition and Subtraotion of Fractions 

. Gradation in addition of fractions. Most of the teaching 
problems in addition and subtraction of fractions are greatly 
simplified by a nice gradation. We must therefore identify the 
successive difficulties, one at a time. 


The Steps 
1 .% + %:%+%; 

2 .%+%; % + %; 

%+% + %;%+%. 

3. %+!4; 

% + %■ With chart or 
diagram similar to 
those on page 336. 

4..Same as 3, No chart, 


6, a, 


The Reason for the Gradatm 

1. Similar denominators, two or 

three addends, the sum less 
than 1, 

2. Similar denominators, two or 

three addends, the sum equal 
to 1 or more than 1. 

3. Dissimilar denominators, nu¬ 

merator always one, common 
denominator apparent from 
chart. 

4. Informal work in fractions and 

the practice with the chart 
provided in step 3 lead to 
mastery of the technique 
without the visual aid. 

6. Dissimilar denominators but 
common denominator is ap¬ 
parent because it is in . one of 
the addends. At first the sum 
is less tlian 1; later the sum 
is 1 or more than 1; 


3i0 
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The Steps 

6.5+%; 5 + 3%; % + 5; 
6%+5.'. 


7. l% + 2% 


8. 2%+ 5%; 2%+ 6% 


9. fl. % + %; %+% 

b.% + %; % + % + % 


10. a. 2%+ 3%; 1% + 4%; 
&. 2%+3%; 

l% + 2% + 4H ■ 


The Reason for the Gradation 

6. One of the addends is a whole 

number; the other, a fraction 
or a mixed number. 

7. Both addenda oontain fractlona 

whose sum is 1 or more 
than 1, thus necessitating re¬ 
duction of the resulting im¬ 
proper fraction to a mixed 
number. 

8. Same difficulties as in 5, 6, 7, 

with mixed numbers. 

9. Dissimilar denominators but the 

common denominator can be 
found by inspection even 
though it is in none of the 
addmds. Thus, the L. C. D. 
is 12 in % and % and 6.in % 
and %, but none of the de¬ 
nominators is 12 or 6. In a 
the sum is less than 1; in &> 
the sum is 1 or more than.l. 

10. Same difficulties as in 9; all 

addends are mixed numbers.. 
The whole numbers must be 
augmented, therefore, by the 
whole number resulting from 
the addition of the fractions. 


The gradation is continued by increasing the addends to 
three, then four or more iractions or mixed numbers. It is 
well to intermingle addends that are whole numbers with ad¬ 
dends that are either fractions or mixed numbers. A finer gra¬ 
dation is possible but hardly necessary. Fewer steps may be 
required in teaching bright pupils, especially under a system 
of homogeneous class organization. 

Gradation in subtraction of fractions: We must now 
analyze the graded difficulties which arise in' teaching sub¬ 
traction of fractions. 
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The Steps 

The Reason for the Oradation 

1 . 

1. Similar denominators. 

2. 2%-%; 

2. The conditions in step 1 are 
applied to mixed numbers, 

3 .%-y4i %-%. With the 
aid of & chart if ne¬ 
cessary. 

3. Dissimilar denominators but the 
common denominator is either 
in the minuend or in the sub¬ 
trahend. 

4. 6156-2%: 8%-3% 

4, Step 3 is now applied to mixed 
numbers. 

Bi 0. 

6.2%-!%; 5%-% 

5. Dissimilar denominators but the 
common denominator is not to 
be seen in either minuend or 
subtrahend. In b there is ready 
no new difficulty; the appear¬ 
ance is changed by introducing 
mixed numbers. 

B, a. 3-y4; 6-% 
b. 3-1%; 6-2% 

6 . The problem of borrowing is 
introduced but the difficulty 
is minimized by making 
the minuend a whole number. 
3—%; % from %; the % need 
not be added to another frac¬ 
tion. In b the subtrahend is 
made a mixed number, but the 
entire situation is really the 
same, 

r. 2 %-%) 7%-2% 

i 

7. Borrowing is now carried one 
step further, When % is ob¬ 
tained, we must add % to pro¬ 
duce %. Now we are ready to 
subtract the % from the %. 
Similarly, % is obtained, then 
augmented to % before % is 
subtracted. Note, however, 
that the process of reducing to 
a common denominator is not 
introduced in this stop. 
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The Steps 

8. 0. 4%-%; 4%-2% 
b. 4%-l%; 6%-2% 


The Reason for the Gradation 
8. Now the process of borrowing is 
made more difficult by the fact 
that the denominators in min¬ 
uend and subtrahend must be 
reduced to a common denomi¬ 
nator. Note that at first the 
denominator in either the min¬ 
uend or the subtrahend is the 
common denominator. Later, 
in b, the common denominator 
must be found by inspection; 


We must repeat that a greater number of paded steps can 
be formulated if neoeasary. For all practical teaching situa¬ 
tions no finer padation is necessary. Gifted children need not 
be led so slowly. 

The algorism In addition. Two forms are generally used 
to-day. The reader is invited to analyze each carefully. 



Form A 


b\H^ Hs 


2 Hi 

% 

4|m= i%2 


111 ^Ki 

= 1M2 

=lHi 


11-1-1^2 = 125f2 

Form A shows the equivalent^ 
values of fractions and is there¬ 
fore approved by many teachers. 
Others object to this algorism 
because children often add one 
of the common denominators 
with the numerators. 



12 

Form B 

12 

H 

3 

5H 

3 

H 

4 


4 

% 

10 


10 


11 


ll+lf{2 = 12H2 

Form B is approved by some 
teachers because penmanship is 
reduced. But others point out 
that after children have added 
the numerator they forget to 
mite the toted numerator above 
the common denominator and 
give 17 as the sum of the three 
fractions. 


It is obvious that no algorism is perfect. The important 
conclusion is that a uniform arrangement should be followed 
throughout a school system so that children will not be com- 
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polled to use first the one algor¬ 
ism and then the other as they 
go from one class to another. 

The algorism in subtraction 
of fractions. In those instances 
when the fraction in the subtra¬ 
hend is smaller than the fraction 
in the minuend the algorism of 
addition should be followed. 
Wlren "borrowing” takes place a 
preliminary step helps to make 
the situation clear. This is illus- 
toated in the following examples. 


7-2% 

7%-2% 

7 = 6% 
2%=2% 

to 

II II 

4% 

1 4%=4% 

7%-2% 

7%-2% 

7%=6% 

2%=2% 

7%=7%=6% 

2%=2% 

4% 

4% 


It is very important to retain 
the system of subtraction that is 
used with whole numbers. If the 
decomposition or reduction to 
equivalents was the method of 
subtraction taught then the pro¬ 
cedure set forth above should be 
followed. Where Austrian or ad¬ 
ditive subtraction is used the ad¬ 
ditive subtraction should be ap¬ 
plied to subtraction of fractions. 
'iTiis is illustrated on the left, 
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To those who subtract by a plaa that involves no addition 
this looks very forbidding. This is to be expected because ad¬ 
ditive subtraction involves its own set of habits. Classroom 
experience seems to indicate that a third form of subtracting 
fractions gives results comparable to those obtained by the 
orthodox systems. In the example, 7%—2%, we assume that 
there is no fractional part in the minuend and tlien add that 
fractional quantity to the tentative answer, thus, 

7%-2% 

7-2%=:4% 

% + 4%=9k + 49k=4i%4 Am, 

The argument for this type of subtraction is that the "whole 
business of borrowing” is obviated. Whether this method is 
superior to the older plans is a question to be answered in the 
future after scientific experimentation. 

Cautions and suggestions in teaching addition and sub¬ 
traction of fractions. It is important that examples be 
arranged horizontally as well as vertically, thus: %+%=?, 

^Children frequently con¬ 
fuse %+%, with %X%. Hence practice in both vertical and 
horizontal algorism is a decided help. 

Teachers are advised not to teach any of the forms of 
reduction of fractions until the need for reducing arises, 
either in a routine activity or in addition or subtraction of 
fractions. The reason for this injunction is quite apparent: 
motivation is assured as the child perceives the need of the 
process of reduction. Let us assume that the child con add 
% and % because the common denominator, is in one of 
the addends. The new example .requires the addition of % 
and %. Clearly the . common denominator is not visible and 
must be sought. Reduction to the least common denominator . 
by inspection must now be taught. The original example in 
. addition is set aside while the new technique is developed. 
But what really happens? The example that initiated and 
motivated the process of reduction to the least common de- 
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nominator is forgotten, and the child is practicing finding the 
L.O.D.’s by inspection until he becomes reasonably expert at 
it. Experience reveals the fact that children do not find this 
practice unpleasant if they understand the nature of the pro¬ 
cess and the reasons for learning it. 

Addition and subtraction should not be taught succes¬ 
sively. There is every reason, for having children apply to 
subtraction the skill they leam in adding fractions. If the 
child can add % and he can subtract % from %; if he 
can add 12% and 4%, he can subtract 4% from 12%. Paral¬ 
leling these two processes gives greater scope to technical 
procedures like reducing to common denominator and to low¬ 
est terms. 

Daily four-minute drills in addition and subtraction and 
in processes that enter into these two operations should be 
given for many weeks. On a chart hung before the class 
examples like the following should be presented: 

1. %+%=?% + %=? l-%«? l-%“? 0 + %=? 

% + %=? 6-%=7 %-l-0=7 %-}-%+%=7 

%-l-Ht=7 %-H=?3-%=7 %-0 = ? %-2=? 

2. ‘Which fractions are equal to %? to %7 to 14? 

%, lie, 5iB, %, %, ?l 2 , Via, % 2 , %, %, etc. 

' 3. Which fractions are in lowest terms? 

%, %, 946, %, %o, 942, 94s, %, 942, % 2 , etc. 

4. When the denominators are The l.o.d. is 



0 ._ 

12 



b. 


c. _,_ c. _ 

4 8 

d, _,_,_, etc. d. _etc. 


4 


3 


8 
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5. 


Give the simplest form for eaoh of the following, thus 


3X2 

4X2 


3X3 y 8-5-4 2X4 5X5 12 -5-3 
6X3 12 + 4 3X4 9X6 16 + 3 


6. Continue each of these lines of fractions; 
%=% = % = %2 = % = 'Ho = 
%=%=%= 


6 

8 


7. Supply the missing term in each of these incomplete fractions: 

1/3;= 2/6 = 3/? = ?/12 = 6/? = ?/18 
l/4=2/8=3/?=?/16=?/12 = 4/? etc. 

8. Give the answers to the following: 

%-%; %-%; ?4-%,ete. 

9. 5%-l%=? 5%-!%=? 5%-l%=? 

10. 7-3%= 7 12~6%= 715%-7= 7 21-1%= 7 21%-! = 7 

11. 9% + 7 = 12%; 7+ 6% = 15%; 16% is how much greater than 

12%. Take 12% from 15%. 


The practice material set forth above is planned not for 
one lesson but for five. Daily drill periods, not to exceed 
five minutes, insure the functioning of this knowledge as habit, 
and keep habits alive. 

Errors in addition and subtraction of fractions and cor¬ 
rective measures. We can be most helpful to pupils when we 
know the specific errors they make. Only, then can we give 
them the differentiated practice they need to overcome per¬ 
sonal weaknesses. We turn therefore to the common errors 
that children make. 

In Addition 

The Error The Corrective Measures 

1. Errors due to multiplying 1. (a) Use more than 2 addends as 
both numerators and de- soon as possible; (6) emphasize 
nominators, % + % = %a, the distinctiveness of each of the 

% + % = % 2 . Morton^ two processes, addition and mul- 

^R. L, Morton, Teaching Arithvfetio in the Intermediate Grades 
(Silver Burdett & Co., 1927), p. 138. 
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The Error 

found that almost 45% of 
all errors in addition of 
fractions are of this type. 

2. Errors due to adding both 
numerators and denomina¬ 
tors, About 

30% of the errors in addi¬ 
tion of fractions are of this 
type. 


/ 


3. Errors due to slips in com¬ 
putation. 

0 .% + % = 

12 12 


6. Incorrect L.C.D. 

+ L.C.D., 18 

4 into 18=4 
c. Incorrect reduction to 
L,CD, 

%=% 2 ; 


4. Errors due to gross care¬ 
lessness, misreading of 
signs, or faulty algorism. 

% = %3 

a%a (8 4-12-1-9; a de¬ 
nominator is erro¬ 
neously included) 


The Corrective Measures 
tiplication; (c) encourage oral 
solution with charts in full view 
showing functional parts and 
their relations. 

2. Suggestion (c) under 1, will help 
the child realize the error of his 
procedure; 


4 I 4 1 


H i I i I i 


Thus, ,%-f 14=% becomes ab¬ 
surd when % and % are seen in 
their true relationship in the 
diagram. 

3. 0 . Point out the seriousness of 
these slips in elementary num¬ 
ber work, 8 + 9 = 16, 4 into 
18=4, etc. Make the children 
realize how much is lost by 
such petty errors. 

b. Urge greater attention to 
checking work and reworking 
each step in an example. 

c, Insist on accuracy but within 
reasonable bounds. No adult 
is free from such small errors, 
hence we must expect a mar¬ 
gin of error and never harass 
children about these slips. De¬ 
mand the exercise of reason¬ 
able care but not more. 


4. Suggestions a, b, and c under 3 
apply with equal force to the 
present situation. Conditions 3 
and 4 are not mutually exclusive. 
Practice in careful writing of 
numbers and symbols so that a 
plus sign does not look like a 
multiplication sign, will help re¬ 
duce errors due to the misread¬ 
ing of semi-legible forms. 
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These four classes of errors do not sum up all those that 
children make. Occasionally denominators are omitted, and 
the sum of the numerators, 7, becomes the startling answer 
to %.+%. Sometimes numerators are added and denominators 
3“l“4 

are multiplied, giving or as the sum of % and % 
Other unexpected mistakes are found but they are not common 
td a significantly large group of pupils. 


In Subtbaction 

Various analyses have been made in which the process of 
subtracting fractions was reduced to a large number of unit 
skills—some investigations have yielded as many as forty- 
three. Among these unit skills are reducing to a common 
denominator, converting a unit taken from a whole number 
into a fraction when “borrowing” is necessary, adding to the 
fraction in the minuend the fraction % or % obtained by con¬ 
verting a unit, etc.* To teach each of these unit skills would, 
require more time than the schools can give to insure mastery 
of arithmetic. Analysis of a complex arithmetical process into 
its constituent unit skills is extremely helpful, but the analysis 
must not be ,too fine. Perfect mastery of any process in any 
one grade cannot be attained. Theoretically, children may err 
in any of the forty-three unit skills and. in actual practice 
they dof' but the teacher’s concern must be centred on those 
skills which large groups of children cannot master easily. 
We shall list only the common errors and ask the reader to 
formulate the corrective measures, a task which is simple 
enough after the analysis of the corrective measures. for 
errors in addition. 

1. Errors due to subtracting the numerators and the denominators 
or only the numerators or only the denominators. To iilus- 
trate: = S%-2H = iy4=llt; 

a Knight, Luse, and Ruch, Problem in Teaching Arithmetic tiowa 
City, Iowa Supply Store, 1924), 
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%—%=%. About half the errors in subtraction of fractions 
are of this type.® 

2. Errors in computation. The children may know the entire process 

of subtraction of fractions but they nevertheless may be guilty 
of 9 — 5 1 = 3. Thus %—% may be turned into “As—% 2 =% 
or ^ or any number of twelfths. About 10 per cent of ihe 
errors are due to this \voakness. 

3. Errors due to confusion of procedures. In many instances pupils 

divide instead of subtract. Examples: %—% may produce % 
when minus is read as divide. 

4. Errors in finding the least common denominator or in reducing a 

fraction to the least common denominator, and failure to 
reduce. 

6. Failure to reduce a first answer to lowest terms. 

6. Errors duo to “borrowing,” 

a. 614—2% = 214. Here the child forgot the % in the min uend. 

b. 614—2%=2%, Here the pupil thought 4%—2%=2%; he 

forgot to think of % as %. 

c. 514~2% = 3%. Here tire child forgot that he converted one 

unit into %. 

d. 6%—214 = 2%. The borrowing idea persisted even when un¬ 

necessary. 

In planning a diagnostic test in subtraction of fractions 
examples must be included that are designed to reveal the 
child’s ability to avoid the common errors. Persistent failure 
in one of the types of subtraction listed above is adequate 
reason for prescribing differentiated and individualized diill. 


Muluplicatioh- and Division of Fractions 

Gradation. In multiplication we have the simplest of the 
four operations with common fractions. To multiply % by % 
is decidedly less involved than adding these two fractions or 
subtracting the smaller from the larger. Here we find the 
justification of the growing practice of teaching multiplication 

'H, L. Morton, Teaching Arithmetic in the Intermediate Otadee 
(Silver Burdott &i Co., 1027), p, 161. 
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of common fractions before the other fundamental operations 
with fractions. 

Experience teaches that the most useful procedure in multi-’ 
plication of common fractions is to multiply the numerators 
for the numerator in the answer and to multiply the denomi¬ 
nators for the denominator in the answer. This rule cannot 
be tau^t by the examples which most textbooks and teachers 
employ to introduce multiplication of common fractions, viz., 
4Xya and % of 4. Surely these types of examples do not 
call for the application of the rule for multiplying common 
fractions. Children who understand the primary concept of 
fractions know that 4 x 1 / 2 , like 4X any quantity, produces 
four times one half or They know from their early number 
work that 1/2 of 10 cents is 5 cents and 1/2 of 4 is 2—results 
obtained by division, not by multiplication. The forms, 4Xy2 
and 1/2 of 4, are both very important and should be taught 
thoroughly but we must recognize that they will not lend to 
the rule for multiplying a fraction by a fraction. Not 
until we present y 2 XyB or y 2 of 1/5 do the children meet a 
situation that calls for the fundamental rule in the multiplica¬ 
tion of common fractions. 

No extended gradation is necessary in multiplication. 
Children have difficulty in getting the intent of i/sXya but 
understand 1/2 of 1/2 more readily. The of should precede the 
X in multiplication of common fractions. We suggest there¬ 
fore, the following steps in gradation: 


Progressive Steps 
1. % of 4; % of 9. 

4 X % or % X 4. 

6 X % or % X 5. 


Justification of the Oradation 
1. Old knowledge is reviewed here 
to make sure that these types are 
understood and solved readily. 
If children experience any diffi¬ 
culty, revert to concrete a,ida. 
Thus, arrange 4 dots, .... into 
2 groups of the some size; 
.... how many in each? 2 is 
what part of aU the dots? % of 
4 is what? 
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Progressive Stepi Justification oj the Gradation 

2, % of 9 = ? Then % of 9 = ? 2. Technically we have not yet in- 

%of 8= ? Then%of 8 = ? troduced tlie multiplication of 

common fractions. We are simply 
carrying step 1 to a higher level 
of skill. 

3. The oj precedes the times idea. 
A fraction of a fraction presents 
two numerators and two denomi¬ 
nators, BO that the practice of 
multiplying numerators and de¬ 
nominators oan be seen more 
clearly, 

4. 4. The ideas in steps 2 and 3 are 

applied to the multiplication 
form. 

5. 21^ X14; % of 216 5. Mixed numbers are introduced. 

6. % X 9; % of 24 0. An integer multiplied by a frac¬ 

tion. The implied but unex¬ 
pressed denominator of the in¬ 
teger is the new difficulty. 

7. % X % X % =? H of % of 7. More than two factor's are intro- 

% = 7 duced. 

8. 1% X Ki X 1%= 7 8. Stop 7 applied to mixed numbers. 

Teaching multiplication of fractions. The key-note in 
these lessons is concreteness. Paper folding, charts with suit¬ 
able subdivisions, groups of objects that lend themselves to 
rearrangement (for example, % of 8 pupils) are all very 
helpful. 

To teach graded step number 3, a fraction of a fraction, 
use diagrams well drawn with variously colored lines indi¬ 
cating the different fractional parts. The children are asked 
to find the answers to the following by consulting the charts: 

% of % 

% of % 

% of % 


%of % 
%of y* 
%of M 


3. % of 16; % of %] 
%of% 
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r ' 

_i_ 


i 

1 

7 


nm 

HH 

mn 

wm 




IHHI 


HHHH 

IKH 

H9i 


HSilKH 

mmam 

n 

HHH 

nn 

mm 


In each case the children go to the diagram to find the answer. 
The teacher then suggests the need of finding the results 
without recourse to any objective aid. With this aim, each 
example is taken up and subjected to the following analysis: 

Va of what must be done with the two I's of the 

numerators to obtain 1 in the numerator of the answer? If we 
multiply the two 2 ’b of the denominators what do we obtain? 
% of %=%; what must be done with the 3 and the 1 to 
obtain 3 for the numerator in the result? What must be done 
with the 2 and the 4 to obtain 8, the denominator of the result? 
After similar analyses of ^4 of % of % of %, the class 
is led to formulate the law and to test it by applying it to 
ys of % of %, Vb of %. 

A few days later the multiplication form is presented with 
the aid of the diagrams. I have {Vg, my friend has % times 
as much; what has he? If I have and my friend has 
% times as much, what has he? etc. 

$y4X%=$% 

$%X%=$% $%X%-$% 

The class is now shown the similarity in computation between 
% of y 2 and y 2 Xy 2 and is led to recognize that of means 
times in multiplication of fractions. The law is tested by 
applying it to examples of the type, %X%, which yields 
this when reduced becomes %. Sufficient practice must be 
given to insure the function of the rule as habit, 
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The new ratio In multiptying by a fraction. The chief 
difficulty in multiplication and division by fractions, it is held 
lies not in cancellation nor in inverting the divisor, but in the 
new relationships that are set up. For years the child has seen 
X produce a larger and -f a smaller quantity. Now the ratio 
is reversed. Teachers are, therefore, advised by some writers 
to display the following statements * to accompany the exer¬ 
cises suggested below; 

When you multiply a number by anything more than 1 the result is 
larger than that number. 

When you multiply a number by 1, the result is the same as that 
number. 

When you multiply a number by less than 1, the result is Rmal le r 
than that number. 


Exercises 


16X2 = 

12X2= 

8X2 = 

6X2= 

4X2 = 

3X2 = 

2X2 = 

1X2= 

1X2= 

%X2= 

%X2= 

%X2= 

y4X2= 

%aX2= 

%X2 = 


When you divida a number by anything more than 1, the result is 
smaller than that number. 

When you divide a number by 1, the result is the same os that 
number. 

When you divide a number by anything less than 1, the result is 
larger than that number. 


■ 16 = 2 8'b 

16 =-4’s 

16-2’s 

16-I’s 

16 =-4’s 

16 = —~ J’s 


16 + 8= 2 
16 + 4= 4 
16 + 2= 8 
16 + 1 = 16 
16 + 4 = 32 
16 + i = 64 


24= 2 12’b 

24 =- 6’3 

24 -- 3’s 

24 -- 2*8 

24 =- I’s 

24-4’s 

24-4’ds 

24 -- i's 


24 + 12 = 2 
24+ 6= 4 
24+ 3= 8 
24+ 2 = 12 
24 + 1 = 24 
24+ 4 = 48 
24+ 4 = 72 
24+ i = 96 


‘E. L. Thorndike, The Psychobgv oj Arithmeiio (Macmillan Co., 
1922), pp. 79-80. 


FUNDAMENTAL OPERATIONS WITH FRACTIONS 365 

Experienced teachers frequently challenge the prominence 
given to these inverse ratios in multiplication and division by 
fractions. They point out that only the brightest of their chil¬ 
dren see the changed relationships and are concerned enough 
to ask about them; that any analysis of the new order tends 
to confuse the less capable students; that, like many axioms 
of elementary mathematics, these inverse ratios become quite 
obvious with maturity. We have before us opposing estimates 
of a teaching situation bas.ed on the logic of the subject- 
matter and on actual experience. In the absence of conclusive 
data the reader must form his own evaluation of the difficulty 
which the reversed ratios produce. 

Common errors in multiplication of fractions. We must 
now turn to a consideration of five sources of difficulty which 
children experience in the multiplication of common fractions. 
The remedial measures are obvious for they are clearly im¬ 
plied in the causes of these common errors. 

1. Errors due to wrong operation. Morton' reports that 33.8 per 

cent of the errors revealed in his study of children's work were 
due to the performance of the wrong operation. Thus % X % 
gave ^"542 or 1%2 because the two fractions were added. 

2. Errors due to failure to reduce answers to lowest terms. In 
, % X % the answer submitted is % 2 , not %. 

3. Errors due to faulty computation. Here we find the slips that go 

back to basic computations of whole numbers, Thus, % X ^4 
becomes ^ because the child thought that 30 is the product 
of 6 and 7. These three classes of errors account for about 80 
per cent of the mistakes made by the children examined by 
Morton. 

1 1 

4. Errors due to confusion of I’s in cancellation. 2/3 X 3/3 becomes 

1 4 

94 and finally 4, because the pupil regarded his I’s as numbers 
to be discarded. 

5. Errors due to failure to use the fraction. Thus in 24 X 3% or 

24% X 3, the child obtains 72%. It is clear that the fraction in 
either the multiplicand or the multiplier is disregarded. 

R. L. Morton, Teaching Arithmeiio in the Intermediate Grades 
(Silver Burdett & Co., 1927), p. 176. 
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The five common errors are not difEoult to eliminate. The 
corrective measures have already been presented with suitable 
illustrations in the discussion of common errors in other funda¬ 
mental operations. 


Cancblutions 


Gradation. In the teaching of cancellation, gradation is 
very important. This can be seen from the following analysis: 


Steps in Qradation 

1. 49 7 X 7 -f- 7 _ 7 

60 “8X7^7 8 

Justification for the Gradation 

1. Here we have a review ot the steps 
thiit lead to the reduction of lowest 
terms. 

2. 5 36,3 5X3 

8^ 6' 8“s' 8X6 

2. The numbers to be o.ancelled are 
both seen (5 and 5). 

3. 2 1 2 1 2X1 

6^0’ 5 6’ 6X6 

3. The common divisor, 2, is seen, but 
the results are not 1 and 1 as above. 

4. 2 3 2 3 2 X3 

3 “ 6’ 3 ^ 8’ 3 X 6 

4. Combination of steps 2 and 3. 

5. 3 ^ 4 ,6 

iO^S''8l 

5, Conditions of step 4 applied to 
nmny fractions. 

6. 4 ^ 6 4 ,6 
7^6’7°^8 

6. The common divisor, 2, is not a 
numerator or a denominator. 

7. 4 ^ 6 ,9 

6^6°^ lo 

7. Application of previous steps to 
more than two fractions. 

1? y 1 y 15 y .1. 

■ 3 ^ 6 ^ ^ 10 

8. Introduction of mixed numbers. 


Mode of rationalization. Review the law of reduction of 
fractions to lowest terms then present %X%. Not Icnowing 
how to cancel, the class solves as follows: 
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The teacher then shows that the children performed the 

following operations: 

5 3 5X3 15-r5 3 

8^5"8X5“40-t-6 8 

The class may now be required to solve, 

2X4h- 2 = ? 16X8-r4 = 7 

2-4.2X4 = ? 16-r4x8 = ? 


Finding that the results are the same, we elicit (1) that, 
the processes of division and multiplication may be inter¬ 
changed; and (2) that it is desirable to perform the diyi- 
aion first because smaller numbers are thus obtained, 
16X8-i-4=124-i-4=32, but 16-^-4X8=4X8=32. 

The children are now led to realize that in their solution 
of %X% they followed the longer method; hence the divi¬ 
sion by 5 should precede the multiplication. They are now 
shown the form. 


1 

?X^ = 
8^« 

1 


1X3 . 

‘ 8 X r" 


1 

or better g X ^ 
1 


3 

8 


This rationalization should not be forced. Children who 
have enough mathematical insight to perceive that canceUa- 
tion is an attempt to reduce fractions to lowest terms before 
the final multiplication should be led to a full understanding 
of the process. It may be found necessary to teach cancella¬ 
tion to other children on the basis of sheer authority. Since 
the aim is to develop habits of rapid and accurate factoring, 
no undue effort should be made to rationalizo this process for 

all children. , „ 

Qemal suggestions for teiK^ing canceMion. Every ^ort 
must be made to impress the factoring idea or the dividing 
process on the minds of the pupils. Children should be requiwd 
to indicate the quotient after each act of, factoring. Thus, 


.3.J 


IX 5 should not be pennitted; the longer form i X g is 

6 8 J 


more 
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desirable. When quotients are not written children develop 
the idea that cancellation is “ crossing out" and in the example 

3/6 X 6/3 they proceed to eliminate all numbers, thus 9 X I, 

p 3 ( 

and give us the answer, zero. But when the work shows 
1 1 

quotients as in | X the child is more likely to see that the 
1 1 

answer is ^ or 1. 

Cancellation must be used in every variety of arithmetical 
situation. In soiving problems of unitary analysis, or by ratio 
methods, successive multiplications and divisions should 
always be organized into fractional forms so that cancella¬ 
tions may be made. In problems involving areas, denominate 
numbers, and interest, the cancellation method is usually 
superior to successive multiplication and divisions. This is 
seen in the following solutions; 

1. Find the interest on $2600 for 72 days at 6%. of %ooX 

$2600=mterest. 

2, How many jars holding 3 pints each can bo filled from a barrel 

containing 24 gallons? 24X4X2 = pint3 in bbl, hence 

24X4X2 ,. , 

- 5 -= no. of jars that can be filled. 

o 

DmsioN OF Feactionb 

Teachers ascribe many reasons for their belief that division 
by a fraction is the most difficult of the fundamental opera¬ 
tions. They argue that the process of inversion is one cause 
of this difficulty; that another cause is the increasing quo¬ 
tient when the divisor is a fraction whose value is less than 
one. The first contention is not borne out by the results of 
any inquiry. Nor have we data to substantiate the second 
reason.'Slow children who experience difficulty in arithmetic 
do not see that quotients incroase, not decrease, with certain 
fractional divisors. Bright children get, this inverse relation¬ 
ship, themselves. 
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The real difficulty lies in the fact that children either fail 
to invert at all, or invert the dividend, not the divisor. The 
cause is clear enough; they do not understand the division 
idea in whole numbers and therefore do not understand it in 
fractions. Pupils in the junior high school frequently divide 
by the smaller of two whole numbers. In the example, “If 4 
acres are to be divided into 12 building plots, what will the 
area of each plot be?’’, the answer, 3 is given with surprising 
frequency. We must teach the division idea through a variety 
of concrete experiences and rapid number drills: 


1 Paper folding to illustrate examples like the above. 

2. Subdirision of lines, rectangles and circles to illustrate the division 


idea. 

3. Daily two minute drills like the foUowmg: 

a. There are_3’s in 24 There are — 3’s in 26 

_4’a in 24 

_G’s in 24 

_ 8's in 24 
_12’8 in 24 


5.12-5-4=7 12^3=? 

7-5-4=3 
42-^7=? 42-5-6=7 
7-5-7=42 


_ 4’s in 26 
_ 6’s in 26 
__ 6*8 in 26 
_ 7's in 26 
_9 ’b in 26 

12-5-7 = 3 


12-5-7 = 4 
7 -5- 3 = 4 

42-5- 7 = 7 42-5- 7=6 
7-5-6=42 


c. Divide 72 by 9; the result is — 

72 divided by 9; the result is — 
Divide 81 by 9; the result is — 

81 divided by 9; the result is — 


d. 8 goes into 72 — times 
9 goes into 54 — times 

e. Which is the divisor? 

7 into 63 = 7 63-5-7=7 Divide 49 by 7. 

At 4 cents each, how many can I buy for 36 oents7 , 
96 cents mil buy how many 12 cent painting brushes? 
A oar runs about 16 miles on one gallon of gasoline; 
about how many gallons will be required for a trip 
of 266 miles7 


f. Which is the divisor? .. 

^ 4 . 2 ; 2-5-%; % into 2; 2 into %; divide 2 by %; 

divide % by 2. 
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g, Practical problems, in fractions, involving division. Let. 
children identify the divisor. 

Once a child has grasped tlie division idea he will not multiply 
to find the answer nor will he be in doubt which one of the 
factors or numbers to invert. Two-minute practice daily jn 
identifying the divisor in variously ^worded examples will go 
far to develop accuracy in division by a fraction. The assump¬ 
tion, of course, is that these pupils have mastered multiplica¬ 
tion of fractions and cancellation. 

Gradation. Nice gradation in division by fractions is not 
important for teaching. Tlie obvious progression will answer 
all practical purposes. Natm’ally, one begins to teach division 
of fractions with proper fractions, and introduces integers and, 
mixed numbers in later lessons. Many authorities prefer to 
begin with the division of a fraction by an integer. The ques¬ 
tion is open to dispute. Experience seems to show that the 
most effective method of division by fractions is to invert the 
divisor and multiply. The sooner the child learns this rule and 
to identify the divisor, the sooner he acquires the necessary 
skill in the division of fractions. 

Rationalization, Many plans of teaching division of frac¬ 
tions are advocated, but none has been established through 
scientific experimentation. We must examine these teaching 
procedures with a full realization that at present personal 
opinion is the only criterion of selection. 

Through reduction to similar denominators. Let us assume 
that % is to be divided by %. The children are led to formu¬ 
late the successive steps in the equations, 

6-r2=3..ThiB mode of teaching division by a common frac¬ 
tion is generally clear, simple, and comprehensible to children, 
but it does not teach the very desirable law of inversion. In 
simple fractions like % and % and this process of 
reducing to similar denominators is not inconvenient, but 
when fractions with larger denominators and mixed numbers 
are introduced, the reduction to similar denominators becomes 
involved and uneconomical. 
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Through analysis oj the division form. A second method is 
to analyze the steps in dividing hy any number, whole or frac¬ 
tional, and then to formulate the process common in all divi¬ 
sion. The steps in this method are summarized below: 

-1 

а. 2)12, that is, same as % of 12 or 12 X ^ 

_12 ' 

б. 1)12, that is, divisor decreases, quotient increases. 

_24 

c. %) 12, that is, 2 halves in 1, in 12 there are 12 X 2 or 24 halves, 

hence,%) 12 or 12-7-14 is the same as 12 X 2. 

d. %)12, to reduce 12 to halves, multiply 12 by 2, %) {12 X 2) 

halves or 3 halves) (12X2) halves, equal 3^ (12X2) 
or 3)24; hence %)I2 or 12-4-% = 12X2-f-3 or 12X %; 
clearly 12= 12 X%. 

A comparison is now made of steps a, b, c, and d, and the 
conclusion, invert .the divisorj is evolved, Although the. pro¬ 
cess is logical, step by step, it is a method that is too verbal' 
to insure comprehension by immature pupils. These progres¬ 
sive steps usually do nothing more than prompt children to 
accept the preliminary conclusions that lead to the law of 
inversion. The whole lesson resolves itself into an imposition 
of adult reasoning on children too young to react intelligently, 

By redvdng the divisor to one, A simple rationalization, 
but one open to the same objections, is found in the method 
which reduces tlie divisor to one. The children are shown that 
to divide by 1 leaves the quantity unchanged, hence 

1) ^7.-5-1=7, and_%-5-l=%. To divide % by %, the. form 
%)% is used. The children are now asked to tell by what to 
multiply % to produce 1, If they do not give the correct 
answer the teacher supplies the information, namely, %. Since 
a division example is only a fraction,- the divisor and the 
dividend of %)% may be multiplie d by the s ame, num ber,' 
hence ?4)% becomes _?4X%)%X%, and then 1)%X%, and 
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finollyi 1)% or %. It ie evident from the above that 
%X%. A few more examples will give a basis for generalizing. 
But the experienced teacher sees in this method a means of 
rationalizing for the exceptionally gifted child rather than 
for the average pupil. 

By objective dmonatration and parallel correspondence. 
A practical situation was presented as the introductory step 
to motivate division by a fraction. Class badges are to be 
made from a ribbon 10^^ yards long; if % yd. is allowed for 
each, will tliere be enough badges for all? When some chil¬ 
dren suggested that the ribbon should be cut into small lengths 
of % yd. each, others objected on the ground that if the 
number were found insufficient, it would be too late to make 
the badges smaller. It was then decided “to figure it out first,” 
and the situation was reduced to or The 

children then realized that tliis was, for them, a new process 
in arithmetic. To the teacher’s question, “What should we 
learn in arithmetic to-day?” the ready answer was given: “To 
divide by a fraction.” 

A double diagram was presented, each rectangle of similar 
dimensions, and the corresponding parts were emphasized by 
colored chalk. From these diagrams the children were asked 
to find tlie answers to the following; 




+ 


t 



i 






.i 


The children found by aid of the 
diagram 

%-H% = 6 

%H-% = 3 

The following facts were elicited: 
4-H2 = 2i % of 4 or 4X^=2- 
8J-4 = 2; % of 8 or 8X%=2. 
8-^2 = 4; % of 8 or 8X% = 4. 


The children were then led to formulate the law that instead 
of dividing by a whole number we may multiply by the 
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divisor inverted. The class was then asked, “If this holds true 
for whole numbers, will it hold for fractions?” The children 
said they did not know, but they would try the process with 
the fractions above, because they knew the correct answers. 
The next step appeared on the blackboard as follows: 

By diagram: HH ^ = 6 = 3 

Byrule: HXH = 3 = 6 %X% = 3 

Every child concluded that the rule held true in both frac¬ 
tions and whole numbers and that there was “nothing new in 
division of fractions, for you turn the divisor upside down 
and then multiply.” The oripnal problem was now recalled, 
lOJi yd -r or t and it was solved by inverting the % 
and then multiplying, 

7 2 

21 4 '14 

y X ^ = -j-« 14, the number of badges. 

1 1 

The applications must be varied in form and plentiful in 
number until the child can divide by common fraotions in any 
reasonable example. The drills should include such examples as 


l-Vs, 



1 - M , 

1/3)%, 


l-Vc, 

m , 

3-1/2, 


m , 

2-^, 

%-y4. 

%)%, 

^12 - 1%, 6tC. 


These examples may be put on perception cards and the drills 
given, at first daily, and then in spaced intervals until-children 
develop a sense of sureness. There can be no excuse for find¬ 
ing pupils in the last two years of the school course in hopeless 
, confusion when they are asked to find the answers to the fol¬ 
lowing without recourse to paper computation: 

2 ^ 2, T 
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Common errors in division of fractions and remedial meas- 
tires. There are three common pitfalls that children do not 
usually avoid in division of fractions. We must identify these 
and indicate corrective exercises for those who lack thorough 
mastery. 


The Error 

1. Errors due to, wrong 
computation, 


k h 6 - 


The Corrective Measures 
t Children must be led to underetand 
the full significance of these slight 
errors of computation. Greater care 
in work, and checlring each step ns 
well as the final answer will help 
develop added conocrn with simple 
manipulation. 


2. Errors due to incorrect 
inversion: 

0 . Failure to invert, 
hence the wrong pro¬ 
cess, multiplication, is 
used. 

6. Inversion of dividend 
instead of the divisor. 


3. Errors due to failure: 

а. to Tcduco answers to 
lowest terms, or 

б. to reduce improper 
fractions to mixed 
number answers. 


2. Failure to invert may be due to 
carelessness, to ignorance of the pro¬ 
cess of dividing by fractions, or to 
inability to identify the divisor, 

The remedy is obvious: careful 
teaching of the division idea as was 
outlined in the introduction to this 
discussion with exercises in identi¬ 
fying divisors. 

3. By this time the children know the 
meaning and the process of reduc¬ 
ing to lowest terms or to mixed 
numbers. They overlook these re¬ 
ductions because of carelessness or 
ovcrooncern to be correct. Re¬ 
minders writtan on a central sec¬ 
tion of the blackboard help to 
develop the habit of reducing an¬ 
swers. 


Elaborate analyses have been made of the skills involved 
in division of common fractions. One of these, to which fre¬ 
quent reference is found, lists fifty-five discrete unit sldlls. 
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We give only pai’t of. thie carefully formulated list.® What 
practical application is intended of these elaborate analyses- 

«F. B. Knight, "Carriculum Problems and Their Scientific Solution,” 
Third Year Book of the Department of Superintendence, pp. 66-69. 
Anaii7Bis ov Diyieioir ox Fbaotiosb iir Tusms of LsAicinirQ Pnocxse 

Unit of Skill 
Number 

1. As to the form of stating the example 

A. Fractions' written in figiuea 

1. Indicated divisions, as 1 

2, Woids "divided by”, as % divided by % 2 

% 

'i. Complex fractions, as ^ 3 

73 _ 

4. Division indicated by parentheses, as or ^ 

B. Fractions written with words 

1. Indicated division, as two-sevenths, one-sixth 6 

2. Words "divided by” used, as one-eighth divided by 

three-fifths 6 

n. As to Procedure 

A. Nature of terms—Expression of all terms as fractions 

1. Unit fraction -j- unit fraction, as % -r % 7 

2. Unit fraction -i- other proper fraction, % -r % 8 

3. Unit fraction -r improper fraction, as % -t- % 9 

B. Cancellation 

1, No cancellation possible, as % X % 34 

2. Single cancellation 

a. One number a factor of the other, as % X % 35 

b. Two numbers with a common factor, as % X % 36 , 

5. Double cancellation 

a. In each case one number a factor of the other, as 

%X% 37 

b. In each case two numbers with a common factor, 36 

as%X^%8 38 

C. Multiplication 

1. Neither factor unity in numerator or denominator, 

as % X % 44 

2. One factor unity in numerator, os % X % 46 

D. Analysis of quotient 

1, Quotient a whole number 

o. Cancellation complete—irreducible as % 49 

b. Cancellation incomplete—reducible aa-t% 60 

2, Quotient a proper fraction 

3, Quotient an improper fraction-reduce to mixed number 
a. Cancellation complete—fraction irreducible, os 64 

■ b. Cancellation incomplete—^fraction reducible, as 55 
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ia not revealed by their authors. Teachers and supervisors 
muat not assume that tliis minute gradation is necessary nor 
that these fifty-five unit skills must be made the basis of 
diagnostic testing. A careful reading of such a list is undoubt¬ 
edly stimulating to a professionnl-mindcd teacher. It helps her 
diagnose difficulties presented by individual pupils. It ‘mnlfos 
vivid what we teaohei's know; that learning is an adventure 
beset by many trials. Overgradation may result in encumber¬ 
ing rather than simplifying class teaching. 

Complex and compound fractions. Compound fractions, 
% of % and % of %, arise frequently in the practical applica¬ 
tions of arithmetic. We saw their importance in our study of 
multiplication of fractions and of cancellation. Complex frac¬ 
tions that have fractional forms in numerator or in denom¬ 
inator or in both have no justification in the elementary- 
school course, When these complex fractions are prescribed by 
a course of study they should bo taught deductively with little 
rationalization. The pupil should be advised to simplify the 
numerator and the denominator, and then translate the com¬ 
plex fraction into division form. To illustrate; 

3 6 16 8 

a. ,.f Ve 9 

Simplify the following: ~i~i 2' 

9 9 3 


3 + 5 

4^6 . 

1 

9 

2 ^ 6 . 

2 

9 


8 

L! 

2 9' 


9 10 19 3 

. 12 ^ 2 ^ 12 ^ 19 ^ 1^10 

1 1 12 • 9 12 ^ 1 4 


2 

3 6 8 4 3 

6'^6 0 8 2 
2 “2“8 9“9^2“I ® 


9 


4 1 


2 1 
1 
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The process of simplihoation requires no rationalization. 
Each succeeding step follows the ratios inherent in these num¬ 
bers. If at all possible, complex fractions should be reserved 
for the course in elementary algebra. 


Pboblems foe Study and Discussion 

1. Inability to add fraetiona is usually due to one or more of four 
causes. In parallel vertical columns set forth, (a) these causes, and 
(&] corrective measures designed to overcome each of them. 

2. "The child brings to class ideas concerning fractions, gained 
from a variety of experiences. The concept fraction may tahe form 
before the concept of whole numbem." 

(a) Make as complete a list as possible of the experiences re¬ 
ferred to. What inferences for classroom teaching may be 
drawn from this list? 

(h) Explain, with, illustrations, the meaning of the second sen¬ 
tence of the quotation. 

3. Moke a list of the technical terms and expressions found in 
Chapters XXV and XXVI. Which of these should the child know? 
Why are the others introduced? Set forth a few Buggestions that 
should guide in teaching technical terms. 

4. Invent ten problems, five in addition and five in subtraction of 
fractions. Submit these for class criticism. In terms of what stand¬ 
ards do your classmates or colleagues judge problems? 

6. List the skills required in the subtraction of fractions that are 
not acquired in the addition of fractions. Give for each such skill 
appropriate teaching procedures. 

6. "Class medians on standardized tests on common fractions, 
particularly on division, are distressmgly low." {Contemporary 
Guide in the Teaching of Arithmetic, p. 74.) Account for the low 
scores and present corrective measures. 

7. Cancel and cancellation are unfortunate terms because they 
are not descriptive of the arithmetical process to which they refer. 
What is the arithmetical process? Why does the term cancel convey 
an mcorrect idea? What term would be in closer keeping with the 
process that actually takes place? What is the bearing of .all this on 
the teaching of cancellation? 

8. "There are few practical situations that call for the division of 
fractions or mixed numbers by a fraction. The school should mini¬ 
mize and even ehminate this process." Write ten practical problems 
which involve division by a fraction. If necessary, consult textbooks 
in arithmetic. Do you agree with the quotation? Justify your answer. 
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0, List tliree tecluiical processes in fractions wMch^are presented 
in these ko chapters but which are not employed in business or 
industry. Do you believe that they should be taught to chiren? 

Justify your answer. , ,,,,,, 

10. Invent a graded series of, (fl) exercises, and (6) problems 
designed tc lead to rapid and accurate identification of the divisor, 
especially ilie fractional divisor. Why is such skill important! 

11. Examine those sections in a textbook m arithmetic that are 
devoted to common fractions. Do you M any^ elements of pro¬ 
cedure that are at variance with teaching principles presented in 
these two chapters? If you do, formulate your position, with ade¬ 
quate justification on the question at issue. 

12. (fl) List six references on common fractions, (Consult the 

bibliography at the end of this book.) 

(b) Secure three or four recent volumes of these professional 
journals: lotifiutl of EiucatM EcmcIi; Joumd o/ fcotional 
PsicMogy; Edmtiml Mmistration mi Supervision; School 
Revm Compare the space devoted to arithmetic with that given to 
any other school subject; state an inference, if it is justifiable. Select 
two or three articles that deal with some phases of arithmetic. Write 
a critical estimate of about 75 words on each of these arlacles. 
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TEACHING DECIMAL FRACTIONS 

Decimal notations. The most important conception in 
decimal fractions is resident in the Arabic system of notation 
of whole numbers. When the writing and readmg of all decimal 
forms are understood and reduced to habit, the most signif¬ 
icant step has been taken toward the mastery of both decimals 
and percentage. 

The rationalizaiion. We must not assume that decimal 
fractions have their origin in common fractions or in the 
notation of our federal monetary system, although both 
should be used as aids in teaching decimal fractions. We are. 
strongly of the opinion that, from the very first, decimal frac¬ 
tions should be presented as extensions of the system of nota¬ 
tion of whole numbers. 

The first lesson may begin by reading $1111. The teacher 
then elicits (1) the names of the successive places—units, tens, 
hundreds, thousands; (2) that each place increases tenfold in , 
gomg from right to left; and (3) that each place decreases • 
tenfold in going from left- to right. The blackboard work at 
this point presents the following summary: 



The problem is now put: “Where would I write a ten^ of 
a dollar?" Since this is one-tenth of the unit, it obviously. ;. 

belongs in the first place to the right of the dividing line or in , 

. 379 
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the dimes' place. So, too, a tenth of a dime is put into second 
place to the right of the line or into the cents’ or hundredths' 
place. The following addition is now made to the preceding 
board work: 


Eor the first few days the children write decimals of two 
places, iiHing a line to separate the whole numbers from the 
fractions. They are then told that it is customary to use a 
point instead of a line. Children are thus helped to visualize 
the decimal points as part of a vertical line. This image, it is 
hoped, will lead them to keep decimal points directly under 
one another. When sufficient skill is developed in the notation 
and numeration of decimals of two places, the third place, 
thousandths, is taught on the principle suggested above. As the 
scope of the work increases, the new decimal places are added. 

The gradation. The zero and the placing of the decimal 
point are the two most difficult elements in the notation of 
decimal fractions. The following gradation is therefore 
suggested. 

1. Reading of 4 and 6 place 1. The object is to emphasize the 

■whole numbers: 64369= fact that "and" does not enter 

fifty-four thousand three into the reading of whole num- 

hundred sixty-nine. bers. It is morrect to say 

"three hundred and sixty nine." 

2, 78.6=seventy aght and 2. The decimal idea hae be® 

five tenths. taught; and indicates the deci¬ 

mal point. 

3. 06.62=ninety six and 3. The decimal idea carried tg two 

fifty-two hundredths. places. The significance of and 

is reemphaazed, 

4, .62; .4. 4. The decimal fraction without the 

oontras'ling whole numbers is 
now introduced. 
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6 . .04; .09. 
6 , .40; .80. 


6 . The zero that deternunefl value 
is now taught. 

6 . The zero that changes form but 
not the value is presented as a 
contrast. 


7 . 37.684 ; 243.604; .872. 7. The 3-plaoe decimal fraction. 

r' 7D04'\o07’ 7.04; .04. 8 . The zeros that determine value 

’ ’ are presented in forms already 

made familiar. 

9 . 7.40; 7.400; .400; .40; .4. 9. The zeros that do not determine 

’ value. 


10. .4, .04, .004; .009, .09, 
.9,9. 


10. The comparison of decimal frac¬ 
tions that reveals the influence 
of moving the decimal point 
one or more places right-or left. 


The above steps, with increasing decimal places, supply 
material for work in decimal notation of wider soope.^ ^ 
Oraded practice in reading, writing and interpreting deci- 
wol jractians. In writing decimals children should be taught 
(1) to visualize each number; (2) to recognize instantly the 
number of places required for a given decimal; (3_) to note the 
number of places occupied by the number as given; (4) to 
decide on the number of places to be added; (6) to write 
the figures continuously, left to right. Thus, when the number 
five thousand sixty four ten-thowandths is given, the chil¬ 
dren should: (1) visualize 5064; (2) think “ten-thousandths 
require four places"; (3) tbink, “the given number has 4 
places”; (4) think, “no extra places are needed ; (5) write a 
Limal point, a 6, a 0, a 6 and a 4, or -6061 To write 
five hundred six ten-thousandths, the child should be trained . 
(1) to visualize 506; (2) to think “four places are reqmred ; 
(3) to think “three places are given”; (4) to thii^ one 
place is needed”; (5) to write, left to right, decimal point, a 0, 
a 6. a 0, a 6, or .0506. These steps, if followed closely and 
understandingly for a few days, become a habit and develop 
speed as well as accuracy. 
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Evei'y day must bring its variety oi drill in decimal nota¬ 
tion, which must gradually include the following: 

1. Teacher calls the position of a decimal place, children give its 

name. 

2. Teacher calls the name of a decimal place, the chilch-en give its 

position. 

3. Children read decimals from books, mimeographed sheet, or 

charts, 

4. Children write decimals that are spelled out, for example, five and 

seventy-two thousandths, 

6. Children write decimals dictated to them. 

6. Children arrange decimals so that similar places are one under 

the other. Thus, arrange the following correctly: .72; ,074; 
5.0003; .9. Pupils need practice in putting tenths under 
tenths, etc. 

7. Miscellaneous drills. 

a. Children change form of decimals without changing their 

values, for example, 

Write ®%oo decimally as hundredths, as thousandths, as ten 
thousandths, that is, ®%oo = .62 = .620 — .5200. 

b. Bead .52, .052, .0052. 

c. Write 62%/100 as lumdredths, .62%; as thousandths, ,626; as 

ten-thousandths, .6260; ns tenths, .8%, etc. Write % as 
tenths, .3%; ns hundredths, ,33%; as ten-thousandths, 
.3333%; etc. 

8. Estimating values of decimals. Which is greater, .01 or .0089, 

.1 or .0876, .2 or .1897, .6 or .60? Give in dollars and cents the 
approximate value of 1420, of $.6110, or $.5106. 

0. Arranging decimals in order of value, thus, .9, .87, 1., .1, are 
written in the following sequence, 1., .0, .87, .1. 

These drills should continue until children have attained 
a degree of accuracy and speed in reading, writing, and inter¬ 
preting decimal fractions comparable with the skill they pos¬ 
sess with whole numbers. Time spent ungrudgingly on decimal 
. notation is time saved in the later stages of work in decimals 
and in percentage. 
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Addition and subtraction of decimals. Two distinct sMlls 
must be developed to insure accuracy in adding and subtraot- 
ine decimals: (1) to write a column of decimals with like 
places one under the other, and (2) to distinguish relative 
values of decimal fractions and whole numbers. Children w-ho 
think .98 is larger than 1. are not ready to do anything with 
decimals. Similarly, those who write decimals 
54.862 vertically and do not see the significance of the 
error in the column to the left should be given 
^50 02 further practice in decimal notation. Both of these 
—^- preliminary exercises are provided in the practice 

material for decimal notation. 

It flpflTna reasonable to permit children to employ the zero 

crutch, especially in subtraction of decimals. Let us assume 
that 1.2347 is to be subtracted from 34.02. Form A is gen¬ 
erally preferred; Form B, condemned, because the two zeros 


Form A 
34.02 
1.2347 
32.7853 


Form B 
34.0200 
1.2347 
32.7863 


in the minuend are a crutch. If the writing of these zeros tends 
to children more accurate and, by reducing concern, 
more rapid in their work, the crutch may be permitted. 

MultipUcation of decimals. The ratiomlization. Two 
approaches are possible : (1) through common fractions M2) 
through an analysis of the decimal system of notation. Bach 
method has its sponsors, but neither enjoys the prestige of 
proved superiority. Those who taught the notation of decima 
fractions as a continuation of the notation of whole numbers 
will naturally prefer the second plan; the others, the first. 

1 Through common fractions. Give a problem m which 
it is necessary to multiply .2 by .4, .2 by .04, .02 by .4, .02 
by .04. Elicit that 2 and 4 are multiplied and that 8 is not the. 
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answer. Lead children to perceive that the basic problem lies 
in finding how to manipulate the decimal points. The black¬ 
board work at this point shows all under column A. 


A 

B 

C 

D 

.2 

%oXyio = %oo= 

2 

1 place 

.4 


.4 

1 place 

8 7 


.08 

2 places 

.2 

%o X %oo= %ooo = 

.2 

1 place 

.04 


.04 

2 places 

8 7 


.008 

3 places 

.02 

%oo X tio = %ooo = 

.02 

2 places 

.4 


.4 

1 place 

8 7 


.008 

3 places 

.02 

%oo X tioo = %oooo = 

.02 

2 places 

.04 


.04 

2 places 

8 7 


.0008 

4 places 


We now elicit, further, that the correct answers may be 
found by translating these decimal fractions into common 
fractions. All that is shown under B is now worked out with 
the class. Each of the four 8’s in the first column of work is 
now changed into .08, .008, .008, and .0008, respectively, as 
shown under C, all of this, however, being done by the pupils. 
The aim of the lesson, “to find where to place tlie decimal 
point,” is then recalled. The children are guided to compare, 
as shown under D, the number of decimal places in the prod¬ 
uct with the number in both the multiplicand and the multi¬ 
plier. The facts they thus acquire become the basis of the 
generalization for pointing off in multiplication of decimals. 

2. Analogy with whole numbers. The second method of 
teaching multiplication by decimal fractions carries over the 
decimal relations of whole numbers to fractional forms. 
Through well framed questions the teacher leads the class to 
see the parallel of places existing on both sides of the units* 
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place, and puts the following diagr amm atic scheme on the 
blackboard; 



After this correspondence is carefully noted the teacher pre¬ 
sents examples in multiplication of whole numbers as follows: 
10X10=? 10X100=? 100X10=? The questions take the fol¬ 
lowing form: 

A B 

If lOX 10=100 then .1 X,1 =? 

If 10X 100=1000 then.lX:01 = ? 

If 100 X 10=1000 then ,01 X .1 = ? 

Following the parallel that was pointed out before, the pupils 
readily give the answers .01, .001, and .001, respectively. The 
teacher then asks: “How many zeros, in Group A, are always' 
contained in the answer?” Since this form of multiplication is 
very familiar to children in this grade there is no difficulty in 
obtaining from them, “As many ciphers as there are in both 
multiplicand and multiplier.” The lesson is concluded when 
the teacher’s question, "How" many decimal places will there 
be in the product?” brings the answer, “As many places as 
in both multiplicand and multiplier.” 

Gradation and drills. No fine gradation is necessary in 
planning the lesson on the multiplication by decimals. The 
first examples employ numbers of the type of .7X.4, .05X.12; 
that is, decimal fractions without whole numbers. The sec- 
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ond type includes mixed numbers like '7.2X1.2, 7.12X1.02, 
7.12X.102, and finally whole numbers without fractions— 

72X.03, 12.04X16, 9X.009. Any 
gradation is uimccessary. 

more carefully planned 

Provision must be made for rapid oral drills, which seek 
to reduce the process of pointing-off to habit. Numerous exer- 
oises like the following must be given daily in two-minute 

periods; 


.1 X .1 

1.2 X .9 

.1 X .01 

1,2 X9. 

.01X .1 

.12 X9. 

1 X .01 

.12 X .9 

.01X .001 

1.2 X .09 

.01X1. 

12. X .9 

.1 XI. 

12. X .09 

.01X 1.1 

.12 X .09 

.01X .11 

.012 X .009 

After the decimal equivalents 

of the common business 


fractions are learned, children should be led to perceive that 
in examples like 712 X%, the decimal multiplier is simpler. 
In the first cose, 712 is muMpiicd by 3 and the product is 
divided by 6; in the decimal form, 712 is multiplied by 6 and 
one place is pointed off. So, too, 712Xiy6 involves 712X6-j-5, 
but 712X1.2 necessitates multiplication by 12, and proper 
placing of the decimal point. The decimal form of multiplying 
712 by ^26 requires merely the multiplication of 712 by .08, 
but in the common fractional form 712 is multiplied by 2 and 
the product divided by 25. Regular and frequent drills, by ’ 
devices already explained, develop the required skill in multi¬ 
plication by decimals and thus facilitates the learning of 
percentage. 

Division by decimals. The rationalisation. Division in 
which the divisor is a decimal may be performed in a variety 
of ways. The decimals may be reduced to common fractions 
and the process carried out by inverting the divisor and f^hsu 
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proceeding as in multiplication. If 54.62 is to be divided by 
.002, the example may be changed to 


5462 . 2 

100 ■ 1000 ’ 


or 


2731 10 


mu 1000 

100 ^ 2 


= 27 310 


But it is obvious that dividing by the decimal .002 is far 
simpler. For practical reasons, if for no others, children must 
learn to divide by a decimal fraction as well as by a com-, 
mon fraction. 

Two practices are commonly taught for division by 
decimals. The one known as the older method reverses the 
process of multiplication. By questions and examples we 
elicit— 


1. The dividend = the divisor X the quotient 

2. The product e= the multiplicand X tlie multiplier 

3. The number of decimal places in the product=the sum of the 

decimal places in multiplicand and in the multiplier 

4. The number of places in the quotient=the number of places in 

the dividend minus the number of places in the divisor 

The class learns quickly enough that in dividing by a 
decimal the decimal point in the dividend is moved to the 
right as many places as there are decimal places in the 
divisor. The decimal point in the quotient is directly above 
this newly placed decimal point in the divMend. 

A second practice in dividing by a decimal is to multiply 
the divisor and the dividend by 10,100, or 1000, etc., as may 
be necessary, to make the divisor a. whole number. The 
decimal point in the quotient is directly over the new decimal 
point of the dividend. To teach the second practice, assign 
the example $24.36-r 6. No difBculty is experienced by the 
children. As was explained in an earlier chapter, 6 is now 
changed, to .6 and the class does not know how to proceed. 
The children soon see that if the decimal-fraction divisor, . 6 , 
were changed to 6., they would then be on familiar ground.. 
They now know the aim of the lesson. The teacher then asks 
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the ohildien to ‘write .6)26.44 in fractional form, and 


ia the result. Tlie next stop is to lead children to perceive: 
(1) that changing the denominator from .6 to 6. multiplies it 
by 10; (2) that this may be done provided tlie numerator is 
also multiplied by 10. The blackboard work now shows; 


.6)25.44 


25.44 _ 25.44 10 _ 25x4.4 

.6 .0 x 6 . 


6)2.644 


A few more examples are analyzed and solved in this 
manner, and the children are ready to conclude that the 
divisor is turned into a whole number by multiplying it by 
10,100 or 1000, and that the dividend ia then multiplied by 
the same number. Care must be taken not to have children 
think or say tliat the decimal point is moved one place to the 
right in both divisor and dividend. The pupil must always 
think and say that he ia multiplying both numerator and 
denominator, dividend and divisor, by the same number. 

The relative merits of these two plans of rationalizing the 
division by a decimal have been the subject of much discus¬ 
sion and investigation. Monroe found that the same children 
often use different devices for placing the decimal point, 
depending upon the circumstances presented by the varying 
examples.' Experimental studies seem to favor the second 
method, ie., multiplying both dividend and divisor by that 
number which will turn the dmsor into a whole number.® The 
experimental data are impressive but not conclusive. 

Oradation and drill. The teaching of division by decimals 
requires careful analysis of successive difficulties and the 
formulation of a full series of graded steps. This gradation is 
given in Chapter VII and therefore is not repeated here. 


S. lyionroe, "TIig Ability to Place the Pecimal Point in 
Kvidon,” Ekrmniary School Jcnimal, Vol. 18, December, 1017, pp. 287- 
203, 

* J. A. Dmshel, "A Study of the Amount of Arithmetic at the Com¬ 
mand of High-Sohool Graduatce Who Have Had No Arithmetic in 
Their High-School Course,'' Elmeniary School Journal, Vol. 17, May, 
1017, pp. 667-861. 
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It remains to point out that daily two- or three-minute 
drills in rapid oral work are essential for proper habituation. 
Examples of the following type must be used until the decimal 
point is placed with absolute accuracy from force of habit. 


.8 - r 2 

8-:-2 

.8 

.2 

. 8-^-.002 

.08 -^2 

8^.2 

.08 

.02 

.08 T- .2 

. 008 -r 2 

8 - i -.02 

. 008 - f - 

.002 

. 008^.2 

2,08 -^2 

8-^.002 

,8 - f - 

.02 

. 008-^.02 


When division by decimals is properly understood and 
mechanized, the underlying principle should be applied to 
division in which the divsor is 1200, 800, or 2700—numbers 
with terminal zeros. This can be explained on the same basis 
as that used in decimal divisors, namely. 


246.48 -s- 800 


246.48 . 100 ^ 2.46x48 
800 ‘lOO'S.OOx 


.3081 
= 8 ) 2.4648 


No great difficulty is experienced in leading the class to gen¬ 
eralize—“divide divisor and dividend by the same number, 
the number necessary to free the divisor of its confusing final 
ciphers.” 

Reduction to decimal fractions. Importance. Reduction of 
decimal fractions to common fractions presents no teaching 
problem and will therefore receive no further attention. 
Reduction to decimal fractions is an important operation 
because of the frequent need of finding what per cent ohe 
quantity is of another. In classroom activities the teacher will 
find many instances requiring the reduction of common frac¬ 
tions to decimal forms. 

Gradation and rationalviation. For the purpose of reduc¬ 
tion to decimals, common fractions may be divided into the 
three following groups: Group 1, those whose denominators 
are two, four, and ten, %, % 0 ) %o> etc. Group 2, those 
that can be reduced by inspection, Vsi Vsi Vsi Ve- Group _3, 
those that require paper and pencil operations, %=5-^6=6)5. 

Group 1 is learned very quickly. Children in grades in 
which decimals are taught know our monetary system. Hence 
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%=25 cents or %='^Yxooi Va-Vio or 60/io'o, etc. In each 
case the common fraction is written in decimal form, 
?4='%o()=--75. 

Group 2 requires a little more planning along similar lines. 
Encourage the child to think of these fractions as parts of a 
dollar. I'/s becomes 20 cents or $-%ooi expressed as $.20 or 
$.2; $ 1 / 8 = 121/2 cents or $ 121 / 2/100 or $. 121 / 2 ; $%=33% cents 
or $. 331 /). Another aid is to change the common fraction to 
another common fraction having a denominator of 10, 100, 
or 1000, thus; 

7/125= ?/1000 
31/50= ?/100 
S/8=?/100 


To reduce Viaa to thousandths and 9%o and % to hun¬ 
dredths, hath terms of the first fraction must be multiplied by 
8, of the second fraction by 2, and of the third fraction by 
121/^. The board work is now increased as follows: 


_7_ 

125 

31 

60 

5 

8 


1000 

J_. 

100 ’ 

100 ’ 


; 1000 + 125 « 8; 
100 -s- 50 = 2; 


100 + 8 - WA', 


7X8 

126X8 



31X2 _ _ 

60 X 2 " 100 ■ 


5 X m __ 02A 
8 X liA 100 


= . 62 ^ 


It is wise, as each common business fraction is reduced to 
its decimal eqmvalent, to require the memorization of both 
forms. On one day the cWld should memorize and %; 
on the second Vs; on the third, % and %; on the fourth, %; 
on the fifth, 1/3 and %. In this way useful arithmetic informa¬ 
tion is acquired without appreciable effoi’t. 

Group 3 includes fractions like % and s/iq, and the less 
common but necessary fractions like i %5 and Obviously, 
the methods suggested above do not apply. Since the reduc¬ 
tion of such fractions constitutes one of the necessary mechan¬ 
ical processes in arithmetic, it should be taught with a view 
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towards habituation and therefore with a minimiiTn of rational 
appeal. The mode of instruction is summarized below: 

Reduce %o to a decimal. 

%o=5-i-16 = 16)5. =16)6M 
5 .31% 

T6)6.000 

20 

16 

As the child becomes more familiar with the process, he 
discards one or two steps in this series of equations. No deeper 
rationalization is necessary or even possible. The child who 
knows that every fraction is equivalent to numerator divided 
by denominator finds in the equations %o=5t 16=16)6 an 
adequate explanation. All available time should be spent on 
habituating this process of reduction. 

Common errors in decimals and the corrective measures. 
In our discussion of decimals we indicated the common errors, 
that children make and the remedial drills, designed to elimL 
nate them. In listing them here we are merely reviewing the 
essentials teaching problems in decimals. 

The general causes of the most common errors in decimals, 
aside from limited intelligence of ihe learner, are, in the main, 
three: 

1. Inadequate mastery of the skills in the fundamental operations of, 

whole numbers and of the principles of our system of notation. , 

2 . Inadequate understanding of decimal fractions. 

3. Failure to retain the decimal point throughout an arithmetical. 

process. 

The remedial measures lie in effective teaching: genuine 
motivation, careful , gradation, adequate rationalization, diag¬ 
nostic testing, and sufficient differentiated and individualized 
practice material. 
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Erbors and Their CAosEa Corrective Mbasdreb 
In Addition 


1. Arranging decimal addends 
incorrectly in vertical column, 
tiius: 

6.04 

1.6 

160.8 


2. Failure to retain the decimal 
point in the answer or to 
place it correctly, thus; 

64.08 

1.41 

7.06 _ 

6225 or 626.5 


1. 0 . Constant reminder, orally 

or by chart, "point under 
point." 

b. Practice in arranging, in 
vertical columns, decimals 
that are assigned hori¬ 
zontally. 

c. Testing the column of deci¬ 
mal points with ruler or 
card to see whether they 
are one under the other, 
before beginning to add or 
subtract. 

d. Encourage children to in¬ 
sert 0 in blank places; 

3.072 

1.800 

3.060 

2. The devices listed above 
under 1, a, b, and c, tend to 
correct this fault of operation. 
Practice in addition of the 
Mowing types is also correc¬ 
tive, for example; 

7.04+ .8; 42.5-1-8; 42.5-1-.4. 


1. Failure to think zero, when 
necessary, in the minuend, 
thus; 

6-2.46 =^6 

m 

3.45 

2. Changing minuend to sub¬ 
trahend because the subtra¬ 
hend has more places; thus, 

6—2.45 becomes 2.45 

_J 

2.40 


the 

number of places in minuend 
and subtrahend equal, thus: 
5.00 
2.45 

2.55 

2.0. Practice in estimating 
values of decimals and 
whole numbers. 

6. Continued practice in read¬ 
ing and writing of decimals 
and in arranging a series of 
decimals in increasing or 


In Subtraetion 

1. Insist that the child make 
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Errors and Their Cadbes Correctivb 

e. Continue practice in chang¬ 
ing the form but not the 
value of a decimal, in 
changing the value with a 
tninimiim change in fonn, 
for example, 8.5; 86.; .85; 
.085 ; 8.05; 806; .805; .52; 
.520; .5200. , 

d. Use dollars and cents and 
limit decimals fo _ two 
places. Insist on an inter¬ 
pretation of tbe nmbers 
before permitting 
to perform the mdicated 

operation. 

In Multiplication 

1. Misplacing the decimal point; 1-2-3. These errors 
for example, 

6.4 X.02 = 1.08 

2. Pointing-off in the answer by 
counting from left to right, 
thus, 

.54X.2 = 108. 

3. Failure to prefix zeros in the 
answer, for example, 

.62 X.02 =.104 


inadequate understandrng.^m 
decimal notation 
rule for pointing-off- Through 
a diagnostic test the speciM 
errors may be discovered. « 
the group mahing 
these errors is 
remedy is compsr®'^^®^^ 

pie: teach what is not under¬ 
stood and supply 
able in form and quantity, it 
only a few make any one of 
these errors, arrange for mdi- 

vidual hdp. ■ c u < i 
Give dsUy practice of ttie fol¬ 
lowing type: indicate the cor¬ 
rect place of the decmial pomt 
in the following: 

24 X 3=72 
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EllHOlW AND THEtft CaCHEH CoHHECTlVE MEABtBES 

In Divkwn 


1, Incorrect placing of the deci- 
ma[ point. 

tt .136 

1.2) 16.32, a« many phcei 
in the quotient ns in the divi¬ 
dend and the diviner; a earrj'- 
oi'er from multiplication. 

b 1.3 G 

1.2) 16.32, a carry-over 
from addition, "point under 
point." 

c 136 

1.2) 16.32, failure to insert 
the decimal point in the quo¬ 
tient. 

d Failure to annex teros to 
the dividend, 

_ 

1,32.) 1188. 

11&8 


2. Errors due to inadequate 
meutery of the process of di¬ 
vision in whole numbers. 


1. These four types of errors re¬ 
veal limiteil understanding of 
decimal notation and of the 
process of division by a deci¬ 
mal. lieteaching is essential 
but great care must be taken 
to grade Iho dilRcultics in a 
progressive order. Whether 
the class or ouly selected 
pupils should be subjected to 
the reteaching must be de¬ 
cided by tho teacher. Daily 
drills of the following types 
are helpful; 

0. .6 X 10, X 100, -t-10, 100 

7.5 X 10, X 100,-f-10,-i-100 

b. Which are correct? Why? 
4.5-s-.5 = 9, .9, .09, .009 
.45-!-.6 = 9,.0,.09,.009,eto. 

c. Place the •number marked 
nnswev in the quotient 
place and then put the 
decimal point where it 
belong.s; 

■06) 64.36 answer, 903 
. 007)44 2,4 answer, 632 
7) 44.24 answer, 632 etc. 

2. Learning arltbmotio consists 
of mastering a set of progres¬ 
sive habits. If children do not 
have primary skills, they must 
set aside advanced techniques 
until the earlier ones are ac¬ 
quired. Hence, division by 
decimals must wait until chil¬ 
dren learn the process of 
division by whole numbers. 
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FfiOBLBMB TOR StUDY AND DlSCtTSSION 

1. A pupil cannot arrange the following decimals in order of mag-' 
nitude: .03; .0083; .30;- .030; 3.00. What are the causes of this, 
pupil's deficiency? 

2. List all the decimal forms that pupils in the junior high schools 
find difficult. How would you help such pupils overcome these diffi¬ 
culties? 

3. Analyze one of the published diagnostic tests in decimals. 
What wealmesses does the test seek to reveal? Compare these with 
the common errors listed m this chapter. What differences do you 
note? 

4. Select from this chapter the six teaching suggestions that you 
consider most important. Tell why each is important. 

5. Devise a test in decimal notation. What specific facts and 
skills are you testing? What types of questions do you plan to 
employ? i’iffiat precautions will you take' to achieve a well balanced 
test? Find such a test in a textbook in arithmetic. How does your 
effort compare with the test in the book? 

6. Write a paragraph on each of the following: 

(q) The Roman numerals are decimal in nature. 

(6) The invention or the discovery of the zero in mathematics 
is of overwhelming importance. 

' (c) One of the earliest known decimal systems. 
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that arise in learning computation by percentage. The errors 
made by children in percentage are due chiefly to lack of 
knowledge of decimals, common fractions, and the notation of 
whole numbers. A test on the fundamental principles of these 
branches of arithmetic will reveal the weaknesses that must 
be strengthened in review lessons. The following exercises 
have preparatory value: 

1. Change two-plaoe decimals with or without a fraction to per cent 

forms. 

.12=12 hundredths = 12 per cent i= 12% (teach symbol, ■%) 
.12% = 12% " =12% “ " =12%% 

2. Change one-place decimals to per cent fonns. 

.7 or ,9 to 70% or 90% 

3. Change common fractions to per cent forms. 

%b = i%oo=.12=12% 

4. Change indeterminate decimal fractions to per cent forms,. 

%=.33%=33%% 

%t=.16% = 16%% 

%i=.ll%=ll%% 

5. Express 100 per cent of any quantity. 

%=1. = 100% 

% = %P=% = l?i2=l.= 100% 

6. Express more than 100 per cent of any quantity (whole and 

mixed numbers) 

2= 2.00=200% 

%=!%= 1.26= 125% 

%=!%= 1.60 = 160% 

% = 2%=2.25 = 226% 

7. Express fractions of a per cent (three and four decimal places) 

.04%=4% hundredths = 4%% 6%% = .05% or .065 

.06% = 6% hundredths = 6%% 8%% = .08%' or .0825 

.08% = 8% hundredths = 8%% 12%% = .12% or .126 

.04% = .0425 = 4%. hundredths = 9%% = .09% or .0976 
4%% = 4.25% 7%% = .07% or .07125 

.06% = .0675 = 6% hundredths = 

6%% = 6.75'% 

,8. Express less than 1 per cent 

%% = % hundredth = .00% = .005 
%% = % hundredth=.00% = .0076 


.00125 = %% 
.0033%= %% 
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The final test of rensannble mastery of the concept per cent 
is absolute correctness in the following: 

.01 = 17« .30 = 307) .0125 = lVi% 5% = .05 

.1 = 10% .3 = 30t{. 1.75 = 175% .5% = ,005 

l. = lfX)% 3. = 300% ,006 = %% .50% = .5 

600% = 5 

A well planned teat' revealed that leas than 2 per cent of the 
children failed in the following: change .55, .06,1.24,1.13,1.63 
to equivalent per cent forms. But from 40 to 59 per cent 
failed to change the following to per cent forms: .0325, .065, 
.0475, .4. The query, %oo of N= brought many incor¬ 
rect answers in the seventh grade; the most common of these 
are 90% and 900%. The children did not see that ®/ioo is a 
small part of N and that 90% and 900% are, therefore, absurd 
answers. They were carried away by the zeros in ®/ioo. These 
common errors give force to our statement that too much 
attention can hardly be given to decimal notation for most 
errors in percentage may be ascribed to imperfect learning of 
decimal fractions. 

Siz difficulties in percentage. Extensive testing reveals six 
common errors in percentage. "Gifted children do not make 
one set of errors and slow pupils another; both types of pupils 
make the same errors,” in about the same relative propor¬ 
tion.® These six typos of errora indicate, therefore, where most 
practice must be concentrated. 

1. Less than 1%; examples: .006, %no, %%, % of 1%, 

2. The recognition of the mimy equivalent forms; 

6%,%ooofN, .05, 5%XN. 

3. The combination of types 1 and 2; 

.066 = .08% = 6%%=6.5% 

4. One-place decimals reduced to per cent form. 

,4 as 40% not 4%. 

^Arthur Edwaida, "A Study ol Errors in PercontagR,” in the 
Twenty-Ninth Yearbook of tlia hfutional Society for the Study of Edu¬ 
cation, Part II (Public School Publwhiiig Co., 1930), Ch. xii. A very 
valuable study. 

> Ibid,, p. 640, 
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6. Wtolfi numbera in per cent form. 

5XN=600% ofN; 1 = 100%. 

6. Mixed numbers in per cent forms. 

%=!% = 1.76 = 178% 

124% = 1.24 = 12%flo- m = % 


Per cent equivalents of the common business fractions. 
'In the discussion of reduction of common fractions to decimals 
we stressed the importance of having children memorize the 
decimal equivalents of common fractions which occur in busi¬ 
ness. We must now add the per cent form to the decimal 
form. The list of these fractions includes %, yg, %, %, 
%, %, % %. ^Ao, Vb, %, %, aiid %• Such fractions as % Vg, 

% 2 ) Ms) i/ia are not common enough to be taught in this 
way. Not all the common fractions will be reduced to per 
cent equivalents on any one day., It is wise, therefore, to 
reduce one or two of these fractions daily and to memorize 
them upon the completion of the computation. Children soon 
see the value of this memorized information. They are quick 
to perceive the advantages of %X%1M over 76%; of 1.68 or. 
1.68X.76. Learning per cent forms of common business frac¬ 
tions may be greatly facilitated by motivating examples like 
the preceding one, and by exhibiting a convenient chart show¬ 
ing common fractions and their per cent equivalents. 

The cases of percentage. The second significant step in 
learning percentage is the mastery of the oases. Concretely 
expressed, these cases are: 25% of 120) 30 is what per cent 
of 120; if 25% of a number is 30, what is the number? Most" 
of the teaching problems arise in the failure to realize that each 
case in percentage involves no new relationship of-numbers ;■ 
that these oases occurred in common fractions. In his work in 
fractions the child solved problems like these: of 25; what 
part of 25 is 5; how many marbles did he have originally if, 
in losing % of them, he lost 5. In teaching any of the cases 
of percentage, therefore, problems in the corresponding case 
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in common fractions should be given first and then the per 
cent form should be substituted. 

A fuller summary of the cases may make clear the relation¬ 
ships involved and the small difference between fractional 
and percentage forma: 


Fractional Form 

Case I. $150 must be raised for 
a poor family; % of this sum 
is collected the first clay; how 
much of the necessary sum has 
been collected? 

Case 11. $40 was collected to 
help a poor family; if $150 is 
needed, what part of the 
money is already assured? 

Case III. (a) A merchant who 
sells to gain ^ of his cost finds 
that he gained $15. What did 
he pay for his material? 

(6) A train that completed % 
of its distance lia.s 120 miles 
still to run. What is the length 
* of the entire trip? 

Goods sold for $24.00 in¬ 
volved a loss of % on my in¬ 
vestment. What was the in¬ 
vestment? 

(c) Goods sold for $25.50 
brought a profit of What 
did they cost? 


Percentage Form 

Ctusc I, $250 must be raised for 
ft poor family; 45% of this 
sum is collected the first day; 
how much of the necessary 
sum has been collected? 

Case II. $00.00 was collected to 
help ft poor family; if $240 is 
needed, what per cent of the 
money is already assured? 

Case III. (o) A merchant who 
sells to gain 12% of the cost 
finds that ho gained $36. What 
did he pay for his goods? 

(5) A train completed 16% 
of its trip the first hour. It has 
168 miles still to run. How 
long is the trip? 

Goods sold for $25.80 in¬ 
volved a loss of 14% on my 
investment. What was the in¬ 
vestment? 

(c) Goods sold for $14.44 a 
gross, brought a profit of 
12%; find the cost per gross, 


We list here all the cases of percentage or fractions. Many 
supervisors and teachers are strongly opposed to teaching the 
indirect cases, Cases II and III, with all tlreir modifications, 
because of their limited social use. Others are just as firmly 
convinced that all these cases should be taught. They argue 
that the indirect cases (Cases II and III) give meaning to 
the direct case (Case I) and make clear the full relationship 
existing among base, rate, and percentage, Further, they 
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refute the statement that the indirect cases arise only on rare 
occasions and point to such applications as the following: 

1.1 paid $3.50 a yard for goods. How shall I mark them so that I. 
can allow the usual trade discount of 12%%. 

2. Goods in a show case are marked 48 cents apiece. A sign reads, 

"All articles have been reduced 20%." What was the first 
price? 

3. What is the approsmate income of the Joneses who pay an annual 

rental of |l250. A family usually spends 20% of its income on 
. rent. 

4. A printer estimates that the typewritten sheets pven him by the 

author will make up 420 printed pages. The author says that 
this is about 75% of his book. How many pages will the book 
probably contain? 

5. A report says that in' 27 days 46% of a road job has been com¬ 

pleted. About how long will it take to complete the whole 
road? 

To be sure, these indirect cases are useful, but relatively 
they have less frequent practical application than the direct 
case. Case II arises more frequently in real situations than 
Case III. It may be well to take a middle ground in this 
dispute: teach the indirect cases to the superior pupils only; . 
the others will probably not be able to learn them well enough 
to insure reliable application. 

The business applications of percentage. The most prac-. 
tical phase of percentage is its application to everyday busi¬ 
ness ■ situations—profit and loss, trade discount, discounting 
notes, commission and brokerage, taxes, and interest. We must 
suggest general teaching principles that are applicable to all 
of them. 

All applications of percentage express the same arith- 
. metical relaticm. In teaching each of the business applications 
teachers must lead their pupils to recognize the repetition of 
the cases of percentage. Mathematically considered, interest, 
commission, and trade discount involve the same operations. 
In the following problems the arithmetical relations among 
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the numbers are identical despite any variation in the busmess 
aituations: 

1. $575 left in a savings Ijiink for 1 year at 4% will earn what 

interest? Interest is paid seinUanniially. 

2. An agent sold $2454 worth of gwals in 1 month. What was his 

conmiiasion at the rate of 5%? 

3. Goods marked $24.40 arc sold to rclailcrs at a discount of 15%. 

What discount may a retail merchant expect? 


1. $575 left in a h.ank (or G inonllis earned $11.60 interest. What. 

was the rate of intcreat? The bank paya interest semi-aimually. 

2. An agent sold $2554 worth of goods and charged $127.70 for his 

services. What was his rate of coramis.sion? 

3. Goods listed in the catalog for $2S a dozen arc sold to retaHers 

for $350 less. What rate of discount is allowed? 

The mathematical identity that oxiste among all of the 
business applications of percentage is clearly shown in the 
tables on page 404. The three elements of percentage, base, 
rate, and percentage, have their three corresponding terms or 
names in each 'of the applications; the mode of solving each 
case must therefore be the same. It is a profitable exercise to 
translate each of the symbolic representations and formulas 
in the table into a real problem. It is obvious that this table 
serves as a summary for the teacher and is not intended for 
the children. 

Every new appUcaiion to be introduced by a language 
lesson. The lesson that introduces a new application of per¬ 
centage must be essentially a language lesson. Since all forms 
of business applications of percentage are mathematically 
identical, the instructional problem resolves itself into an 
endeavor to make clear the meaning of the new business terms. 
In teaching the general subject of interest the terms, interest, 
principal, rate, note, and discount must be made clear. So, 
too, in insurance, tlie terms, face of policy, premium, life 
insurance, fire or accident insurance must be explained, thor- 
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oughly. The child who knows the cases of percentage and 
who has a clear comprehension of the meaning of discount, 
catalog price, list price, and net price can solve almost any 
reasonable problem in oonunercial discount. Too much atten¬ 
tion can hardly be given to the language phase in this branch 
of arithmetic. 

Motorize the bmnea application of percentage. To stimu¬ 
late vivid imagery of an actual business procedure, dramatize 
it. In teaching stocks and bonds a company should be organ¬ 
ized in class, specimen shares should be written out, shares 
should be sold at par, at a premium, and at a discount, and 
dividends should be declared. Through such motorization a 
corporate organization becomes real, its modus operandi is 
understood, and its business advantages clearly perceived. In 
teaching insurance sample policies should be shown and filled 
out to illustrate the most common forms.of insurance. So, 
too, in teaching interest and elementary banking, children 
must fill out checks, check stubs, and deposit slips; they must 
endorse checlm and make them payable to one another, com¬ 
pute interest, make pass-book entries—^in a word, perform 
every necessary busmess practice. No elaborate equipment is 
necessary to make each'business procedure real and vital. 

Children must be given reasons for various bwsmess proc- 
tices. To understand the terms and the practices of business 
is not enough. Children should be taught the reasons for the 
practices of business. Many pupils who had no difficulty in 
solving any of the textbook examples in interest had no under¬ 
standing whatever of the reason for paying interest to 
depositors. Almost all the pupils in the class believed that 
money deposited in a bank is securely looked in large safes 
that defy burglars. When these children were asked whether 
it would not be fair for the depositor to pay the bank for .ihis 
service, a great many thought that it would. 

Amusing information awaits the teacher who has not asked 
pupils why insurance companies pay the full face of the 
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policy in case of death or fire. The following cases were pre¬ 
sented to fourteen-year-old pupils: 

B, who pays a small premium of $15,50 annually for four years, 
receives $3000 from the fire inauranoe company when hie household 
goods are destroyed. A, who paid only $150 a year for four years, 
died; his family received $5000. Why did these companies pay so 
much to people from whom they collected so little? 

The answers that the children gave seemed to show that, 
in their minds, an insurance company is a philanthropic 
institution composed of individuals of fabulous wealth and 
boundless compassion. Evidently no attempt was made to 
acquaint the pupils with the law of chance. Cursory investiga¬ 
tion will show that children do not know why agents are paid 
commission rather than a fixed salary, why goods are listed 
at one price and sold at a discount, why double discounts, 20 
per cent and 10 per cent, are given rather than one large 
single discount, why banks discount notes, why stocks worth 
$100 one year are sold at a discount the following year, why 
people who are older pay a higher rate of insurance, why 
overhead charges are included in a computation of cost, why 
certain houses are given lower rates of insurance than others— 
in a word, the reasons for the common practices of business. 
This information is far more significant than mere arithmetic. 
Even this elementary study of business practices gives the 
child more than a glimpse into the social studies. Eor many 
children it is an introduction to our economic structure. 

Actual computation may be omitted. In teachmg certain 
of the business applications highly socialized recitations with 
no actual computation are very desirable. In insurance, for 
example, children should be given a clear understanding of 
the values of insurance, the common forms, and the conditions 
that make possible the pa 3 mient of the face of the policy to 
the insured or to the beneficiary. The school child who under¬ 
stands why duties are levied and how they are computed majf 
well eliminate the actual computation of duties. In the past 
we underestimated the significance of informational arithmetic. 
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The viodc of computation of the business world must he 
taught. In teaching profit and loss childron should not be 
taught that gain or loss is always computed on the cost. In 
biiBinCBS the rate of profit is often computed on the volume of 
business, that is, on the selling price. In the example, “Goods 
sold for $12 brought a profit of $2.00; what is the rate of 
profit?'* the formula, 


Gain __ ^ 
S. P. ” 12 


1 

6 


1QH%, is as con’oet ns 


Gain 

’Cost 


10 


1 

5 


= 20 % 


The problem must indicate on which base the rate of profit 
or loss is to be computed. 

The method of computing double discounts is another 
illustration of the importance of following business practice. 
If discounts are 33'^ per cent and 10 per cent, the simplest 
solution is to set down “G6% per cent of catalog price” as the 
new list price after the first discount; 10 per cent is now 
allow'ed on this 66% per cent, or 6%; deduct 6% from 06% and 
tlie remainder, “60 per cent of the original catalog price,” is 
the final selling price. This mode of computing is direct and 
superior in every way to tlie long process of finding the first 
discount, the new prico, the second discount, and, then, the 
final price. 

In finding the interest on a given sum of money for years, 
months, and days, common business practice follows (1) the 
six per cent base; (2) tlie method of aliquot parts; (3) the 
method of cancellation; (4) or the use of prepared tables. 
Teachers must find which of these modes is the most prevalent 
in the local community. 

For reference purposes only, we shall illustrate each of 
these practices: 

1. The six per cent method. Economy of time and effort 
results from the use of a fixed base in computing the interest 
regardless of the rate. The usual base is 6 per cent. Children 
learn that the interest on $1.00 for 1 year will be $.06; for 6 
months, $.03;' for 2 months or % year, $.01; for 1 month, 
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$.005; for 10 days or % of 2 months, I.OOi/e; for 6 
days, or %o of 2 months, $.001. If interest is sought at 5 per 
cent, the result obtained by using 6 per cent is decreased by 
1/9 of itself; if 4 per cent, by %; if 3 per cent, by y 2 . Since 6 
per cent is used as a basis in all examples, children become 
expert in finding interest by short cuts. To illustrate; Since 
the interest for 60 days at 6 per cent is 1 per cent, we can 
find the interest on any amount for 60 days at 6 per cent by 
moving the decimal point two places to the left. 

2. Method of Aliquot Parts. By the method of aliquot 
parts the ratios are sought in the time rather than in the 
rate of interest. Some period, usually a year, is taken as a 
base and the additional time is computed on it. 

Find the interest on $450 for 7 months and 23 days, at 6%, 

' Interest for 6 mos. = 13.60 (% yi. hence % of $27.00) 

Interest for 1 mo. == 225 (% of int. for 6 mos.) 

Interest for 20 days= 1.60 (% of 2.25; 20 day 8 =% of 1 

mo.) 

Interest for 3 dayB= .225 ( 3 days=%o of 30 days, hence 

Interest for 7 mos. 17.476; 
and 23 days is ans. $17.48 

3. By cancellation. A convenient method of finding the 
interest on notes that have run a given number of days is 
to find the interest on the total amount involved for one year, 
and then to find the interest for the fractional part of a year 
that actually elapsed. This may be illustrated in the follow¬ 
ing problem: 

"A note dated March 18,1934, for $180 with interest at 6 per cent 
was paid May 6,1&34. Find the intei'est.” 

Note ran 13 days in March, 30 in April and 5 in May, a total of 
48 days. Express 48 days as 48/360 of a year. The interest on $180- 
for one year would be $180 X .06, hence for 48 days, the interest may 
be expressed in the following form that encourages cancellation: 


Int. = 


.03 

$180 X M X 48 

m 


$1.44 answer. 


2 
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4, Other methods of computation. Interest may also be 
computed by a formula after tlic process involved and the 
logic of the various steps have been reduced to habit. The 
formula is introduced at a point where it sums up in con¬ 
venient form a procedure that is thoroughly comprehended. 
Another method of computing interest selects 12 per cent or 
36 per cent as the base instead of the prevalent 6 per cent, 
The steps in the solution arc identical with those of the 6 
per cent method and the advantages of the 6 per cent base 
hold for these bases. 

It is advisable to teach children to use interest tables in 
simple and in compound interest, Childi'cn must know the 
value of these tables and the method that was followed in 
developing them. All good textbooks in arithmetic have repro¬ 
ductions of these tables. A little practice in the use of these 
tables develops surprising skill. 


PnoBnEMB FOB Study and Diboubsion 

1. Prepare a test of two parts on the content of this chopter: 
Part I to consist of new-type questions; Part II of ton questions 
calling for very short essay answers. Show that your test covers the 
ground fully and calls for thinking ns well as for remembering. In 
what way did the preparation of the test help you to master this 
chapter? 

2 . Show in what specific ways control of decimals facilitates mas¬ 
tery of percentage. 

3. “There are seven chief skills involved in working with per¬ 
cents." Name them. For each, indicate (a) what preparatory knowl¬ 
edge and skills the pupil must have; (b) how you would proceed to 
develop this new skill. 

4. How would you help pupils who make the following errors: 

7%% = .7ya .005 = 6% 

12.5% = 12,6 2Wo = 3.Vz 

600 = 6.00% 80% = 8. 

6 , What experimental studies have been made on percentage? 
Where will you look for the data? If you were inclined to read three 
of these, which would you select? What would guide your choice? 
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TEACHING MEASUREMENT 

Place of denominate numbers in an elementary course. 
Units of measure must be included in the course in arithmetic 
because they are daily media of evaluation and exchange. 
The character of these units of measure is often an index 
of the degree of development of a people. These measuring 
units have kept pace, step by step, with the growth of com¬ 
merce, industry, and science. The more primitive the people, 
the cruder are their units of measure; the more interrelated 
and specialized a society becomes, the more refined and accu¬ 
rate are its units of measure. Old courses of study undoubtedly 
prescribed an excessive amount of subject-matter in the field 
of denominate numbers. Discriminating selection and liberal 
elimination are therefore essential. 

Gradation in the use of measurements. There are at least 
three important steps that mark graded teaching of units of 
measure. The first consists of exercises in general comparison'. 
Every kind of object or quantity should be compared. Two 
books held on the palm of one hand may be compared with 
a number of books balanced in the other. Lines of varying 
length are drawn on the board and their relative lengths are 
judged., The distance between any two objects in the room 
may be similarly compared with other distances. So, too, 
boxes, children, vases, bottles, articles of furniture, blackboard 
rectangles, and what not may be used in these comparison' 
exercises to train the senses and give a feeling for more, less, 
larger, smaller, heavier, lighter, shorter and taUer. In the 
beginning the elements contrasted are large and the differences 
are very marked. As progress is made both the' size of the 
objects and their differences are decidedly smaller. 

409 
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In the second step, dcfinvA but varying units are used, A 
cup, a (ilialk box, a step, a span of the hand, a drinking glass, 
a spoonful, and a handful, may be the measuring media. The 
use of standardized or legally defined unite marks the third 
step. Foot, quart, inch, dollar, cent, ounce, pound, or square 
inch are examples of the.se standardized unite. 

Omit all tables not commonly used or those necessary only 
in technical Industries, The elementary-school course should 
teach those tables of weights and measures used by all citizens 
in tlie course of daily activilaes. Troy weight, apothecaries’ 
weight, surveyor’s measure, long ton and hundred weight, 
cord-foot, cord, perch, and stone measure are illustrations of 
tables and units that have no place in a general course in" 
arithmetic. It seems reasonable, therefore, to limit the work 
of the elementary school to the following: 

1. Linear Measure—inches in foot and yard, feet in yard, feet in a 

mile 

2 . Liquid Measure—gill, pint, quart, gallon 

3. Dry Measure—pint, quart, peck, bushel 

4. Avoirdupois Weight—ounce, pound, himdrerl weight and ton 

6 . Time—seconds, minutes, hours, days, weeks, months, leap year 

6 . Money—United States currency and the pound sterling, the franc, 

■ the lira; and their approximate value in torm.s of dollars and 
cents 

7. Surface and Volume Measures—square inch, square foot, acre, 

cubic inch, cubic foot, cubic yard 

8 . Metric System—in the junior high school and as part of the work 

in science 

0. Useful facts not part of a, traditional tablo—dozen, score, gross, 
16 fluid ounces make a pmt, n pint of water weighs about a 
pound, 231 cubic inches in a gallon, 2 glassfuls make about 1 
pint, the abbreviations of the various units, and such other 
information as is distinctly useful in local practices 

All units must be taught through use. Children should 
learn the units of measure by measuring with them. To most 
children foot recalls the purely verbal twelve inches, and not 
, a distance. None of these unite calls up the measure it repre¬ 
sents. Teachers know how few of the children who have used 
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these common unita for at least three years can give the 
approximate height of the classroom door, the width of the 
window, the weight of the books carried daily to and from 
school, or the length and width of a surface containing 120 
square inches. Children in a 6 B class, when asked to approxi¬ 
mate the height of an ordinary room, gave answers varying 
from 10 to 60 feet. Only about 10 per cent approximated 
the correct answer. When a class of college juniors was asked 
to estimate the height of an ordinary four-story brick build¬ 
ing, the answers ranged from 35 to 200 feet; not more than 
20 per cent gave a reasonable answer. Too often units of 
measure remain empty words because early teaching neglected 
to give an adequate perceptual setting. 

In teaching a unit of measure, use and sense appeal, there¬ 
fore, should be the key-notes of the process, A balance-scale, 
a number of weights, actual measures used with liquids, gro¬ 
ceries and vegetables, clock dials, blocks that represent a cubic 
inch and a cubic foot, a spring scale—all these must con-? 
stitute but a small part of the school equipment for arithmetic. 
Children are asked to hold a pound weight in each hand; to 
hold a pound weight in one hand, and then to replace it with 
a number of books judged to weigh a pound; to estimate the 
weight of various boxes containing sand, and the weight qf- 
different objects of various sizes. In each case the estimate 
is checked up. These exercises should be repeated for two or . 
three minutes each day until the pound means a definite 
weight and recalls a certain resistance. In similar exercises the’ 
quart, the gallon, the pint, the foot, and the ounce must be 
taught. Children who spend two minutes each day judging 
various distances in the class and checldng their answers will, 
at the end of a fortnight, show marked improvement in esti¬ 
mating distance. Children should know the width of an aver?; 
age city , lot, the height of a room, of an ordinary- four-story 
building, and of a modern skyscraper, so that 20 feet or 100 
feet will call up a distance twice the height of an average 
room or the depth, of a city lot, respectively. Two hundred 



412 


THE TEACHING OP ARITHMETIC 


and tilirty-onc culjic indios slioulil be learned by making a 
cardboard box 7 by 11 by 3 Inches, filling it with sand, and 
then comparing the contents of the box with that of a gallon. 
Unless units are learned through use, the tables based on 
them arc verbal associations that can never function 
intelligently. 

The complete tables in the formulation we know so well 
should come late in the school course and should be preceded 
by a knowledge of common units taken from all useful tables, 
The child should know quart, cent, dime, foot, hour, day, and 
week before knowing any one of the complete tables. Prom 
each table we select such units as are most frequently used 
and such as will lend themselves most readily to objective 
demonstration. Por these reasons children learn foot before 
inch, quart before pint, and cent before dollar, 

In teaching a table it is not advisable to present it in 
complete form to the class. Children who have been taught the 
units of any measure should be led to discover tlie necessary 
equivalents by actually measuring, and should then formulate 
these relations, step by step, as they progress. Tlie old teach¬ 
ing technique followed the order: words, thoughts, then 
thinp; the modern procedure—things, thoughts, and then 
words—is not only more psychological but is also more 
acceptable to the pupils themselves, 

Denominate numbers to be used only in real situations. 
The complaint that school arithmetic is too often divorced 
from business practice finds much support in the analyses of 
examples in denominate numbers. The following examples, not 
even remotely related to the practical needs of life, are taken^ 
from books and classroom blackboards: 

Reduce 2A., 4 sq. rods, 8 sq. ft. to sq. in. 

Reduce 247 856 inches to higher denominations. 

Reduce 1 mile, 1 rod, 1 yard, 1 foot, 1 inch to inches. 

Express 68 rods, 2 yards, 2 feet, 2 inches as a decimal part of 3 miles. 

Jana bought a five-oent chocolate bar on the wrapper of which she 
read, "Net weight 114 oz.” How much would a pound cost at this 
rate? (Surely not 63 cents because larger quantities wrapped in 
pound or half-pound packages cost less per ounoe.) 
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As far as possible, denominate numbers should not be 
taught as an independent branch of arithmetic. Units of 
measure must be incorporated in problem-solving. Frequent 
incidental inclusion of denominate numbers will afford 
adequate practice in the necessary units-of measure as well 
as interesting application of fundamental operations. 


The Abithmbtical OPERA.TioNe in Denominate Numbers 

The essential arithmetical operations in denominate num¬ 
bers are (1) addition, subtraction, multiplication, and division; 
and (2) reduction to equivalent higher and lower denomina¬ 
tions. The teaching problems are simple enough if care has 
been taken to carry out the suggestions listed above for teach¬ 
ing the units of measure and developing the various tables of 
weights and measure. Each of the processes is logical and can 
be deduced by the class under the gmdance of the teacher after 
adequate motivation has been assured through a genuine 
initial problem. 

Two common errors are made by most children in working 
with denominate numbers. They either fail to reduce the 
various denominations or they perform the operations as if 
they were working with abstract numbers. Let us illustrate 
each of'these errors: 

Add, 6 bu. 3 pk. 3 qt. 1 pt. 

4 5 4 0 

7 6 3 1 

One erroneous answer 16 14 10 2 

No reduction of smaller 
to larger denomina¬ 
tions. 

Another erroneous 

answer. ,17 6 0 2 

Child does what he 
would do in ordinary 
addition, 3 qt. -t- 4 qt. 
-t-i3 qt. = l0'qt., put 
down 0 and carry 1, 




414 


THE TEACHING OF ARITHMETIC 


1 ) 11 . pk. qt. 

From 2 .'i .3 

Tiikc 2 4 

One erroneous answer 2 11 

No denominations; 
numbers reversed to 
facilitate subtraction. 

Another erroiietiiKS answer 2 0 9 

Cliild thinks 4 from 3; 

4 from 13 = 9; 2 
from 2 = 0. In a 
word, the process of 
ordinai'y subtraction 
is followed here. 

Multiply, 2 gal. 2 qt. and 1 pt. by 5. 

gid. qt. pt. 

2 2 1 

_5 

One erroneous answer 10 10 5 

Child multiplies and 
' neglects denomina¬ 
tions and their reduc¬ 
tions. 

Another erroneous answer 11 0 5 

Child multiplies as in 
ordinary multiplicsr 
tion He thinks 5X1 
= 5; 5 X 2 =10, write 
0 and carry 1; 6 X 2 
= 10, now add 1, re¬ 
sult 11. 

The fundamental operations in denominate numbers pre¬ 
suppose ability to reduce lower denominations to higher, that 
is, reduction ascending (pints to quarts and gallons), and, 
higher denominations to lower, reduction descending, (gallons 
to quarts and pints). Here again, no serious teaching problem 
arises if children have acquired the preparatory Itnowledge 
of the units of measure. 

The metric system. Many authorities insist that the met¬ 
ric system be made part of the course in denominate numbers 
because: (1) its decimal character malces almost all of its 
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multiplications and divisions a mere matter of moving the 
decimal point; (2) it is so common in Europe that foreign 
bills and commercial paper sent to America are often com¬ 
puted in terms of its units; (3) it is the system empRyed 
almost exclusively in science; (4) the movement for its intro¬ 
duction into the United States is maMng headway. While - 
there are no immediate prospecte that the metric system will 
be legalized, the school graduate should nevertheless under¬ 
stand what he sees about this system in the newspapers. 
Although the superiority of the metric system is conceded 
and its uniformity and simplicity of manipulation are ad¬ 
mitted advantages, there is a strong sentiment against aban- 
(Innin g our clumsy measures: first, because of tradition, and 
second, because of the necessity of completely changing all 
tools and machines from the one basis to the other. To many, 
the cost and the very real inconveniences involved in such a 
change are' deciding factors,. 

Teaching the metric system. Teach the three basic units. 
The first step is to teach children, as objectively as any oth® 
units, the three basic measures of the metric system: the 
met®, 39+ inches; the liter, the contents of the cube the side 
of which is .1 of a meter; the gram, the weight of a cubic 
millimeter of distilled water. This much shoifid be taught all 
children but the more refined units and tlieir use should be. 
reserved for the senior high school and should be incorporated 

in science work. _ iv 

Teach the diminutive and augmeviative. frepces. After t e 
children have learned the metric unite of length, capacity, and 
weight, and are confronted by the need of employing the 
. metric system in their study of science, the diminutive pre-' 
fixes should be evolved inductively by using our_ decimal sys¬ 
tem as an aid. The .1 gives the ded, the .01 gives the cenii 
and the .001 give the milli These prefixes will readily lead 
• to .1 meter or deoimet®, .01 met® or centimet®, .001 met® 

or millimet®. . ■ 

The prefixes of increase are more d^cult-for children 

because they ®e-Greek derivatives. These ®e taught deduc-; 
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tively and with due einphaRis on the American equivalents. 
We must make sure that the deka (XIO), hekto (XlOO), 
Mo (XIOOO), and myria (X 10,000), arc thoroughly under¬ 
stood. The augmented measures are now fomulated, and 
when possible, reference is made to them in science. 

All work in tlie metric system should be given with the 
comparative chart in full view. These charts showing our 
measures and the metric eciuivalents can be obtained from 
the appropriate Federal Bureau and from many manufac¬ 
turers of school equipment. At every stage of the work we 
must give children this sense of eciuivalents. Unless we con¬ 
stantly translate one measure into the other, the metric units 
will degenerate into mere names. 

MEN8UBA.TION 

The teaching of mensuration is replete with as many teach¬ 
ing abuses as the teaching of denominate numbers. This 
branch of arithmetic is expanded beyond all rational bounds, 
more because the held is rich in mathematical possibilities 
than because of any social iustification. 

Mensuration should be taught for many reasons; it has 
a variety of practical applications in computing distances, 
perimeters, areas, volumes. It is used to estimate cost of 
quantities bought in terms of standardized units, of cement¬ 
ing walks and cellars, and of materials used in the creative 
arts. The various units of measure are constantly reviewed in 
these practical situations. Gradually the children acquire a 
large stock of useful concepts and important terms. They 
learn to recognize distances, quantities, volumes, and forms, 
and to know the meaning of base, altitude, perpendicular, rec¬ 
tangle, trian^e, parallel—a host of words that are basic in 
elementary mathematics, and also in many trades. 

Teaching principles governing mensuration. Knowledge 
the result of actual experience. To insure clear comprehension 
children should be required to perform all drawings, measure- 
■ meats, and constructions involved in learning any principle 
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of mensuration. Every child must be led to formulate the 
rules for finding the areas of rectangles, triangles, parallelo¬ 
grams, and the volume of a box or room. By a process of con¬ 
struction and superposition of parts, the child can evolve the 
generalization. No rules should be given nor should the 
teacher’s blackboard drawings be the only objective aid. Every 
arithmetic lesson in mensuration should 'also be a lesson in 
drawing and manual arts for each pupil. 

The mode oj computation must he the one used in industry. 
To continue teaching children the logical practices in paper¬ 
ing, plastermg, and carpeting—evolved by teachers and 
authors of books in arithmetic but not used in actual indus¬ 
try—is to widen the breach between classroom and life. 

Practice in oral estimates. Much of the work in mensura¬ 
tion should consist of exercises which caR for approximate 
lengths, areas, volumes, perimeters, and costs. This work, con¬ 
ducted orally and continued until a fair degree of accuracy is 
developed, is exceedingly valuable for practical needs in 
various business situations. 

Encourage the use of short cuts. Since mensuration involves 
much computation, short cuts should be employed when pos¬ 
sible. Teachers should occasionally formulate problems with 
numbers that encourage the use of the common short cuts. 
Instead of finding the cost of excavating a cellar 12X39X8 
yards, select one that is 12% X 39X8 yards. The children 
naturally multiply 12y2 by 39 and then multiply the resuR 
by 8. When they are shown that 12%X39X8=12%X8X39; 
that 12%X8 is 100; and that 100X39 is 3900, they realize 
the importance of examining all numbers in search of con¬ 
venient ratios before beginning actual operations. 

iLL’usraA.TrvB Lessons in Menstjeation 

In the concluding section of this chapter we shall apply 
the principles we prescribed in teaching the most common 
practices in mensuration. 

Drawing' to scale. Practical considerations and the 
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demanils of map work in geography make necessary an under¬ 
standing of the inclining of drawing to scale and tlie techniques 
involved. We give below, graded exercises de.signcd to develop 
mastery of the information and the practices that are involved 
in reading and making drawings to scale. 

1. Draw on bo.ird top view of chalk box, of circular inkwell, and 

of the teacher’s desk. Use exact meiisurementa, Children make 
similar drawing.s on board and on largo .sheets of paper. 

2. Introduce need of scale: How shall we make a drawing of the 

floor on the blackboard? Elicit from them that a figure having 
the shape but not the size of the floor can be drawn. 

3. Introduce idea of scale. Draw plan of floor; scale, inch on board 

represents one foot of the floor measurement. 

4. Draw to scale a wall, the hallway, the street, tho playground. In 

scale drawing of the classroom floor introduce the large articles 
of furnitiiro and location of doors, windows, closets, oto. 

6. Introduce varying scales for same object. Draw plan of the floor to 
scale, 1 inch = 1 foot and 1 inch = 1 yard. 

6. Draw three rectangles on the board, each 4X3 feet. In one 

rectangle draw plan of the room, scale 3 inches = 1 foot; in 
the second, a plan of the yard, scale 1 inchs=l foot; in the 
third, a plan of the block, 1 inch = 2 feet. Children often say 
that Germany and tho United States arc the same size or that 
South America is half tho size of the United States, Upon 
investigation we find a full-page map of Germany and a full- 
page map of the United States, or a full-page map of South 
America and a double-page map of the United States. Because 
the changing Bcalc.s are not taken into account, the child mokes 
these grotesque errors, 

7. Provide exercises in reading scaled drawings and maps. Let chil¬ 

dren examine floor plana iaued by real estate operators. Ask 
as many questions as possible concerning size, distance, direc¬ 
tion, location of windows, closets and doors, direction or 
exposure in which these open. Similar exercises in interpreta¬ 
tion of maps will give children a very useful body of informa¬ 
tion. 

Finding the area of a rectangle. 

1, Practice in finding area of a cover of a cigar box, of the cover of 
a small book, and any other small surface by using a square 
inch and actually measuring with it. Practice in estimating 
similar arais without using the square inch. 
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2 Lead children to perceive need of finding a means of computing 
large areas other than by actually meaeuring the surface with 

a square inch or a square foot. n i. -j 

3. Teach the formula, A = lXw,hy using squared paper. Each mde 

of a square is regarded as an inch, or a foot, or a yard, ine 
area is deduced as ZX lo, and the denomination is reasoned 
out. If the length and width are in inches, the area m^t,_ oi ■ 
course, be square inches. Many teachers prefer the following 
procedure in lieu of Step 3, above; ...... 

4. Children and teacher draw rectangles 2 X 3, 3 X 4, 4 X 6 inches 

or feet, on papers Or on the blackboard. Develop a formula by 
analytical drawings like the following: 
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Elicit, "4 sq. in. in one row; 3X4 sq. in. in 3 rows, etc, After 
a few rectangles are so treated, lead the class to form^t^ 
"The number of square units in one row multiphed by the 
number of rows,” 3X4 sq. in. or 4X3.Bq. m.-12 sq. m. 
avoid 4 in. X 3 in. = 12 sq. in., 4 X 3 X1 aq. m. —12 sq. in. 

Strong objection to this procedure is voiced by Thorndike. 
He prefers a diagram like the one to the right. “It is better 
actually to hide the individual square 
units,” he argues, and builds up his posi¬ 
tion with four reasons: (1) The vital 
need is to get children to see that if the 
X and y dimensions are Imown, the area 
has xy square units. (2) The concept of 
“times” in these situations is obvious to 
most children for they rarely confuse it , u ^ 

with addition. (3) Once the xy rule is deduced, it hoiJ for 
fractional and mixed-number dimensions like 3VhX4^4- 


4 in. 
—\— 
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(4) Anti, finally, children must not he given the concept that a 
unit of area, say, the square foot, must always he square and 
never oblong. Surely one square foot may be produced by a 
rectangle 4 feet long and Vi foot widc.^ 

6. Grade exjimplcs in area: (1) length and width given in same 
denoininatimis; (2) length given in one denomination, for 
exiimiilc, ft., width in another, for examine,, yards; (3) frao- 
tioniil forms introduced, .IfdA ft. Iiy rj?i; (4) finding tho area 
when length and width arc not given directly, for example, find 
the area of a floor 30 ft. long and half as wide; find area of a 
square floor meiusuring 10 ft. on a side; find tho length of a 
floor that is 2S feet wide and baa an area of 1000 sq. ft. These 
examples, although hypothetical, are permissible because they 
arc interesting to children and apjaxil to tho puzzle in¬ 
stinct. They give effective control of this basic principle of 
mensuration. 

6. Introduce formula, b.o.se X altitude, ns area of any rectangle. 

Finding the area of a patallelogratn. 

1. Throttgh a practical shuation the teacher must motivate the new 

problem— -finding the‘area of a piirallelngTam. She must elicit 
tho importance of knowing the distinguishing charactenstics of 
a parallelogram. Let children draw both rectangles and 
parallelograms having biisc.s and altitudes of equal lengths, 

2, To lead children to formulate tho rule lor the area of a paroUcl- 

ogram guide them in tlm following construction: 



The parallelogram is drawn. The two triangles, a and A, are 
fonned by drawing vertical lines to base. Cut out triangle a 

^ E. L. Thorndike, The Psychology oj Arithmelic (Macmillan Co., 
1922), pp. 268-269. 
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and superimpose it on A. EUoit: (1) the two triangles have 
equal areas; (2) the new figure (when o is on A) is a rect¬ 
angle’ (3) the area of the rectangle is the same as the area 
of the parallelogram. Lend children to conclude that the area 
of parallelogram must therefore be equal to the area of the, 
rectangle of similar base and altitude, that is, base X altitude. 
Cmtwn: Be sure that the children do not confuse the dotted 
line representing the altitude with one of the parallel sides oi 
the parallelogram. 

3. Have the children work practical problems. 


Area of triangles. 

1 Through practical prohlems showing the need of knowing how to 

compute the area of triangular surfaces the new lesson may 

be motivated. , , 

2 ChUdren draw a rectangle, a variety of pamllelograms, and then 

one diagonal in each. The resulting triangles are now out out 
and superimposed. Elicit: the area of a triangle is half the area 
of a parallelogram or rectangle from which it is made. 

8. Children and teacher draw a right-angled tnangle, a triangle 

having shape of and another somewhat like 



Complete the rectangle or the.parallelogram as follows: 



Triangles are now cut out and the same oonolufflon is elicit 
nS, the ama of a triangle is half the area of its rectangle 

4. Lead ^Idren to formulate the law: Area of a triangle is 

product of base by altitude. Caution: be sure the children 
know the meaning of altitude. I' 

5, Practical problems are now solved. 


Finding tie volume of rectangular solids. The plan sug¬ 
gested for teaching the area of a rectangle can he followed, 
with suitable modifications, for teaching the 
tangular solids. At first an attempt is made to find the con¬ 
tent of small boxes by using a oubio inch. . This is soon given 
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up bepausd t>f the firofit inconvpnipupc, and the class is led to 
realiac that a method of ascertaining the content without the 
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-tedium of using a cube unit is necessary. In developing the 
law we must avoid, “3 in.X6 in.X4 in.=60 cubic inches.” 
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The law is derived by finding that in a box 6X4X3 inches 
there are 15 ou. in. in the first layer of cubic inches and that' 
there are four such layers of cubic inches. To teach this law 
concretely blocks are necessary, which are laid in four layers 
of fifteen blocks each. After the law is developed, thoroughly 
understood, and applied to a number of examples, the formula 
“lengthXwidthXheight” or iXwXh is given as the short 
form. 

The circle. Much difference of opinion exists concerning 
the wisdom of teaching the circle before this plane figure is met 
in geometry. In the last ten years the circle has gradually been 
eliminated from the coui'ses of study in arithmetic. Many 
school people insist on teaching radius, diameter, and circum¬ 
ference, but they are ready to postpone to the high school all 
consideration of the area of the circle. 

To teach children in the junior high school the meaning 
and relationships among radius, diameter, and circumference is 
no difficult task. By drawing circles, radii, and diameters, the 
pupils soon learn (1) the meaning of radius and diameter; 
(2) that all radii and ail diameters of a circle are equal in 
length; (3) that a radius is half of a diameter. These facts 
are readily obtained from the class. 

It is not difficult at this point to teach that the circum¬ 
ference is IT A A hoop is rolled on a straight line on the floor, 
starting at the point X on the hoop and ending when the X, 
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once more touches the floor. The distance traversed by the 
hoop is compared with the distance across its widest part, 
and the resulting ratio of 3^ is easily found. 
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If tlic nrpa f)f a cirolf* must be taught, direct telling is per¬ 
haps the wisest pmceflurc fur classes below the senior high 
school. Assuming that the children knowTrd, the teacher tells 
them that the area of a circle is -r r’. The rest of the available 
time is spent on ajipHcatinn. The rationalization offered these 
young ehililrcn is UHimlly beyond them and lacks the dignity 
of a mathcimilicttl proof. Most authorities would therefore 
simplify the course in arithmetic by deleting the circle from 
tlic work of the finst nine years. Those who will study second¬ 
ary-school mathematics will Icam a mathematical proof of ,r*; 
the othera just do not mcettrr* in their schooling. The areas 
ond cubical contents of figures other than those we have 
treated are, hy common agreement, postponed to the senior 
high school. 


ruOHUJMH von StIICY AN'D DiBCUSStON 

1. Fonniilatfl a scries of graded exorcises, suitable for the early 
grades, designed to develop the concept of measurement. Be sure to 
mdicato the nature of the objective material to be used, the chang¬ 
ing chanactor of the unit.s, mid the successive ideas to be developed. 

2. Invent two practical problems which require tlie use of each 
of tho fundamental operutums in denominate numbers; invent two 
problems tluit require reduetion ascending, and two that call for 
reduction descending. If you find difficulty in carrying out the direc¬ 
tions, eonsult a textbook in arithmetic. What is your estimate of the 
problems you found in the textbook? What, do you think, is the 
purpose of this exercise? 

3. The nature of tho units of measure is often an index of the 
character of the industrial and economic life of a people. Plan o dis¬ 
cussion of this idea. What references will you consult before begin¬ 
ning your plan? (See classified and annotated bibliography in the 
Appendix.) 

4. Too often units of measure remain empty words because 
.Complete this statement and then set forth as many sug¬ 
gestions as you can to guide in teaching three standardized units. 

6. In teaching a table of measure, it is not advisable to present 
it in its complete form to the class. State your agreement or dis¬ 
agreement with this statement, by indicating, step by step, how you 
would teach all the facts in a table, say linear measure. 
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6. Two common errors are fonnd in the children’s work in de¬ 
nominate numbers. What are these errors and what measures may 
be employed to anticipate or to eradicate them? 

7. Are. there any suggestions, directions, or statements in this 
chapter with which you find yourself in disagreement? What are 
they? What referencea will you consult before formulating your own 
position? 
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teaching business forms 

Placo in the course of study. Biiaincss forms merit as 
important a place in the course of study as they have in 
actual business, Inoidcntal attention to the common business 
forms can no longer be justified. Properly stressed, they may ■ 
be used to motivate many of the operations that must be 
taught. 

Business forms to be taught in the elementary course. 
The business forma that must be accorded a place in the 
courao of study in arithmetic are given below in the order in 
which they may bo taken up. 

L flflla. 

0 . For articles purchased on same day. 

b. For articles purchased on diiTcrent days. 

c. Bills receipted in full payment. 

d. Bills slimving payment on account. 

e. Dills for laiior or services rendered. 

/. Bills showing a discoimt or a double discount. 
ff. Bills showing credit items allowed, that is, a person is 
charged $25,40 for 6 articles purchased, but oHownnoe is 
made because 2 of these, costing $6.10, were returned. 

2. Invoice, Children must be helped to understand that an invoice 
is a memorandum of goods ehipped, showing quantity, quality 
or style, and mode of shipment, so that tho purchaser may be 
able to check up what he received, A bill, on the other hand, 
gives most of Ibis information, but comes in the nature of a 
request for payment. 

S. Mantfily statement, 

4, Orders, In teaching ehildim to order goods catalogs should be 
used, and the neoesaary information to bo included in the order 
must be formulated before the order is written. Children con 
be led to see the need of telling (o) the exact date the article 
is ordered, (6) its catalog number, (c) quantity and quality, 
426 
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such as color or size, etc., (^^) date of shipment, (e) mode of 
shipment, (/) place to which goods arc to be sent, and (p) 
mode of payment. It is not always necessary to give all this 
infoTmation, for items (d) and (e) may be of no importance 
in some forma of business; item (/) must be given whm goods 
are sent to warehouses or to a oustomer of the firm makmg the 
order, and item (p) applies only in limited eases. _ _ 

5 Receipts. In malting out receipts vary the conditions, that is, give 
receipts in full payment, on account, and for goods received, 
as well as for money. In all oases children should make out the 
stubs as well as the receipts. , , . „ • 

6. Checks. In connection with the study of checks the foUowng con¬ 

ditions should be included: (a) making out stubs; (6) paying 
to the order of a firm, or to the order of John Jones, Tremrer, 
not John Jones personally; (c) paying to order of cash; fd) 
indorsements; (e) certified checks; (/) how a check serves as, 

a receipt. . , , , j 

7. Deposit slip. Fill out slip showing bills, specie, and checks ready 

for deposit in a business bank. 

8. Cash account. Page from cash book of any retail dealer. 

9. Household account. Principle of cash account applied to house¬ 


hold receiplB and disbursements. 

10 Personal account or ledger account. The term personal accmnt 

may refer either to (a) an account kept by one person to show 
his private receipts and disbursements, or [b] to a ledger 
account showing the purchase and payment status of any one 
customer. In business the usual significance of personal accoimt 

is the latter. , . . . , 

11 Post-office business. Copies of pamphlets or circulars giving the 

mailing rates, the classes of mail, parcel-post rates and money- 
order rates should be obtained by the chil^en. After the 
information contained in these pamphlets has been read undm- 
standingly, a variety of examples may be solved, of which ^e 
followii^ are illustrations. It is obvious that the tables of rates 
and zones should not be memorized. • i.- 

a. Find the cost of sending a letter or first class mad weighmg 

5 % oz. from New York to Boston. 

b. What would be the cost if the letter were registered? H sent 

by special delivery? . , t 

' c. A Sunday newspaper weighing 7% oz. is sent f r^ your post 
office to San Francisco, What amount of postage is 


d. A package of shoes weighing 1 Ib^ oz. is smt 

. post office to Sandusky, Ohio. What will the cost be? 
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e. What will it cwt me ta semi my brother in St. Louis $125 
by money order? 

12. iVotes. Include ”on dcnmnd" and "promissory note with in- 

tcrtsl," 

13. iSj»ap/e-e«tn/ bookkcepitifi. Reilly nothing more than a coordina¬ 

tion of cash account, peraonal (ledger) account, and previous 
information. 

U. Travel information, Children must learn to read time-tables to 
ascertain tnivel cost.*) and diHtanees, iind to acquire that body 
of infoniiation Issued to Inavclers by IrnnKpcirtation companies. 
An examinalion of road maps given so gencronsly to automo¬ 
bile drivers will rcvejd a host of interesting data out of wliich 
practical problems can be made. 

Suggestions for teaching business forms. Use actual 
forms. As far as possible real forms should be used. This 
does not preclude the use of bills, invincca, and notes ruled by 
the children. But in the main real bills, real chocks, and real 
deposit slips should be obtained from business houses and 
banks for this work. All firms do not use bills identical in 
form; all banks do not follow the same arrangement of items 
on chocks. To bring real bu.sincss forma into class prepares 
the child for any arrangement that ho may meet later. 

Dramatize bwinoss procedures in which those forms are 
necessary. Instead of calling upon the children to imagine 
business conditions that make the use of these forms neces¬ 
sary, it is better to dramatize these situations. One child sends 
the other a bill; the latter compares it with his invoice and 
then writes his check. It is arranged to have the same child 
receive a number of checks which he indorses and enters upon 
a deposit slip preparatory to going to the bank. A sends B 
three bills and finally a monthly statement. B checks the 
monthly statement, discovers an error, and writes A, who 
acknowledges the overcharge and sends a new statement with 
proper credit items. The possibilities for this sort of dramatiza¬ 
tion are numerous and the opportunities for correlation with 
composition are manifold, 

'Careful gradation and correlation through the grades. No 
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one business form should be taught exhaustively in one grade. 
In the fourth year the bill contains only whole numbers) in 
the fifth, the items of the bill contain fractions; in the sev¬ 
enth, discount and credit items are introduced. In this progres¬ 
sive development the various business forms are reviewed, 
each repetition presents a new point of view, and practice is 
given in the fundamental operations with whole numbers, frac' 
tions, decimals, and percentage. 

Lead children to apply the work personally, Much can be 
done to impress these business forms on the children by en¬ 
couraging each one to keep a personal account and to assist 
his parents, when possible, in making out bills, checks, receipts, 
and statements. 

Give reasons for mangenent of these form, When neces¬ 
sary, reasons should be given justifying the facts and the 
arrangements in these business forms. Children should know 
why checks and stubs are numbered, why one writes, “Twenty- 

three and 25/100_Dollars," why there 

is a line between the amount and the word “DoUais,” why the 
form 25/100 is used, why the amount is written again on the 
check in figures, why one must begin writing the amount 
close to the left edge of the check—in a word, the conditions 
from which existing business forms and arrangements seem 


to have been evolved, 
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TEACHING THE ELEMENTS OE STATISTICS 

With tlic mprccedentcd applicdtion of Boicncc to every 
activity of life, tlic griiphic reproseiitiitions of numeiioal 
values are becoming very common. One finds statistical tabu¬ 
lations and graphs in advertisements and in newspaper' articles, 
as well as in more serious reading material. The simplest of 
the statistical techniques must therefore bo taught in the ele-' 
mentary and the junior high school. 

Teaching graphs. Three well planned steps must be taken 
to make clear to young people the significance of the graph, 
the symbolic representation of the quantitative aspect of facts 
or data. It is well to start by posting a chart or graph of the 
progress of the class in regularity of attendance. As he plots 
the successive parts of the g’aph each day, the teacher ex¬ 
plains the method of determining each now point of the graph. 
Other records are kept—the weekly class average in certain 
studies, weight gains of certain children, and the progress in 
the broad jump of those preparing to represent the class in 
the school athletic meet. In each case the record is reduced to 
a graph, the significance of the vortical and horizontal axes 
is explained, and the mode of plotting the new sections of the 
graph is shown. 

On every suitable occasion children should he asked to 
interpret the graph as far as it has been carried by the teacher. 
When they show familiarity with the meaning of the graph 
and its method of construction they are encouraged to keep 
individual records: daily changes in temperature, health data, 
progress in spelling, progress of a community fund, etc. No 
full lesson is given to this work. It is introduced incidentally 

480 



teaching the elements of statistics 43i 

and discussed for a few minutes. The teaching procedure may 
therefore be summed up as follows: 

Step 1. The teacher constructs and interprets the graphs, 

Step 2. The teacher constructs and the pupils interpret graphs. 
Step 3. The pupils construct and interpret graphs. 

Preparatory to teaching bar and circular graphs, famil¬ 
iarize the children with picture graphs first. The following 
table sums up the sales of a particular automobile: 1930, 
54000; 1931, 74000; 1932, 80000; 1933, 150000. In a pic¬ 
ture graph, these facts would be represented as follows: 



In the bar graph, each composite automobile in the pre¬ 
ceding representation becomes a shaded rectangle. The picture 

graph affords an apperceptive background for an understanding 

of the bar graph. 



To facilitate the comprehension of the circular graph, be^n 
with an analysis of expenses by apportioning the cost among 
the several items of expenditure. A community finds that out , 
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of each dollar ppont, 20 cents goes for education, 10 cents for 
fire protection, 15 cents for police protection, 10 cents for 
elnirity and relief, 12 for recreation and parks, 10 cents for 
roads, 15 cents for interest on its bonds, 5 centa for prisons, 
wui 3 cents for miscellaneous expenses. ChiUlren draw a silver 
dollar .and proceed to apportion it among the several items of 
expense. 

Before making a graph the data should be arranged in 
tabular form. As the graph progres-ses, the child secs that he 
is interpreting Iiw numbers and their relations and helping 
others sec them us he does. There is no dearth of suitable 
situations that can be utilized by children for working out 
graphs: individual progress in certain subjects; fortnightly 
gains in height and weight; athletic records of teams; inter¬ 
esting facta of geography and history; the daily temperature 
records of a month; the record of attendance and punctuality; 
in a word, any experience that seems to have meaning for 
children. 

For classroom demonstrations it is well to secure a large 
beaver or compo hoard suitably framed. On it is fastened a 
sheet of white paper ruled like ordinary graph paper, but with 
larger squares. The facts to be represented vertically or hori- 
zoxrtally are written on cardboards and fastened on the paper. 
Thumb tacks arc then inserted at each point in the developing 
lino graph. A string running from one thumb tack to another 
represents the graph. When two or three graphs are to be 
plotted using the same vertical and horizontal axes, two or 
three different colored strings and thumb taclm are used. When 
the calculations arc no longer necessary, the tacks, strings, and 
descriptive matter along vertical and horizontal axes are re¬ 
moved and the same background of graphed paper may be 
used again and again. In addition to economy of time and 
effort, tins device enables the teacher to present the work on 
a scale large enough to bo seen by every pupil. 

The uses of graphs suitable for Grades 5-9. 1. In making 
diagrammatio representations. In a group of 60 children, 16 
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received A, 24 B, 12 0, and 8 D in proficiency. Represent the 
distribution of the proficiency of the group diagrammatically. 



Each box represents 2 children 

A, 8 boxes, represents 16 children 

B, 12 “ , “ 24 « 

C, 6 " 12 " 


A/j V } Q 

Fia. 13. 

/ 

Upon examining a herd of cows it was found that rating 
the perfect cow 100 points, the cows were marked as follows: 
10 at 90 points, 6 at 80,15 at 75, 20 at 70, 20 at 65,10 at 60, 
15 at 65 and 15 at 50. Represent diagrammatically the dis¬ 
tribution of the herd. 



Pia. 14. 


A school, opened February, 1930, with 1702 pupils. Its 
attendance for the successive terms was as follows: 1721,1770, 
1810,1840, 1865,1870,1865, 1868, respectively. Chart the in¬ 
crease or decrease of the school, term by term (Fig. 15) . 




434 


THE TEACHING OF ARITHMETIC 


Tpttn 
iUli TiM-m 
Tih Tf^ 
eib r^m 
till Term 
lib Term 
tntTerm 
Slid term 


Bssssa^agg 

H^mSSnSHBBll 


10 SH to 10 to M TO » to ioo 110 ito looilioloo'iw'iTO'uio'Win 

Mo. of rutille InerMHil 

Fw. 15. 
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Graphs showing progress in ai’ithmetio (heavy liae) and graihmar 
(dotted line) of a boy who liked arithmetio. hut thought he could never 
learn grammar,. 
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A pupil who failfd in nrilhmctic the Orst month of the 
tcnn miuli* thr; following [irogrrss for the next 8 weeks: 68% 
B2';5 p, G5rr» 707 ;, 727^, 727 ^, 757 , 737 . His classmate, whi 
niatla a passing mark llic first iiionlh, received the following' 
ratingH in the same 8 weeks: 657oi 627^)* 62%, 60%, 62%, 
SB%», 0O7e, 6475 . Show, by graphs, the quality of the work 
of each of the two pupils (Fig. 17), 

3. liitrrpMin^ graph, Figtirc 18, page 435 is presented to 
a class in order to give practice in interpreting the lihes, read¬ 
ing the numljcrs, and in drawing tentative conclusions. Noth-, 
ing in addition to the infurroatkm contained below should he | 
given to the children. 3 

After sUidying the two graphs children should state: | 

fl. The rntings in each tet in each siiliject. ?j 

b. The pH[iil’« tliw'OurMgemeiit aliout language work at the begia- ,i 

ning of the term. t 

c, Tho cllort that this boy evidently made, • 

rf. Tho progrm in lanpage work, ■ 

e. The improvenimt in urithraetic ns well as in language work. 


Teachers will find children intensely interested in such ! 
exercises, especially when they arc given in friendly rivalry to , 
find who can “see" most in the graph, 



Fw. 19. 

Second train overtahea first at 10 p. m. at a place 240 milea from New 
York, the atnrling atatiun. 


4. Solving problems. By tho aid of graphs children can 
readily solve problems of the following typo. 
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A train, leaves New York at 2 p.m. and travels 30 nules per hour. 
At 4 P.M. another train leaves the same station at the rate of 40 
miles per hour. At what time will the second train overtake the first? 

The mode of solution of this example is illustrated in the 
graphs in Pig. 19. 

Statistical facts and techniques for Grades S-9. Three 
simple statistical techniques may be taught in the elementary 
and junior high schools—^tallying, arranging a distribution, 
and computing one measure of central tendency, the average 
or the mean. No set lesson need be planned on tallying. When 
children vote for class officers by secret ballot, they may be 
shown a convenient mode of counting votes, thus, 1141, till, 
1111 = 14. In a subsequent discussion various situations calling 
for tallying may be listed: taking inventory of the stock in a 
store, checking the number of each article sold by a merchant, 
checking a set of test papers to ascertain the number of pupils 
who worked each example correctly, and the like. The supe¬ 
riority of the system of tallying by 6’s, mi, over the indi¬ 
vidual listings without grouping, 111111111, is obvious even to 
inexperienced school pupils. 

Arranging quantities in a convenient distribution should be 
taught in the same way when an actual classroom situation 
requires such a tabulation. It may be necessary to determine 
how well the class did in a particular test. The teacher reads 
the grades, one after the other, and the children are led to 
realize that no inference can be drawn from the list. A few 
well chosen questions will help the children to see that they 
must know the number who had perfect scores, then those who 
had 95%, then 90%, etc. The teacher suggests that these 
scores in intervals of five be listed, beginning with the highest, 
and that a tally be made of each score, as shown below. 


Grade 

Number Who Made It 

100 

111 


3 

96 

nil 


4 

90 

111 


3 

86 

1441 

11 

7 

80 

1441 

nil 

1 11 


etc. 


1 
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Gains in weight for a period of two months, the ramfal!'| 
of each week for a given season, and similar data may be,;| 
arranged in similar ways. Children realise the value of making v?;, 
such systematic arrangements of quantities before attempt^ 
ing to use the facts. 

In teaching computation of averages, two types must bB'"| 
differentiated. The first is illustrated by such examples as^ 
“A'b weekly earnings arc 12,14, II, 12, and 9 dollars, respec' 
lively, for each of 5 successive weeks. What is his average! 
weekly wage?" Here the salaries arc added, giving {58 for| 
6 weeks; the average earning per week, therefore, is {SS-J'S,;, 
or {lis/g, or $11.60. Children may be required to average theii« 
marks, knowing their ratings in each of six subjects; to aver-.> 
age the daily class attendance for the week, knowing the at-: 
tendance each day. In this form of averaging there is little to i 
explain and nothing that really challenges the class. 

The second type involve.? reduction .of different elements to 
a similar basis. Thus, all 6B cliildren in a school were tested; 
their results arc listed below; 

4 pupils had fiO';?' 

3 pupils hiul 55% 

8 pupils hud ()07» 

2 pupils bud 65% 

15 pupils bad Wo 

What was the average grade? 

Statistical facts and tcclraiquea beyond the three we have 
illustrated are clearly not indicated for pupils through the 
ninth gi-ade. Experience proves, however, that these young 
children do understand what we have outlined and that they 
recognize its importance, 


14 pupils had 76% 
5 pupils had 80% 
:i pupils bad 85% 
4 pupils had 90% 
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TEACHINQ PROBLEM-SOLVING 

■ Problem-solving vitalizes arithmetic by infusing purpose' 
into its computations. Problems intensify both the utilitarian 
and disciplinary values of arithmetic by providing quantita¬ 
tive interpretations of social, economic and civic experiences. 
In problem-solving the child finds the real challenge of arith¬ 
metic. 

Meaning of the term problem. The term problem must be 
carefully differentiated from eirercise and example. An exer¬ 
cise is a direction to perform an operation. "Find the products 
of 284^X76, 284%X705,284%X.76," is a legitimate assign¬ 
ment in arithmetic, but it is an exercise and nothing more. 

An example is an exercise clothed in words so that the 
task seems more social and becomes, therefore, more inter¬ 
esting. “Find % of 24,” is an exercise, an indicated arith- 
metical procedure. We turn it into an example by asking, "A 
class in which 24 pupils had made interesting picture books 
sent % of them to a children’s hospital. How many picture 
books did the sick children receive?” No great penetration is' 
required to decide that the answer is obtained by finding 
% of 24. But the example does not tell the child directly to 
find % of 24. 

A problem is a challenging situation that invites solution. 
It cannot be resolved without careful analysis and planning. 
Most children would find the following situation n real chal-' 
lenge to their abilities: 

■ Which radio would you advise Mr. Smith to buy? Radio A sells 
for $79.60 with tubes and free installation. Radio B sells for $65,75 
with additional charge of $8.75 for tubes and $5.60 for installation. 
As far as Mr. Suuth can find out, the radios are equally good instru- 
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TltKii? difilinctiortfi amnnK nxcrcine, example, and problem 
CBJUujt alwayif he tiiaiiitaincd. What, is a problem to one per- '! 
son may be only an oxumple to another. Problem and example ; 
must be judged rclnlivcly. 

Factors determining; ability to solve problems. Six major . ' 
factors determine ability to solve problems in arithmetic. The 
0Mt is inlelligcnce—native ability to recognise quantitative •'! 
relationships. There is a closer relalinnship between reasoning 
in aritliinelw and goncral intelligence than between reasoning ]'■ 
in atithmetie and skill in number inanipulationa. While chil- ;f 
dren with low I. Q.'s, 80 or Ics.**, will probably never learn " 
to solve arithmetical problems, we must not make too fatalistic ; 
an inference and conclude that in d»dl normal children ability : 
to reason in arithmetic cannot be improved. Systematic and " 
graded inatruction, with adetiuote practice in ways of analyz¬ 
ing arithmetical situations, does produce greater skill in deal- ' 
ing with type forms of problems. 

Among the other factors we must include (1) skill in silent 
reading; (2) familiarity with the technical language of arith¬ 
metic; (3) under.standing of situations that give rise to arith¬ 
metical problems; (4) a high degree of skill in the fundamen¬ 
tal operations; and (S] an attitude towards accuracy that 
leads to questioning and checking of answers, 'riiose six fac¬ 
tors determine, in the main, the extent to which a pupil will 
learn to apply effectively definite methods of attacking mathe¬ 
matical problems. 

It is important for teachers to realize that not all chil¬ 
dren can obtain proficiency in problem-solving. Ovcrinsistence 
that a child do what, clearly, is impossible for him, results 
in a paralyzing sense of inferiority and interferes with the 
development of mere manipulative skill. 

' Prevailing causes of error in problem-solving. Osburn^ 

_^W. J. Osbum, Dhgnoalio and Remedial Treatment oj Errors in 
’ Arithmetic Reasoning (Madiaon, Wiaconain, State Department of Pub- 
lia Inatruction, December, 1022). 

Compare theao causes with thoBo offered by P. E. Stovenaon in 
''Difflcultica in Problem Solving,” Journal o/ Educatioml Research, Vol. 
U, February, 1925, pp. 03-103. Stevenaon gives (1) physical defects; (2) 
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analyzed the work of 6000 children and found 30 000 errors in 
the Buckingham Problem Test, Form 1, as indicated in the 
following table. 


1 . 

2 . 


3. 


4. 

5 . 

6 . 


Cause of Error Frequency in Per Cent 


Failure to comprehend the problem.... 30 

Procedure partly correct, one or two es¬ 
sential dements omitted. 20 

Ignorance of fundamental quantitative 

. J“s»b-tol.l, 80 % 

Inaccuracies in fundamental operations.. 20 

Miscellaneous . 2 

Undiscoverable. 18 


100 Total 


Gsburn concludes that about 60 per cent of the incorrect 
answers may be traced to initial difficulties arising from un¬ 
successful attempts to comprehend “what is to be done.” Fail¬ 
ure in problem-solving is attributable, we saw, to (1) 
limited intelligence, (2) limited ability to read, (3) limited 
knowledge of English, (4) limited understanding of the tech-' 
nical vocabulary of arithmetic, (6) limited experience with 
situations about which arithmetic problems are made-T-dis-, 
abilities both permanent and temporary. Time will remedy 
some and make others more acute. Causes 2 and 3, partly in¬ 
correct procedure and ignorance of quantitative relationships 
implied in the fundamental operations, may be due to faulty 
teaching, which neglected to develop methods of solving prob¬ 
lems, or to inherent deficiencies in children. Cause 4, errors 
in fundamentals, yields to treatment by systematic, differ¬ 
entiated practice based on diagnostic testing that reveals indi¬ 
vidual* weaknesses. 

Our analysis of causes of errors in problem-solving brings 
us to the conclusion we reached earlier in the discussion: that 
not all children have the ability that insures successful solu¬ 
tion of problems in arithmetic; that while teachers must help, 

lack of mentality; (3) lack of skill in fundamentals; (4) inability to 
read; (6) lack of general and taohnioal vocabulary; (6) lack of proper 
methods of attacking a problem. 
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encourage, and exereiftc judiciotiB insistence with alow pupils, 
they must not harasB them. 

Characteristics of effective arithmetical prohlems, 1, Prob- 
Icma »iw«£ be rmi. The first essential of an arithmetical prob- 
1cm is that it set before the child n real situation. School prob- ' 
lems in arithmetic arc too often untrue to life and, to that 
extent, mislead the child. A textbook asks, under the caption 
Practical Problems: "A earned $28.84 this week, which is ' 
more than he earned laat week. What did A earn last 
week?” Another book offers the following as one of a list of 
“practical" problems; "A dying man decided to leave of his 
^ acres to his oldest son; % of what he left the oldest, to 
his second son; % of what he left his second son, to his young¬ 
est, and the remainder to he divided equally between his wife 
and his daughter. Wliat did the daughter receive?” Even those 
unfamiliar with the making of wills feel some doubt that they 
include cxerciHes in fractions. We can easily increase the illus¬ 
trations by referring to current classroom practice. 

In contrast to these artificial problems let us consider the 
following; 

Mr. and Mrs. Morton like their house and grounds very much. 
They are now considering whether to continue to pay rent at $1500 
a year with all service furnished by the landlord or to buy the house 
for 118 000 of which they will have to pay $8000 in cash and take 
a mortgage of $10 000 with inteiest at 5%. 'Phe house will neoesaitote 
the following arlditional annual expenses: Taxes, $320; insurance, 

' $32.00; repairs, about $36,00; heating and hot water, $450. What 
would you advise the Mortons to do, rent or buy 7 

In a socialized recitation the total annual cost of living in the 
house under the purchase plan is ascertained: 

Loss of interest on the $3000 @ savings bank rate of 3% is $ 240.00 


Interest on $10 000 mortgage @ 6% is. 500.00 

The other annual expenses total. 837.00 

Total annual outlay . $1577.00 


The teacher now leads the class to consider why the com¬ 
parison of $1677, the estimated annual cost, with $1500, the 
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annual rental, will not give the Mortons an adequate basis 
for coming to a decision. Other factors involved in the decision 
are: the responsibility for unexpected repairs, the expense of 
repairs that do not come annually like interior and exterior 
painting and roof replacements, the freezing of 38000 of cash 
and the obligation to carry a $10 000 mortgage, and the possi- . 
bility of appreciation or depreciation of values. Clearly the 
arithmetical totals in this problem are less important than the 
other considerations. Such a problem, thoroughly discussed 
with an eighth grade, leaves the children richer in an under¬ 
standing of business and social relations. 

Can I afford to own an automobile? Each year I earn $3200 and . 
save $600.1 have $2750 in the savings’ bank. The cost of the auto¬ 
mobile and its care would be as follows; the oar, $960; insurance, 
$120 a year; registration fee and operator’s license, $16.50 a year; 
garage $7 a month; cleaning and repairs, about $75 a year. At the. 
end of three years I can sell the car for about $350. 

Let us assume that the class has made the following calcu¬ 
lations: 

Cost of the car. 

Insurance for 3 years. 

Registration and license for 3 years .., 

Garage at $84 a year, for 3 years. 

Cleaning and repairs for 3 years. 

Total cost for 3 years. 

Less receipt from sale of car. 

Net cost for three years... 

Total savings for 3 years.■. 

The answer is - 

Interesting discussion is assured: Is it wise to sink almost all 
savmgs, about $1600 out of $1800 in a par? How old is this, 
person? Is the answer the same regardless of age? How about 
the cost of gasoline? This person probably travels .especially 
during vacations and free time. Will the automobile save him , 
travel costs or increase them? After careful consideration of 
these questions, the children realize that ike arithmetic result ; 


$960.00 

360,00 

40.60 

262.00 

225.00 

$1846.50 

360.0 0 

$1496.50 

1800.00 
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.'iff 

U nol thp Jttjlc n»ii«irlpm<inn anil that «ilccision can ho reached 
only when n citnuliun (litiught thnniKln 

A jgnri'f who jwi.vtt 1-* lor u o tii of fmil rliiirgcs his cus- 
unuers IS rpm,-*. Oiw «!' iIiphi ohji'pi}* tlijif a pmlit of (i uciifs per can 
M loo m«ph. *n«‘ anjcer rNlihiiiif; “Yon fnrgrt tluU to the cost of 
each can I niniit n‘M othor What oihcr pxiieiiKcs did the 

grocer name to jiifttify lii>< pripc of IS miH por can? 

Few^ children know that tlio small slioitkccpcr lias a large 
overliend cost anti limt each arficlii koIiI mnst carry its eharo 
of that cxptMiac. To let children believe Hint the dilTorenoe 
between the ctwt and the selling price of tin article is clear 
profit is to give them a aerioiis luisnnderstanding of common 
businctss practice. 

Other iJln.ilratiiins of true or real jn’obJcma follow; 

John's avcriigein (irilliniMic for Octfiber wii.s 7S')i, for November, 
8214; Willimu’s iivcrage for Dctohcr was 81.75, for November, 83.26. 
Who made greater progn'sn? Hy how much? 

An nutoinoldlc is advertised to run on nn avenigo of 15 miles on 
a gallon of g«.st)linc, Mr. Jones, eager to find out whether his car is 
doing what the advcrtiscnu'nt jiromised, kciit u record of the daily 


runs of his cur mid the miioimt of gn.solinc used up; 

Pay 

.'tnitmiit of 
Onsulinc in 
Tank at Stun 

Amount of 
Gasoline in 
Tank at Bod 
of Day 

Miles Run 
That Day 

Amount of 
OuBolIne Used 
That Day 

Monday,,,. 

H gallons 

8)4 gallone 

6G.5 

.gallons 

Tuesday.... 

8J4 " 

m " 

76.4 

M 

Wednesday, 

m " 

6H " 

78.6 

If 

Thumdny.., 

6H " 

V4 " 

64.2 

If 

Friday. 

11)4 ” 

" 

105.6 

(f 

Saturday... 

10 " 

BH " 

81.8 

II 



Totals,.... 

? 



a. Fill out the last column for Mr. Jones. 

b. How many miles per gallon did his car run each day? 
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<f. How many gallons of gasoline did his car use up that week? 

e. How many miles per gallon did his oar average that week? 

/. What do you think Mr. Jones said to the manager of the auto¬ 
mobile sales company? What facts did he show to prove his 

* case? 

Walter liked to read the mileage record on his father’s car. At 
the begi^ng of the trip he read 6249.8; at the end, 5624.B. How 
many miles did the family ride on that trip? 

Susan’s mother was making jelly and needed 32 cups of sugar. 
Susan measured the sugar in the sugar tin for her mother and found 
that they had only 28% cupfuls. Her mother asked her to borrow 
what was needed from their neighbor. How many cupfuls did she 
ask for? 

The test of a good problem is quite obvious: does it present 
a, situation that is likely to arise in the life of a child? What 
is a good problem for children' in an agricultural community 
is not necessarily suitable in an urban or in a mining center. 
The needs of the life that the child sees about him deter¬ 
mine the appropriateness of the problem we ask him to solve. 

An interesting question arises at this point in our discus¬ 
sion: must a good problem have its origin solely in the child's 
actual experiences or may it transcend the limited scope of 
the child’s life? To formulate ai-ithmetical problems wholly 
around the immediate life of our pupils places undue limits 
on the teacher and tends to make the problems commonplace. 
Surely we must seek situations other than those concerned 
with tag, marbles, tops, and pies. The vital question always 
is whether the background of the problems comes from the 
life which the pupil lives or must learn to live in his commu¬ 
nity. Problems of the counting house and the factory not 
in the present experience of the child are therefore appro¬ 
priate and constitute instrumentalities for breaking the con¬ 
fining bonds of the child’s own circumscribed life. 

An occasional hypothetical problem must not he con¬ 
demned. An imaginary situation may appear more attractive, 
and more vital to a child than one that is genuine. Fiction 
may seem more real than history, and fancy may he more 
vibrant with life than fact. The hypothetical problem majf 
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lake Ott tliB aapcft of a puaalc and thua become a very effec-1 
live challenge to the child. That cx[»lain8 why the old hare. ’ 
and hound problemH acenied real enough to ua in our youth ' 
and why we atru^le willingly to-day with the problem of 
the man wh(» rowed against the stream. Used in moderation, ■ 
the hy]iothetical problem is defensible. 

2. Conditiom in ■prablnnn to foe true. In formulating prob¬ 
lems it is (Bsontial that easts, distiince.s, speeds, capacities, . 
and the like should approximate the facts of life. Children ' 
should not be asked to find the cost of 254 balas of cotton at . 
11.60 a bale; to find hmv many miles per hour a train runs 
that covera a distance of 189 mile-s in 2V4 hours; to find how 
many square feet of wall and ceiling will be plastered in a. 
room 20X15 X 9Vi! feet; to find the premium on n life-insurance 
policy of 13550 at %% prcmiuin; to find bow far a man walks 
in iVs days who walks 4 miles in one hour. All of these prob¬ 
lems, taken from school assignment.^, embody assumptions 
and conditions that are false; cotton at $1.60 a bale is ludi¬ 
crous; a regular train tliat runs 84 miles an hour or 189 
miles in 2V4 hours is still a possibility of the future; a room 
must have at least one door and one window; life insurance 
policies do not set so fixed a sum os $3550, nor is the premium 
computed at a fixed percentage of the face of the policy. 

A typical illustration of the divorce between classroom 
and business practice is found in the problems that are usually 
taught under the head of ‘partnership in commercial arith¬ 
metic..The problem reads as follows; A and B enter into part-, 
nership, A investing $2000 and B $3000. At the end of the 
year it is found that the earnings of the business is $4500- 
What will be the share of each? The usual solution takes a 
ratio form: 

A deposits.. $2000 

B deposits. 3000 

A and B deposit... $5000 

V A receives 200 %Qgj or % of the earnings or % of $4500 which is $1800 
■ B receives or % of the earnings or % of $4600 which is $2700 
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B receives $900 more than. A. But it must he assumed, since 
nothing is said to the contrary, that A and B invest equal 
time and skill. According to the problem, the only difference 
in the investments of the two partners is B’s additional one 
thousand dollars. Eor investing $1000 B receives $900 or 90 , 
per cent interest. The situation is not only unbusinesslike but 
also dishonest. Actual business practice would give to A . 
6 per cent on his $2000 and to B, 6 per cent on his $3000, or 
$120 to the former and $180 to the latter. This money, 
$120+$180 or $300, would be deducted from $4500 and the , 
remainder, $4200, would be divided equally between A and. 
B. For investing an added $1000, B receives an added interest 
of $60, a fair return. Hence B’s total share would be ■ 
$2100+$180, or $2280; and A’s, $2100+$120, or $2220. 

An effective arithmetical problem gives knowledge which 
supplements daily experience by emphasizing its quantitative 
aspect. The problems cited above add to the child’s stock of 
misinformation. 

3, Language oj problem. A problem must obviously be 
phrased in language that is clear, simple, and attractive. To 
word a problem correctly requires, among other things, a 
knowledge of the extent of the pupil’s vocabulary, a ready 
■ control of a sufficient number of appropriate business or prac¬ 
tical settings that are true in every detail, and finally fluency 
of expression. Formulating problems is a surprisingly exacting 
exercise in composition. Teachers of experience appreciate the 
worth of a good textbook that is replete with vital problems. 

At times the very wording makes or destroys a problem. 
“Every problem is less of a problem to the extent to which 
it can be solved by memory of the method by which similar, 
problems have previously been solved. The expression drill 
in problem-solving’... is therefore a misnomer, for, m so far 
as previous experience—in the form of the drill referred tp— 
enables an exercise to be solved, that exercise is not a prob¬ 
lem.’’ “ It becom es apparent, therefore, that problems must be 

s B. R. Hamilton, "Insight and Skill in Arithmetio,’’ Journal oj Edw -, 
cational Research, Vol. 12, Septemb^, 1925, p. 139. 
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so wordwl that farh snrrcffling one does not follow the pat- ' 
tern of its prodofoswr. We annetiuics find a series of prob¬ 
lems like the fuliowing: 

A man had $15.75 and Imt $5.25; what iior cent of his money 
did Iw lose? ‘ 

A boy who had 8-t marldc# ioi^t 21; what per cent of his marbies 
did he lose? 

An anUt tire ( 5 narimtra‘d to etaml the wear of approximately 
20000 miles lasted only for WKKl milM; what per cent of its expeotd 
use did the purehiufcr enjoy? 

In all of those prohlcma the first ntimbcr is the denominator 
and the aceond the nnmerator. 

Problems must be so varied in sentence structure that the 
pupils arc forced to think before deriding on the solution 
of each Bucccssivc problem. Let us consider an illustration: 

The Type; 

A car nvoriigcs lOVj miles on a gidlon of gasoline; how far will it 
run on 124 gallons? 

The Variatiune in Lanymyc Only: 

1, How far will 124 galloim of g.asnlino toko mo in a car that 

averages Ifilt miles to a gallon? t 

2, If a car can run irill* mile-s ou one gallon of gosolinoj how fat 

>vill it run on 124 gallons? 

3, How long a trip may I plan with 124 gallons of gasoline in a 

car that nvcrago.s 1.15 miles to a gallon? 

4.1 used up 124 gallons of gasoline in a car that usually makes 
15,5 miles on one gallon. How long a trip did I take? 

5, When will a supply of 124 gallons of ga.soline be used up if I 
can get 1616 miles out of 1 gallon in my cor? 

Monroe made as many as 28 variations of the problem, 
“Goods cost $1.60 a yard; the amount spent for material is 
$7.60; how many yards were bought? * Of course, no teacher 
need seek that degree of variation, but it is important that 
teachers and textbook writers give earnest thought to this 


“ W. S. Monroe, "The Derivation of Reasoning Teats in Arithmetic,” 
Behool and Society, Vol. 8, September 7 and 14,1918, pp. 295-299, 324- 
. 329. 
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phase of the presentation of problems lest pupils become de¬ 
pendent on a stereotyped form of expression. 

How briefly or how elaborately should the problem situa¬ 
tion be presented? The question is important, and the answer, 
although not absolutely definite, inclines decidedly towards 
fullness of statement. An investigator gave these two forms 
of the same problem to 513 children in the fifth grade: 

Form 1. After traveling 160 miles a man has 4 gallons of gas left in 
his automobile. How many miles did he get to a gallon of gas if. 
he bought 8 gatlona on the way and had 6 gallons when he 
started? 

Form 2. Last summer Agnes Purdy, her brother,, Archie, and their 
parents took a trip in their Ford. Archie measured the gasoline 
when they started, "We have 8 gallons,” he told hia father. At 
the end of the day he found 4 gallons of gasoline in the tank. 
They had bought 6 gallons at a station on the way, and had 
traveled 100 miles. Agnes told her mother that they had made 
_miles to a gallon that day. 

The results are interesting: 197 pupils (38 per cent) solved 
the first one correctly, and 253 (49 per cent) solved the second 
correctly. Myers asciibes this difference in results to the fuller 
and more interesting statement in Form 2.* He may be correct 
in his interpretation, but there are other explanations of the 
superior performance by the children. The second form is more 
direct than the first; it is surely more chronological. Undoubti 
edly the greater attractiveness of the narration is a factor in 
focusing attention of the children. 

Sources of material for problems. To list the sources of 
materials for problems resolves itself into an enumeration of 
almost all the vital activities of life. A few typical , sources 
are: home economy, personal earnings, occupational experi¬ 
ences, recreational activities, geography, history, elementary 
science, drawing to scales, statistics and graphs, school and 
class activities, hypothetical situations, social and civic activi¬ 
ties—the gamut of life. The wider the range of sources from 
which problems are taken, the surer are they to approximate 
the n eeds of everyday life. _ 

* G. Cleveland Myers, “Imagination in Arithmetic,” Journal o] Edvr 
oaliau, Vol. 56, June 13, 1927, pp. 662-663, 
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McinFtK* laadt* a fourfold claMificalion of problems in arith-l 
metic *uui th^n analyxofl four rtimmonly used textbooks to-'J 
aacotiain Hicir diHlrilnitirm of problems. His findings are tabu« ' 
kUsd below: * ’ 


Bource of Problem aa PormutaUai by Monroe 

Percentage of 
Problems Based . 
on Bach Source 

1. Ralating to necurmlinna 



a. Agriculture, fnraUry ami nnimal husliandry... 

10.8 


b. Manufacturing and mechanical industrial 
activilim,.. 

18.1 


e. Tiunaportation... 

0.0 


d. Trndca,.. 

21.0 


A Miaccllaneoiw.... 

0.3 

70 

S. Relating to home aetivitim 

Relating to iwrwinnt activitjea 
i Relating to activiliea of school cbiidren 


30 


An analysis of tlie census figures available at the time of >' 
the study reveals the fact that 0.5 per cent of the people are 
engaged in trades and 33.2 per cent in agriculture. The infer- - - 
ence that ie implied cannot be drawn with impunity. What 
if 33.2 per cent of the people arc in agriculture and only ; 
10.8 per cent of the textbook problems are based on rural 
occupations? Shall we condemn the textbooks on this account? 
Are not many problems so formulated that their sources are ’; 
incidental while their challenge is^resident in the relationship ^ 
among the quantities? Must economic activities and the , 
material in arithmetic necessarily be in perfect correlation? 

Wise teachers keep an eye open for suitable and inter- > 
esting problems, whenever any experience suggests them. But 

‘W. S. Mopoe, "A Proliminary Bepott of an Investigation of the 
Economy of Time in Arithmetic,” Second Report of the Committee on 
Minimum Eeeentiale in Elementary Bdioola, Sixleenlh Yearbook of the: 
IJationel Society for the Study of Educotion, Part I (Public School,' 

Publishing Co,, 1017), pp, 111-127. 
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it ,is hardly reasonable to expect teachers to he the authors 
of all or even most of the problems which their classes are 
to solve. The textbooks in arithmetic must provide a 
wide range of problems so that teachers may select what is 
most appropriate for their pupils. It is as unreasonable to 
expect a teacher to invent all the problems in arithmetic as 
it would be to demand that she write the material for the text¬ 
books Tn history. 

Gradation of problems. Various attempts have been made 
to grade problems but none seems satisfactory. The number 
of operations is often made the basis of gradation. The un¬ 
proved assumption, of course, is that a single-operation probr 
lem is simpler than a two-operation problem. But children 
have consistently found the problems under A simpler than 
those under B. 


A . 

John saved 2B cents. He then 
spent 10 cents for a toy aero¬ 
plane and 5 cents for a balloon. 
How much did he have left? 


Judith needed 85 cents for the 
birthday gift she was hoping to 
buy for her mother in Novem¬ 
ber. She saved 45(i in September 
and 38 cents in October. She de¬ 
cided to ask father for the rest. 
How much did she hope to get 
from her father? 


B 

John’s mother, not knowing 
the price of Clenso Soap, gave 
him' 25 cents and told him to 
buy ns many cakes as he could. 
At the grocery store John saw 
the following sign; 

CLBNBO SOAP—BALE—4^ A CAKH 

How many cakes of-soap did he' 
bring home? 

Judith has 88 cents to buy rib-' 
bon for class bows. How many 
yards of ribbon will she . buy if 
the kind that is needed costs 12 
cents a yard? 


Experience refutes the simple assumption that one arith¬ 
metical process is necessarily simpler than two. Suzzallo“ 
evolved a more elaborate system of gradation, which is based.- 
on the char acter of the arithmetical operations as well as. on 

«H. B. Howell, A Fundamental Study in the Pedagogy of AritHmtio . 
■ (Maranillan Co., 1914), p. 110. 
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their number. The following progressive steps are recom¬ 
mended; 


The 

Sequence 

The 

Opera¬ 

tion 

The 

Sequence 

The 

Oiwra- 

(ion 

The 

Sequence 

Tho 

Opera¬ 

tion 

Tho 

Sequence 

The 

Opercr 

iion 

1 

+ 


*“ + 

In 

X-i- 

16 

X- 

2 

— 


X 

WSm 

+ X 

17 

++ 

8 

++ 

8 


HI 

H-X 

IS 

++ 

4 



XX 

14 

X+ 

mm 


6 

H 

10 

4“ “5“ 

16 

-X 

H 



Our reluctance to accept this gradation is based on two con¬ 
siderations; (1) the plan \vas not evolved experimentally; 
(2) the langungo and the situation in a problem are vital 
factors in determining the relative dilfioulty of a problem. 
These have not boon given consideration in this oheeWboard 
arrangemen't of aritliraetical operations. 

Types of problems. To secure adequate variety of prob¬ 
lems it is essential that children be taught at least the fol¬ 
lowing types; 

1. The practice problem. Skill in solving a new type of 
problem is developed by practice problems which are almost 
examples, because they bear a striking similarity to one an¬ 
other and contain a cue word that suggests, if it does not 
actually tell, the correct operation. The following are practice 
problems: 

Qroup 1 

A man who earns $4.26 a day receives how much for 6 days? 

A boy who saves an. average of $1.56 a month out of his allow¬ 
ance, has how much in his bank in a year? 

A ean of automobile oil weighs 10.5 lb. How much weight does a 
shelf bear if there are 42 cans on it? 

Group 2 

At the rate of 70 cents a dozen, what will 72 coat buttons cost? 
Bananas arc selling at 18 cents a dozen. What must I pay for 
48 bananas? 

What will 36 eggs cost at 21 cents a dozen? 
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Orouj) 3 

I buy pencils at 1 cent each and sell them for 18 cents a dozen. 
What is my profit per dozen? 

A boy bought newspapers at 2 cents each and sold 30 at 3 cents , 
each. What did he gain? 

Apples that cost me 2 cents apiece are sold at 3 for 10 cents. 
What is my profit after I sell a dollar’s worth? 

Each group of problems is introductory and is dfiai g ned to 
afford drill on a new mode of computation or solution. The line 
that distinguishes a practice problem from an example is not 
always easily discerned. 

2. Problems grouped around one activity, A plan fre¬ 
quently employed in formulating problems is to group a series 
of them around one activity. The first group of problems may 
pertain to the clothing industry, the next to athletics,- a third 
to transportation of freight, a fourth to cutting lumber, and a 
fifth to opening a small retail store or a refreshment stand. Fre¬ 
quently problems so grouped teach as much about an industry 
as about arithmetic. An illustration of one of these narrative, 
problems, or rather of a aeries of problems grouped around one 
activity, is given below: 

1. Mr. Walkers saved $4500 and decides to open a grocery store. He 

can have one of two equally good stores; the first at a monthly 
rental of $126; the second at a rental of $141 for a month for. 
11 months and no rental for the twelfth month of each year. 
Which offer should he accept? 

2, He plans to put aside $2600 after fixing up the store. His expenses 

he finds will be as follows: Rent for the first month, $126; 
fixtures, $246; telephone installation, $12.26; cash register, 
$140; lighting fixtures, $32.60; icebox, $320; other equipment 
like scales, $62.50; first payment on goods, $1200. Will he be 
able to put aside $2500? 

,3. At, the end of the first month he took in the following: 

For vegetables, $240.60; profit, 20 per cent 
For groceries, $660.00; profit, 16 per cent 
For eggs, milk, cream, butter, $280; profit, 10 per cent 
For other things, $260.60; profit, 20 per cent 
His total running expenses, not counting the chst of what he 
sells, is $210 a month. Would you say he is doing well in his 
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busmeea? 'Wliicli one of ^le four clonsco of tlungs he sella 
brings in the greatest profit in actual dollars and cents? 

The situation can be maclc to yield problems in denominate 
numbera, in banking, in taxes, in any branch of arithmetic, for 
Mr. Walkers’ grocery store can be made to prosper at will, 
Probkmi u*ilhout numbers and incomplete problems. In 
teaching tbe solution of problems we are concerned c.a8entially' 
with clear visualization and acetirate comprehension of the. 
conditions of tlic problem and with tlie development of se¬ 
quential thinking. At such times the fundamental operations 
are secondary considerations. It is advisable, tberefore, to 
give problems that contain no mimbei*s, and to require chil¬ 
dren to tell what they would do to obtain the answer. The 
following are examples of this type of problem: 

1. What must you know to compute the standing of a team in any 

comiielilion? Ilow would you find the percentage for a team 
if you knew these facts? 

2. Goods can be sold at a low price and a small profit is made; I 

can sell half the goods with double the profit on each article. 
How would you find which wius more profitidjle? 

3. Goods can be bought at a discount of SS2.50 cash if I pay at once, 

and no discount if I pay in 90 days. How would you find 
whether it would be better to pay ca,sli or keep my money 
in the bank for the 90 days? Wliat other fact or facts would 
you need to know? 

4. If a room is twice as long ns it is wide and you know its length, 

how would you find the area of tlio floor? 

6. A barrel contains 15 gallons, 3 quarts, and 1 pint; what else must 
you know to find the number of bottles that cun be filled from 
it? If you knew this additional fact, how would you find the 
number of bottles that con be filled? 

The class is directed to read a designated problem carefully. 
A few questions are asked to make clear the situation of the 
problem and to bring out the meaning of unfamiliar words. 
The solution of the problem is developed as follows; 

What idiq be found? What is given in the problem? What 
additional facts are needed? What will the first step bo? How 
; '. will you perform it? What will the second step be? How will 
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you perform it? la the answer reaaonable? Why? Can the 
answer be proved? How? 

We have here a plan to insure comprehension of the con¬ 
ditions of a problem and to quicken its solution. As an ooca-, 
sional exercise, given when ,a mode of thinking is to be habit¬ 
uated, it is of inestimable worth; as a regular practice this 
type of problem and its visualized solution cannot be recom¬ 
mended. 

4. Problems invented by the pupils. Little value attaches 
to the undirected exercise in which children are asked to invent 
problems to be solved by their classmates. Too many puzzles 
may be introduced or the lesson may be filled with such a 
variety of problems that nothing is stressed adequately. The 
problems presented by the bright children are too difficult 
for the class as a whole, and those formulated by their dull 
classmates usually do not justify the time required for solu¬ 
tion. The field or the nature of the problem must be carefully 
defined and delimited for the class. Such requests as the fol¬ 
lowing may evoke interesting responses: 

1. Invent a problem gimg the cost of an article after a discount has 

been allowed and require the finding of the original or list 
price. 

2. A piano listed for $1250 was bought by a school for $1176. Evi¬ 

dently a disoQimt is given to educational institutionB, Make a 
problem using these facts. 

3. Mr. A must make up catalog prices, He must .allow a trade dis¬ 

count of 15% to dealers and yet he must sell article No. 601 
for $5.96 a dozen and article No.-602'foT $10.20 a dozen. tJse 
these facta and make up as many problems as you can. 

4. Mr. B. bought goods from A. H. 'Wting and expected his MU' 

to be $470.40 because he paid within 10 days and thought he... 
was entitled to a discount of 2%. What questions can you ask ' 
your classmates? 

, 6. Train No. 42 left Albany at 9 a.m, and arrived in New York at 
. 12.30 P.M. The distance between the cities is 149 nules. Make 
up two problems using these facts. 

6, Mr. C. has $3500. He can put it mto a savings bank which pays. 
interest at 3%, semi-annually. His brother asks him to invest? 
the money in Ms business at 6% interest annually. Make use of ■; 
the facts in as many, problems as possible. . 



THE TEACHING OP AHITHMETIO 


Such €xerci8C8 in inventing problems make a genuine con¬ 
tribution to tlie cbild’s growth in arithmetic. In a regular prob¬ 
lem a whole situation is given him ami a definite question is 
asked. He knows what is wanted and what to accept as estab¬ 
lished fact, In these exercises the conditions are reversed, He 
may have all the facts or he may have to decide what addi¬ 
tional facts arc ncc<led to complete a situation. He must see 
the usual elements in new relations. 

The child who invents a problem is doing what every 
merchant must do. In real business arithmetical problems do 
not spring full grown; they are formulated as a definite need 
for accurate information arises. The manufacturer may need 
to know his rate of profit. He decides what facts to gather; 
cost of labor, raw material, cost of merchandising, and over¬ 
head charges. Before ho solves his problem he must formulate 
it completely and accurately. Children must therefore be given 
training in synthesizing business facts into a business problem, 
as well as in analyzing complete situations into their con¬ 
stituent factors. 

5. Probtems that make up a tvhole project. In an earlier 
discussion of project-teaching, illustrations were given of 
problems that constitute the backbone of a project. Projects 
may deal with the following experiences; the organization of 
a school hank; the cstablislimcnt of a school cooperative store; 
the opening of a new neighborhood store; the cost and the 
assessments for a civic enterprise; the distribution of popula¬ 
tion in the United States; the extent of railroad trackage; 
the use of the automobile or the telephone in the United States 
as compared with other countries. These arc further illustra¬ 
tions of projects that are related to school studies, and which 
offer ample opportunity for vital problem work in arithmetic. 

6. Abstract problems dealing with relationship among, 
numbers. Very young children of superior intelligence fre¬ 
quently surprise then* parents and teachers by their insight 
into number. This i.s seen in such children’s questions as, “If 
2 and 7 evre 9, will 22 and 7 bo 207“ Discussions like tlie 
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following frequently evoke earnest thought arrio Tig superior 
pupils: 

1. Multiply .3 by .2 

How can you tell that a. 5 is too large? 

b, .6 is too large? 

c. .06 is oorreflt? 

2. Divide 6.75 by .26 

Why do you think that a. .27 is too small? 

b. 2.7 is too small? 

c. 270 is too large? 

d. 27. is correct? 

3. You have not yet learned how to divide by a decimal. You do, 

not, therefore, know wMch of the following is correct.' 

■21 2.1 21. 

.14)2.94 1.4)2.94 .14^ 

What rule for placing the decimal point does your textbook 
give? Teat it by the above examples. Which is incorrect? 
Learn the rule. Make up other examples in which you must 
-divide by a decimal. How will you test each example? 

Compare this mode of learning the division of a decimal' 
with the more orthodox method in which the child is led— 
the more skilful the leading, the more valuable the teaching, 
it is assumed. Here the child is challenged at every turn in 
the learning situation. But we must not overlook our basic 
assumption that only the most gifted children can acquire 
arithmetic skill by such successive intellectual challenges., 
Steps in solving a problem. Orthodox advice on the solu¬ 
tion of problems counsels that we find what is giyen, ascer¬ 
tain what is required, and then, discover the relation between 
them. In the final analysis the child is really told that the 
best way to solve a problem is to solve it. A more definite 
procedure must be formulated if ohildren are to develop a 
mode of thinking an arithmetical problem through to a rea¬ 
sonable solution. While there is no assured method of thinking 
any problem to a correct conclusion, there .are modes of 
attack that promise success and others that lead to failure. 
We must now consider, in detail, those steps which are de¬ 
signed to develop intelligent planning and creative thinking 
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in solving arithmetical uroblcma. Five definite steps may be 
identified. 

1. Grasping the situation. 

2. Ascertaining (a) what i.? to be sought, the unknown .and (6) what 

is given, the known. 

3. Planning the solution. 

4. Carrying out the plan. 

5. Checking the answer, 

1. Grasping the situation. Inability to solve a problem 
may frequently be traced to failure to understand its back¬ 
ground. City children may not be able to visualize the path 
around the garden, the pickets in the fence, or tlic number of 
running feet in a hedge that surrounds an estate. Many chil¬ 
dren do not understand tlie reason for deliberately asking, in 
catalogs, for a higher price tiian one really expects to receive. 
Unless they can imagine what is actually occurring in a prob¬ 
lem they cannot take the first step towards its solution. 

The language of arithmetic may conceal the thought. We 
employ sucli terms as list price, net price, catalog price, dis¬ 
count Jor cash, credit and agent, forgetting that not all chil¬ 
dren understand them. Many of them have very limited vocab¬ 
ularies, and therefore do not understand even tlic non-technioal 
language in which the problem is expressed. Those who are 
still learning to road may easily misread the conditions of a 
problem. 

Children must be asked to tell, in their own words, the 
conditions of the problem; they may be called upon to dram¬ 
atize the successive stops. Words and phrases beyond their 
expressional vocabularies must be clarified. Pupils must be 
encouraged to tell the teacher the words or the facts that 
they do not understand. 

It seems wise to insist on two readings of the problem: 
first, to get the situation; second, to get the numbers oi' quan¬ 
tities. In reading the text the reading span is comparatively 
large; in reading numbers the span is comparatively small. 
The first reading, therefore, must be ooncomed with the plot 
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in the problem, the second with its numbers. To be sure, this 
initial step in problem-solving takes time, but it is absolutely 
essential if the process of solution is to be thoroughly rational. 

An investigation revealed that exercises in which empha- • 
sis was placed on getting the meaning of problems, aside from 
their arithmetical implications, produced decided improvement 
in ability to solve problems.’ In developing a method of prob¬ 
lem-solving, Rousseau’s aphorism seems to hold true: to gain 
time, spend time. 

2. Ascertaining the unknown and the know elements. 
When the situation presented in the problem- is understood the 
solution should be attempted. The &st step is to set forth in 
skeleton form what is sought and what is known, thus: 

A man must ship 720 packages. If he sends them by parcel post,- 
the cost per package is 12 cents: To get these packages to the post- 
oiBce the man must pay a truckman $12.50, If he sends them through 
the express company, he will have to pay 26 cents for each package 
and nothing more because the express company sends its wagon . 
direct to the shipper. Which do you advise, shipping by parcel post 
or by express? How much will the man save by following your 
advice? 

Fwd; (1) Which is better; (2) by how much, 

G^wn; Cost per package by parcel post; cost of carting to. post- 
office; cost per package by express. , i 

This procedure is absolutely necessary to insure work that • „ 
is planned and that moves toward a definite goal. We com¬ 
monly find children plunging into a problem without a pre- ./ ^ 
■liminary analysis of what is given and without a clear realiza-.'. 
tion of what is sought. In the midst of the solution they ooca-, ' 
sionally become aware of an absence of aim, and confusion 
follows. To discourage thinking with the end of the pencil, f 
teachers often tell their children, "Put down your pencils and - 
think." The class sits impatiently a moment until the signal 
to beg^n is given. But the command, think, is vague and- 
induces a feeling of helplessness. Children must be told what. \ 

f Estftline Wilson, "Improving -the Ability to Read Arithmetic Prob^; ! 
lems," JEhmentory School. Jownal; Yo]. 22, January, 1922, pp. 380-380.,-.r 
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to think iitinnt jir how to think. To reciuire tlicm to Bet forth 
the clctiu*iit« of the iiroljlem under llie wonis Find and Given 
leads to an anal.vffis of t!ic i»robI(*ra and to n familiarity with 
ite conditions, as mh?I 1 ns to a recognition of the end to be 
attained. This is real thinking. Children should be permitted 
to proeewi with their work only nfler coinplcting this prc'^ 
liminary step. This procedure ghovdd bo continued until it 
becomes habituated. ' 

S-4. Planning the solution and executing the plan, After 
the problem is dearly grasped, a plan must be formulated 
for attaining the correct answer. The steps should be indicated 
dearly in writing, before computation is begun. Let us assume 
that the following problem is to be solved; steps 2 and 3 
would then appear as here set forth. 

Mr. L. took a position in New York City at a sdarj’ of $2750 a 
year. After settling in, hia new home he had $HC00 left in the bank, 
which pays 4% interest scniiaimually. Wlait is his total income at 
the end of the year? 

Find.* Total income, 

Given; Salary, $2750; principal, $3600; int. 4%, semiannually. 

Plan.' L Find int. for 6 mo. 

2. Find hit. fur next 6 mo. 

3. Find total income, 

It may be objected that writing out a plan adds appreciably 
to the time required for solution, and that in business no such 
procedure is required. We must remember that so much pen¬ 
manship need not be required in all grades. After children 
have acquired the habit of examining n problem to find known 
and unknown elements and of planning the solution, all writ¬ 
ten evidence of these mental operations may be reduced. If 
the form of work suggested above were followed out in the 
fifth and the sixth year of the elementary course, children in 
the seventh year would no longer precipitate confusion, by 
rushing into a problem without a survey of its conditions and 
a tentative plan for its solution. The pupil in grades below 
the seventh year is not yet ready to meet the demands of 
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businesB.'He is engaged in acquiring foundational habits that 
will Insure effective adjustment to life’s demands. There is no 
virtue in continuing to write out the plan after one has firmly 
estabHshed the habit of planning his mode of solving problems. 

Methods of solving problems. Various methods must be 
taught for solving problems; each has its appropriate place 
in the elementary-school course. We shall present them in 
tabular form before discussing their peculiai* values: 

1. The graphic method 

2. The method of analysis 
■fl. Unitary analysis 

b. Ratio analysis 

c. Algebraic analysis 

d. Analysis through proportion 

3. The rule or formula 

In the intermediate grades (5 and 6) these methods of 
solution are kept so distinct that each maintains its identity. 
But in the upper grades (7, 8, and 9) children do not "resort 
to the conventional methods of analysis.’’® As a rule superior 
performance is attained through graphic modes of solution. 

The graphic method. When the type of problem is new 
and the relationships do not suggest themselves readily, a 
graphic representation of them is helpful. Let us consider two 
illustrations: 

A school allows Grade 6A a plot in its garden measuring 9 X18 
ft. A path 1 foot wide is run through the middle of the plot, parallel 
to the 18 ft. sides. Each pair of children is given 8 sq. ft. of ground 
to plant. How many small plots were thus made and how many 
children planted seeds in this class garden? 

A newspaper, in telling of the campaign to raise funds for a new 
hospital, says that the committee in charge of the plan is encouraged 
because, "Contributions now total $32 000 and thus % of the money 
is assured .. .” How much money is needed for the new hospital?; 

In the first problem we find a set of facta which the child 
cannot synthesize unless he expresses them in a drawing. He 

“John R. Clark and E. Leona Vincent, "A,Comparison of Two 
Methods of'Arithmetic Problem Analysis,'' Mathematica Teacher, Vol. 
18, April, 1925, pp. 226-233. 
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is encouraged to translate the facts, one by one, into a map of 
tlie plot. Fii^t the large plot is represented by a rectangle, 


18 



Fra. 20. 


9X18, A path, one unit wide, is then run through the plot as 
indicated in the problem. The next step is to lay out prom¬ 
ised gardens. The plan in the diagram is the most obvious and 
the small gardens are drawn in half the largo plot. The rest 
is simple enough, 

In the second problem tlic relationship among the quan¬ 
tities may be difficult to grasp. Here, again, tlie graphic repre¬ 
sentation helps the child. All the money needed is repre¬ 
sented by a rectangle. Since % of the money needed is col- 


All the moj[iey neudecl 


^ . .. 

rfidne 



• . V* ' ' 



A —V--- 

j of the mauay needed 


Fie. 21. 

lectod, the rectangle is dividwl into thirds and two of these 
parts are set off from the ranaining ono. The cluld sees that 
' if % of the whole diagram represents $32000, then % repre- 
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■sents $16000, The conclusion is almost inescapahle—the 3 
thirds are $16 000 X3 or $48 000.® 

The method of solution hy analysis. When the type of 
problem is new, concrete aids are psychologically justified he-.. 
cause concepts or general ideas develop from perceptional or 
sense experiences. As the type is mastered, less and less reli¬ 
ance must be placed on objective material. The child learns 
to reason as follows; 

% of the money needed has been coUeoted 

$32 000 has been collected 

% of the money collected is, therefore, $32 000 

% of the money collected is, therefore, $16 000 

% of the money collected is, therefore, $16 000 X 3 or $48 000. 

Young children are likely to think: “% of the money is 
$32 000, then % of it is % of $32 000. To meet this difficulty, 
refer to the'diagram again and lead pupils to deduce; 

if 2/parts of the diagram represent $32 000, then 1/part of the 
diagram represents % of $32 000 
But each part is a tlurd; then we may say, 

if 2/thirds of the diagram represent $32 000, then l/third of the 
diagram represents % of $32000. 

It is obvious that l/third may be written in a simpler form, %, hence 
if % of the diagram represents $32 OOO, then It of the diagram. 
represents % of $32 000. 

The fraction in the problem is now changed to %, %% ' 
and the reasoning repeated. The children soon see that the , 
parts may be designated as two-thirds or %, or 2/parts or 
2/boxes, or 2/Beotions; that the number of parts, not the 
name of the parts is vital in finding the value of one of the 
parts. In this way the gap between graphic and analytical ' 
solution is bridged. 

In teaching problems in percentage, the method of analysia 
should be used unless the type is new. Consider the example: 

A merchant who failed in bis business, can pay only l5% of his ' / 

V This graphic analysis is not a concrete presentation but a diagram- ... 
matio representation, as was explained earlier (page 127). Although n,oi V; 
.CDuorete, it is more effective than a verbal analysis of the conditions in, -’/ 
the problem. 
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drljtn, Mr. B. m-rivcs $2vjr!0 from this inort’hant. How much was 

due Mr. K,? 

The type ef problem if n»>l new; it is the same ns the frac¬ 
tional problem in vhidi "3 of the money needed for the new 
htrapital was collected. It is re.usonabli!, therefore, to expect 
children to learn the following mode of anidytical reasoning; 

Mr. B received l.W of the money tine him. 

Mr. B received 

Therefore, of the money due Mr. B $2550 (we wish to 
know 100?!). 

1% of the money due Mr. of $2550 = S170, 

All, or 1007», of the money due Mr. R. -- S170 X 100 = $17 000. 


Thus far we have illustrated analytical solutions by unit¬ 
ary analysis. The whole is found in terms of one-third, one- 
ninth, or ono-per cent. We must not overlook analytical solu¬ 
tions by the ratio molliod. Let us cemsider the following exam¬ 
ples and contrast the two forms of analysis: 

A (IruKBiRt paid $2.31 for % of a pound of a drug. Wliat will 6H 
pounds of this drug cost him? 


Unitary Anahjm 
% Ib, cost $2.31 
% lb. cost % of $2,31 or $.33 
%lb. cost $.33X8=^ $2.04 
33 

lb. or cost, %.U X or 
$10.17 


/fndo Analysis 
mi! 11), or'‘%lI).=--7X%lb. 
Gift 11). will cost 7 X $2.31 or 
$10.17. 


How far will n train run in 4 horns and 40 minutes if it covered a 
distance of 70 miles in 2 hours and 20 minutes? 


2 hr. and 20 min. = 2% hrs. or 
%hr. 

In % h. train ran 70 mi. 

In % hr. train ran W of 70 miles 
or 10 miles 

In % hr. or 1 hr. train ran 10 X 3 
miles or 30 miles 

In 4 hr. and 40 min. or 4% or 
hr. train will mn 30 mi. 
X or 140 miles. 


4 hr. and 40 min. is twice 2 hr. 
and 20 minutes 

Therefore train will run 70 mi, 
X 2 or 140 mi. 
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It ia obviouB that children must be taught to examine the 
quantities given in the hope of finding factor-multiple rela¬ 
tionships among them. While the method of ratio analysis is 
, not universally applicable, to neglect it and solve uniformly 
by unitary analysis involves serious waste. 

Analysis in terms of algebraic equations. Simple algebraic 
solutions can be learned fay children in the fifth and sbclh 
years despite the fact that no other algebraic operations are 
taught them. Let us compare the two forms of solution to the 
following problem. 

Goods must not be sold for less than $28.50 a gross after the customary 
5% discount is allowed to shopkeepers. ‘What price shall I mark 
them in the catalog? (C.P. dmotes catalog price or list price.), 


Usual Analysis 
C.P. = ^^0 
Dis. = Ho of C.P. 
ijio of 0*P' = fioal S.P. 

$28.50 = final S.P. 

% of C.P. = $28.50 
HoofC.P.=H9of$28.60=$1.60 

ort 

^ of O.P. = $1.50 X 20 = $30. 


Algebraic SohUm 
X denotes C.P. 

3! - Ho denotes S.P. 

$28.60 is S.P. 

X “ Ho ” $28.60 
20i - * = 670 
19 j! = 570 
570 

a: = -— = 30. Ans. is $30 
19 


In the final analysis the only significant characteristic of 
the algebraic solution is the use of x in place of the letters 
C.P. Had the problem called for the finding of the commission 
or the profit or the coat, the unknown element would have been 
designated in the first form of solution by the abbreviation 
com. (commission), or g (gain), or (? (CoBt), respectively. 
In the algebraic method all unknown elements are uniformly 
represented by x. The a^ebraic form, it is argued, simplifies 
the solution through uniform terminology and the elimination 
of awkward expressions. 

Only three types of algebraic equations need be taught tb 
.give the child a real measure of help in solving arithmetical 
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prcblema. TIic#c arc set forth below with simple indications 
of methods of prcftcnting them. 

Case I. Form x + 5 —10, find x. 

Method; 

1 . Inirwhire through praelieal problem. 

2. Elicit cquntinn form x 4- 5 — li) 

3. Explain by device of n balance, 

X + 5 _ 19 

A 

‘ 0 . Elicit: taking etiiml miioiiiits from the two Bides of'; 

the balance will not disturb the balance, 
h. Elicit: x + .5--5“10--5 

x=10~.‘5 or 14 

C. Elicit: +5 on left side of eqiuition becomes —5 on 
right side. 

4. Intrixhice through a problem, the form x —6 = 22 

a. By device of bahince riieit; 

x~S + 5 = 22 + r) 

x.'=22 + r) or 27 

b. Elicit “ 5 on left side of ciumtion became + 6 on 
right side. 

6 . (leneraliaalion: Law governing transfer of quantities in 
Hlm])lc eqiuUionH, 

Cose//. Form 3x = 27 
Method: 

1. Introduce through a problem. 

2. Reduce to equation form, 3x = 27. 

3. Use device of balance, 


ftc_^ 

A 

4. Elicit: dividing each side by 3 does not disturb the 
balance of, the two sides. 

6. Elicit: 3x-4-3 = 27 ^3 

x=27-4-3 or 2%. 

6. Multiply instances, 

7, Formulation of law for finding x in equations like 19® =» 
*670. 
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Coie III. Form x — i%ox = $28.50 
Method: . 

Teach how to clear fractions through least common de¬ 
nominators. 

Practice until habit is developed. 

Analysis by raikt and proportion. Solution by proportion 
is not usually advocated for many reasons; (1) Proportion 
was discredited by the impossible problems that were fre¬ 
quently assigned for solution by this method. Examples of the 
following type were the rule rather than the exception: “If 42- 
men build a wall 52 feet long, 20 feet high, 3 feet thick, in 
27 days, how long will the wall be if 21 men are set to work 
for 64 days on a wall 15 feet high and 2 feet thick?” The 
demand for the socialization of arithmetic brought an elim¬ 
ination of these puzzles and a diminished use of proportion. 

(2) The algebraic solution advocated by many teachers offers 
a satisfactory substitute for proportion in many types of prob- ■ 
lems. (3) With the popularization of the ratio mode of 
analysis as opposed to the unitary analysis, proportion was 
found too cumbersome in many combinations. The truth of 
this is illustrated in the following problem: 

A freight train running at the rate of 16 miles an hour takra 72 
minutes between two towns. How long will the special milk train . 
take for this trip if it runs at a speed of 48 miles an hour? 

By ratio and proportion: 

16 miles : 48 miles = ? min.: 72 min. 

1 24 

10 V 72 

16 X 72 48 = —— = 24 minutes 

3 

By ratio arralysis: 

Speed of 48 miles = 3 times speed of 16 miles. 

Time necessary hence % of 72 minutes or 24 minutes. 

These reasons account for the reduced position now given the 
subject of proportion in courses of study in arithmetic. 

There are so many helpful uses of proportion that many . 
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aHilioritifjt fliat it Ik; rfMt<(r<Hl tn ita former place. They 
argiK’ ilait many rnmimtn relations arc expreased in ratio 
forms. Tims w speak of a 3 to 1 chance, of the naval ratio 
of of the free coiimgc of silver at a ratio of 16 to 1, 
of orlds tlinl, arc 5 to 2, and the like. How can children carry 
mil a drawing to Hnilc without applying proportion? In cer¬ 
tain probleiiiH solntifin hy proportion inHiires the simplest 
proccdurt?. A few illiisfratioiw may give moaning to these 
aftaertions. 

When a Minnirtility in .selling .at #24 a ton, what should be paid for 
17 .t() ixniiids f 

Ratio Aunlysis; is ■?>; fd a t«ii, but only a wiry few children would 
IK^nrivc, ihis rel.itinii. 

SohiUoii; iiC $24 $21. 

UniUiry AtmlyMs: Miist I'liildreii stilvec) this (ixuniplc in terms of the 
e(i4 of I lb. 

fiooo of $24 X ITfdl r.tHt 
rroisjrlitin: $24 : $? 2(KK»: HfiO 

7 

3.1 3 

xu 

■“““•ftJPH " <>21 
id) 

8 

1 

If IH inches on a map reprewnta a ilwtanee of 3(i() inilc.s, how great a 
distance is rcjtfc.stinteil by 3,^ inches on tin: sanu! scale? 

Ratio Analysis: 3J^ is not a iimitiplu of niul no oljvious ratio can 
be seen. 

Unitary Analysis: in. represent 300 miles 

14 in. represents }4 3(10 miles or 12() mile.s 

% in. represents % of 300 miles or 240 miles 
S14 in. represents 240 miles X or 750 miles 
Proportion: VA in. : 3^ in. =* 300 miles : ? miles. 

X 360 + % 

30 

26 2 
•g-X3fi0x|«7r3Omi. 

i 
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In these two problems proportion involves less analysis 
and leads directly to the answer. 

To teach ratio and proportion it is necessary to give the 
child a rich concept of the ratio idea. This is best done through 
use of ratios rather than through definitions and formal ex¬ 
planations. The following procedure, it is hoped, will be found 
helpful: 

a. Concept of ratio. Practice should be given in examples 
of the type, “2 is what part of 4” and children’s answers 
should be tabulated as indicated. 


Teacher 

Pupil 

Teacher 

asks; 

answers: 

tells: 

2 is what part of 4? 

% 

The ratio of 2 to 4 is this may 



be written 2;4 or % or 

3 is what part of 6? 

% 

The ratio of 3 to 6 is %; this may 



be written 3:6 or % or %. 

2 is what part of 6? 

% 

The ratio of 2 to 6 is %; this may 



be written 2:6 or % or %. 

3 is what part of 9? 

% 

The ratio of 3 to 9 is this may 


be written 3:9 or % or %. 

After sufficient practice is given in this initial step, the chil¬ 
dren fill out the entire line for “6 is what part of 9,” "3 is 
what part of 8,” etc. The meaning of the term ratio, the rela¬ 
tion of one quantity to another, is now elicited. 

b. Ratio as a fraction. The next step emphasizes the frac¬ 
tional equivalent of every ratio. Children write %, %, %, %6 
as ratios and 6:8,7:16,9:12 as fractions. This step can readily 
be deduced from the introductory step outlined above.. 

c. Introduce the proportion. To introduce the concept pro¬ 
portion, two ratios in fractional forms are used. 

Teacher gives; Children are required to write: 

%=% 4:0=2:3 

%B=% 9:15=3:5 

d. Finding fourth term, knowing other three. The teacher 
gives 3:6=9:? and asks children to give the fourth term. If 
they hesitate, recall the fractional equivalents %=*/?; it is 
evident that the numerator of the first fraction must be multi- 
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plkij by 3 to obbin 9, the numerator of the second fraction; 
therefore the denominator, 5, of the first fraction, must also 
k multiplied by 3; hence 15 is obtained. This sequence is 
ftpplied to a miiiiber of examples and the resulting equivalents 
arc atraiiRod thus: 


Teacher 

C'hiMrtn 


ffivea' 

gupiilt/: 

Anahjgiii shows: 

3:5 = 9:? 

3A5-^/? 

0-4" >1 (fo obtain 3, the common 
lunltiiilitT) X 5 

9 .3 X 5 fir fl X 5 “i* 3 which pves 
the fourth term. 

6:7 = 12:? 

0/7 = 12/7 

124-0 (to obtain 2, the common 
multiplier) X 7 

12 -: 0 X 7 = 12 X 7 6 which gives 
the fourth term. 

4:.5-12:? 

4/5 = 12/? 

12-:'4 (to obtain 3, the common 
multiplier) X 5 

12 4-4 X 5 = 12 X 5 -> 4 which gives 
the fourth term. 

3:4=15:? 

3/4-••l.V? 

154-3 (to obtain 5, the common 
nniHiiilicr) X 4 

15 4-3X4 = 15X44-3 which gives 
the fourth term. 


The teacher now introduces the technical terms ?ncoTi5, ci- 
trmes, and proportion. Tlic ontUysis of each case shows that 
the product of the extremes equals the product of the means; 
that the product of the means divided by one extreme gives 
the other extreme. Many practical problems should now be 
solved by proportion. 

e. The unknown term is one of the means. Children who 
know how to find the fourth term of the proportion 3:5=16:7 
may not have enough insight into number relations to be 
able to complete the proportion 3:5=?: 16. This new form is 
necessary in problems of the type, "If 72 men working 10 
hours a day complete a given work, how many men will 
probably be needed under the law limiting the hours of labor 
to 8 a day?” Here the proportion would be inverse/ 
, 10 hrs.:8 :: ?;72, because more men are needed as the working 
day is reduced. The mode of explanations and analysis is 
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similar to that suggested in step (d) except that the law of 
proportion, the famous rule of three, is enriched by the state¬ 
ment, the product of the extremes divided by one mean gives 
the other mean. Practical problems in inverse and direct pro¬ 
portion are now given. 

(/) Ratio of difference or unlike units. This step is simple, 
for in the ratio of 2 yards to 2 feet it is merely necessary to 
reduce the quantities to the same units. The ratio now be¬ 
comes 2 yards to % yard or 6 feet to 2 feet. 

Cautions in the analysis of problems. We have seen that 
problems may be analyzed by unitary analysis, by ratio 
method, by algebraic equations, and by proportion—each 
mode involving a measure of cancellation. There are impor¬ 
tant cautions that must be exercised if the analysis of prob¬ 
lems is to be rendered effective. 

Importance of correct algorisms. Looseness of mathe¬ 
matical language betrays looseness of thought. It was shovm 
in an earlier chapter that algorisms of the form of %=cost 
and y6=^ of cost must not be permitted. But it is not wise 
to become too meticulous about form. To condemn the can¬ 
cellation form, %X$5.7QX'^%, because there is here implied 
a process of multiplication in which one multiplier is con¬ 
crete, is to insist on futile refinements. 

Ctaly when verbal analyses of problems express the thought 
processes in the mind of the child do they train in systematic 
and sustained thinking. Usually verbal analyses are fraught 
with danger, because they assume that thought accompanies- 
the child’s words. When the pupil recites, “If % of the money 
is $27.90, % of the money is % of $27.90 and % of the money 
is % of $27.90X6 or % of $27.90," he may be repeating the 
teacher’s therefore’s, because's, and since’s. 

Verbal analyses should be discontinued just as soon as the 
process is understood by the pupils. It is well to encourage 
children to express their ideas in their own language, despite 
the fact that the set forms are better, linguistically and arith¬ 
metically. No verbal analysis of problems should be required 
of children in the first four grades. In all-grades the diagram- 
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matir i’xpni'«*inii uf tli«- rrlaiifnmliip in a now problem ehould 
Im* prt'forrcfl h} (lio vorbnl nnalys«is, 

Solving problem# by rule or formula. In Ibo tabulation 
af jiiuSlifwl?* »!if ^idlvin;; jiroliloms we find (1) the graphic 
nnjlliwl, (2^ llic inothml of analyi?5s with its four distinct 
tyiH’s, ami (3) the use of u rule or formula. The develop¬ 
ment of (be inrliirtive method brought the use of rules into 
bad ri'imte. Teiieliers had so long given lessons that began 
with laws and forniiihis, and had so frequently presented sym¬ 
bols before thought, llinl solution of problems by rule fell into 
disrcimle. 

To»day, we believe Ibnt solution by rule or formula is 
justified if tbc rule is tauglit after tbc child has had rich 
perceptional experiences. The solution of a new typo of prob¬ 
lem should be gnqdnc. After the ehildren become familiar 
with this tyiip, a form of solution by analysis is employed. 
When the mode of thinking i« reduced to habit, solution by 
rule is taught, 

Let us asHiime that we are to teach how to find the cost of 
one, knowing the cost of a fractional part of it. The examples 
are,— 

H14 nf a yard 12 cents, what will a yard cost? 

What will 1 pay for a y.ard if I'A yards coat 10 cents? 

First \v« ituiist on the grapbic Huhition, thus, 


1 


1 


V_ 



Co<t^c«nU 


Each quarter-yard must cost 4 cents if 3 of the quarters cost 12 
cents. 

The whole yard or Vi must cost 4 times as much as 1 quarter or 16 
cents. 

Similarly, 


i 




. - ' —— ...... . 1 


I* or 1 ywd 
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Four of these thirds cost 16 cents, 1 third costs 4 cents, and 3 thirds, 
12 cents. 

The method of analysis follows in the form presented earlier. 

If % yard cost 12 cents 

14 yard coat % of 12 cents or 4 cents 
% yard cost four times as much or 4 cents X 4 or 16^ 

In the second example we proceed by analogous reasoning: 

1% yards or % yd, cost 16^ 

Vi yd. costs 14 of I 64 or 44 
% yd. cost three times as much, 4^ X 3 = 12^ ' 

After many such problems are Solved, the children are led 
to see that in the first example 12 cents is divided by 3 and 
multiplied by 4, thus: i2-r3X4; in the second 16 is divided 
by 4 and multiplied by 3, thus: 16-r4X3. What we get, 
therefore, is 


12 -f 3 X 4 or 

16 + 4 X 3 or 

i 1 i 

i i 

12 i X4 or 

16 . , X3 or 

3 

4 

12X4 

16X3 

3 

4 

The- coat of a fractional quantity is divided by the frac¬ 
tional quantity to find the cost of one. The rule is now merely 


a succinct statement or summary of the arithmetical operar 
tions performed in the long verbal analysis. Coming at the 
end of a. semester of work, after graphic and analytical meth¬ 
ods of solution have become thoroughly familiar, the rule is 
neither an arbitrary statement nor an empty formula. It is 
rather a rich and meaningful summary of actual experiences 
gained in solving a particular type of problem. 

It is commonly assumed that such arithmetical facts as 
5X9=45, 6'-!-%=36, and 6-rl=6 are learned throu^ imita¬ 
tion, but that problems are solved in some mysterious way 
through the power to think. This is decidedly untrue, because 
our t,hiTiTtiTi g is in terms of patterns learned as definitely as 
6-M=6. We learn through a pattern imposed upon us in 
youth by textbook or teacher, that when we are given the cost 
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of many (c) and the nmher of things (b) and are told to 
find the cost of one (a), we divide c by 6 and obtain a, thus 

A 

^=a. After prnetice in BnlviiiR prolileins of this type, wc alight 

upon the eorrert mode of wdution almoat as mechanically as 
we divide 3B0 by 6. Tliia is ns it rfioiild be, for these problems 
refer to a typical Hituation in lift*. In ty])ieal situations of 
daily nccurrcnee the solutitm should become habituated very 
soon after the initial rationnliisation. 

fi. Checking the answer. Wc suggested that children be 
taught to take five steps in solving in'oblcms: (1) grasping the 
situation; (2) ascertaining what is to be found and what is 
given; (3) planning the solution; (4) carrying out the plan. We 
come now to the fifth stcii—checking the answer. It is easy to 
make clear to children the great importance of absolute cor¬ 
rectness of answers, They must l)c taught to employ at least 
one of four procedures in checking answers to problems: 

0 . Working probleitis Imckward. 

Ilhuitration: A lociil ncwsimper reports that lmmnc.>).s conditions 
are improving ami that ir>% of thme unemployed found 
work during the month. Later in tlio report wc are told 
that :160 foiiiid employment that month. How many were 
ijncmploycd at the licginning of that month? 

AtiKwer: 2400 unemployed 
Cheek: 15% of 2400-lltiO 

b. Working the problem l)y another plan. 

Illustration: A man who had $10.00 made the following pur¬ 
chases: 2 shirts @ $1.15 each; 3 ties @ 3.35 each; I dozen 
hnnclkcrchiefs @ 3 lor $.25. What change did he receive? 

First solution: 

2 shirts @ $1.15 cost 82.30 810.00 

3 ties @ .35 cost lh5 —4.35 

12 hdkfs, @ 4 for .25 cost 1.00 $5 05 , change 

$4.35 

' Second solution or check: 

$10.00-$2.:t0=: $7.70 
7,70- 1.0)= 6,05 
6,66 ~ 1.00 = 5.65, change 

c, Working each step again. 
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When neither of the first two methods suggested above 
seem feasible, the problem should be gone over, step by step. 
If the second answer agrees with the first, the chances of its 
correctness are increased. Strictly speaking, this is not a real 
check; it is an active challenge of the answer. 


d. Comparing the final answer with the approximate answer. 

Illustration; Mr. Jones keeps a record of the service hie tires 
give him. Here it is: 

Tire No. 1 18200 miles 
No. 2 17 500 miles 
No. 3 13 500 miles 
No. 4 14050 miles 

His friend urges him to buy the kind of tire he uses and 
tells him, "My tires average 15 000 miles.” Mr. Jones does 
not know whether to change. What do his tires average? 

Approximation: rapid addition of the mileage, omitting such' 
numbers as 50 and 200, gives 63 000. Divid^g 60 000 by 4 
gives 15 000. The approximate answer is there, “well over 
15 000 but under 16 000 miles." 

True computation; 

Total mileage, 4 tires 63 250 miles 
63 260 miles 4=15 812.6 miles average 

Comparison of the Answers: 15812.6 agrees with the approxi¬ 
mate answer. 

Here, too, we have not an absolute proof, but an assurance 
that the answer is not ridiculously incorrect. The reader is 
referred to. an earlier chapter in which cheeking answers is 
treated with greater fullness. 

The improvement of problem work. Analytical and didg-> - 
nostic test of pupU dbility. Early in the work of the grade, 
teachers must determine through reliable tests, each pupil’s 

0 . level of general intelligence; 

b. reading ability; ,,, 
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c. mastery of uritlimctic skills in the fundamental opera¬ 
tions; 

d. attainment in probleni-soiving. 

Where exceptional deficiencies are found in b and c, appro¬ 
priate remedial practice must he provided. Our earlier chap- 
tcra indicate the corrective drills in fundamental operations. 
Obviously the child of limited intelligence will make little 
progress in problem-solving. Such children should bo required 
to solve only tliose problems that follow easily recognized 
types. Studies show that ability in problem-solving correlates 
highly with verbal intelligence, mastery of fundamental opera¬ 
tions in arithmetic, and comprehension of reading material. 
The diagnostic testing here sugge-sted is designed to reveal 
both remediable and non-remediable cau-ses of inability to 
solve arithmetic proidems. 

Careful scrutiny of textbook problems. Teachers must not 
accept blindly textbook material in the form in which it is 
offered. The problems in the book frequently need revision. 
Their language may not he the most aiipropriatc for a given 
class. A single word may obscure the situation presented in 
a problem. To discover these interftudng words cliildron may 
be required to state the problem ns they understand it. At 
times the teacher may restate the problem substituting a hap¬ 
pier phraso for the one in the hook. Often a hnv supplementary 
problems must be interpolated to bridge the steps in too 
abrupt a gradation. Not infrequently a problem assumes a 
knowledge of commercial or industrial practices that young 
people do not possess. At all times teachers must edit the 
textbook problems before submitting them to their claBses 
for solution. 

Encourage visualization of the conditions of a problem. 
Every aid should be given to children to visualize the condi¬ 
tions of the problem. An earlier suggestion, that children 
should express graphically the relationship among the quan¬ 
tities in a problem, now assumes added importance. Such prac- 
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tice aB the following gives children facility in representing by 
diagram the conditions of a problem. 


The assignment: show the foU The assignment carried 
lowing by diagram out 

1. Goods cost $7.50 are sold for 
$9.00. Find the profit. 


G(qtt?.69 

Sioflf? 

V- 



B.F.tEi.0{> 


2. William, who had 24 marbles 
at the end of a game, was 
heard to boast that he won 
six in the last gome. How 
many did he have at the be- 
gmning of the game? 


Had at 
heginzihi'g 

Won 

6 

'-- 


Had at end of game, S4 


3. Train A leaves Chicago and 
averages 48 miles an hour. 
Train B leaves N. Y. at the 
same time and averages 40 
miles an hour. What other 
facts must you know to find 
out how far apart these trains 
are at the end of 5 hours? 


Chicago 

1 240 mi. 

? 

miles 

N.Y. 
200 mi. 1 

48 mi. X 5 


40 mi. X 5 

Train A 


Train B 

The diagram tends to show more 


clearly that the distance be¬ 
tween New York and Chicago 
must be known in order to 
find out how far apart the two 
trains are at the end of 
5 hours. 


Frequently the relationships are not seen by immature pupils 
until they substitute small numbers for the larger and more 
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Sr' experience 

1 Xr n ? diagram and find 

eitiHeKt's able to visuiilwc the relntionsliipa. 

I’ROnnEMs MB Srmjy and Dihcussioh 

■"'‘t prriS''”"’ ‘**''*^ Jftermine ai)ility to solve arith- 

{?* fef eapli onfl or more illiisfratitiiiH. 

» ) I ow would you doicnniHe wliioh of these factors are prob- 
nujy rcsponsib e for the failure of a parliculnr cliild to solve 
aritlimelic proldeins? 

hcrX^")i®“L-*’“ Prohlems and examine each critically 

re fiuhinitting it for elass Briticism; 

10) llirec proltlenis designed to familiarize the child with busi- 
(h\ practices. 

L I*''o'’J'’in8 arising in home making experiences. 

'j‘ Pi'ohlcni.s liased on recreatiminl cxperiencea. 

yaii what will SVa’ 

cCn! fwoltlcins of the same tyiic, making such 

^*>om hnm beingT Tt' cuiantitius as will keep 

^ textbook to discover a basis 
reason P‘''“o'ple of gradation? Givfe 

ohft'ptergive™^^'^*^”*'*^ *** proldetn presented in this 

n 1 T* *** ilioBtrations of your own invention. 

\ ) Its specific values in training to think in arithmetical situa¬ 
tions. 

[™hntion8—When .should it be used? How frequently? 
With what kind of pupil? 

complains: Children tabulate the elements of a 
their Til of Given and Find, and list the steps in 

to obtained the answer. They do this merely 

mnnt It o *!'{', demands of the school. This shows the require- 
wlUi +1 t 1 ® does the children no good. Do you agree 

1 the teacher? How can her position bo challenged? 

nmi»rnm«A^®i?* defieionoy in problem-solving may bo remediable or 

How w™,i 1 ' °f ^'Wo headings, 

o'lld you 'iCiil with each cause in the first group? 
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8. ‘‘Even in problem-solving children think by & method acquired 
imitatively/’ Plan a discussion of this idea and enrich the exposition 
by many illustrations, Make your own portion clear. 

9. “The problems which are: (a) most often questions about 
situations or facts actually presented to the senses, (5) less often', 
questions which a person puts to himself m connection with past or 
future plans, and (c) least often quitions put to him in words by 
another.” {Conimporary Guiie in tk Teachm of Mtkmetk 
p.93.) 

What practical applcation can be made of this statement in 
teaching problem-solving in arithmetic? 

10. "The entire question of reasoning and the reasoning problem 
in arithmetic has been very inadequately investigated.” 

List questions and problems the answers to which await adequate 
investigation, 

11. Examine one diagnostic test in problem-solving. If possible, 
administer this test. What facts concerning pupil needs are revealed? 
What remedial measures do you suggest? 

12. Devise a test on the contend of this chapter designed for 
yOur classmates. Only Part I of the test should consist of new4ype 
questions. What will the content of Part II be? Justify the organi¬ 
zation, distribution of values, and the test elements.' 
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A SELECTED, CLASSIFIED, AND ANNOTATED ■ 
BIBLIOCaAPHY 

In the compilation of this bMography completeness ms not 
sought. The aim is rather to suggest materials which are compara¬ 
tively not inaccessible and which have played an important p^ in 
the development of our present knowledge of the psychology and 
pedagogy of arithmetic. Only those primary sources have been in¬ 
cluded that either make a agnifioant contribution or illustrate 
effective research techniques. Numerous other bibliographical refer¬ 
ences will be found in foot-notes throughout the book. Not all of 
these are here repeated.' Eeferenoes to Buswell, Monroe, and others 
who have formulated reasonably complete bibliographies are included 
below. 
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Baoanes, J. E., and Badanes, S., Teaehet^s Book to accompany A Child's 
Number Primer (Macmillan Go., 1920). An Emalyais of the de¬ 
velopment of number conoepte and presentation of appropriate 
teaching techniques for the introductory grades. A provocative 
manual. 

Shown, J, C., and Coppman, L. D., The Teaching of Arithmetic (Rowe, 
Peterson and Co., 1926). Textbook on methodology in arithmetic. 
Bruecxneb, L. j.. Diagnostic and Remedial Teaching in Arithmetic ■ 
(John G. Winston Co.; 1930). A rather complete analysis of diffi¬ 
culties that children experience in arithmetic, and indications for 
corrective, measures. 

Buckingham, B. R., and Osbubn, W. J., Searchlight Ar^hmetics, Intro¬ 
ductory Book (Ginn & Co., Iffl7). Especially helpful to teachers 
in the introductoiy grades and to teachers of later grades who 
must reteach primary-grade number facts. 

Cajohi, Florian, A History of Mathematics (Macmillan Co., 1919). A 
helpful reference book on the subject. 

CoNANT, L. L., The Number Concept (Macmillan Co., 1806). The 
theory of number* is expounded without any direct concern with 
methodology. 

HiUiBGAB, M. B., Teaching Number Fundamentals (J. B. Lippincott Co., 
1926). A manual to accompany the Horace Mann Supplementary 
Arithmetic, but rich in suggestions for diagnosing difficulties in 
arithmetic. , . 
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HowgL[/, 71. R.. .1 Fmmhtwiml Rlmly in the Pedagogy nj Arithmetie 
(Mnrinillun ('n., 1014). A khotI Imok of liiHforic. intprcst to tho 
ppor iBlifit ill rrw'iirc’h in tlm inrtJiiMloloR.v of iirillimclic. 

L 11 MNK 8 , N, J,, The Tcnrhinii iif Ariihmriie (Mai'inillim Co., 1823). A 
testlxiok oti till’ inolhwloloiiy of nritUmnlit’. 

LiSDdMiHT, Tlicwinro, Afodrrn Anthndu' itcAhoik awl f'ro&Icma 
(iSnilt, F(m'!‘ni«n & Co., W17). A iiscfiil textbook. 

McClku^^n nnil llBwEV, Tbv pRyehidugy nj Abiwiboi* (1). Appleton 
Co., 1901). An rxfi'llcnt pxiHiniiioii of iniiiilii'r'n!i riitio uud-num- 
ber HS tho rwill, of mpiu'uri'uii'nt. Tin; impli('iiti(ni,>i for method¬ 
ology nro very nignifii'aiit. 

McMimav, ClnirlcM A., Special Method in Anthnictir, (Mneinilkn Co., 
190S), Intnrn.ilinB liintorirally to the Kjiei'iulist in the teaching of 
arithmetic. 

Mortox, 11. L., Tcar/uiiff Arilhmclk m ihc Primary Grades and Teach- 
inff Arithmetic in the htlermedialc Grades (Silver, Bunlett & Co., 
Iflffi?). Two \‘ohiineH (hat gii'c helpful api)lieHlion.s of tho resnlts 
of mvifHligationti relntiiiB to the leaching of nrithinotia, Extremely 
tiaefnl. 

Mtouk, Onrry C,, The Prciirntion and Correction nj Errors in Arithmetic 
(Plymcnilli Piw*!, 102S). A ilimiwnon of the nature of children’s 
nrrorfl in arilhinclic and tlm preventive luoiiKiires. Vahmblo to 
lenchera of nrillimotio in nil gmilra. 

NBweoMB, R, R., Modern Methods of Trnchiny Arilhmelie (Houghton 
Mililin Co., A texlhook on tlin melhndology of arithmotio. 

Ohburn, \V. J., Cfirreelii’p. Arithmetic (Ilouglilon Mifflin Co., 1824). 
Texlhook on niutlKiilology with directions for diagnostic and 
romedinl work. 

OvEHM.w, ,7. H., Priiieiples and Methods of Traching Arithmetic (Lyons 
ami Curnahaii, i02,'i). A textbook on tho methodology of arith¬ 
metic with attention to mowniroment. of results of instruction. 

Hoantbrk, IVilliam E., ami T,Ayum, M. R., An ArilhmcliG far Teachers 
(Macmillan Co., 1025, Eovised, 10.33). Title, is descriptive of this 
helpful book, 

Ruch, G, M., The, Obfediva or Nere-Type Examinalion (Scott, Pores- 
mnn & Co., 1020). A study of the tnchniquo of tho new type 
cxa.minaliun.'i and their relative, value. Applications to arithmetic. 

ScHOiiMNO, Oyebman, and SimiNEa (Editors), Contcmpoiarp Guide in 
the Teaching of Arithmetic (Edwards Bros., Inc.|1033). An invalu¬ 
able compendium of methodology of arithmetic. Extremely useful; 
The result of nn experiment in cooperative teoehing. See the oom- 
panion volume, Contemporary Guide in the Teaching of Junior- 
High-School Mathematics, edited by Sehorling, Everett, and 
Shriner, 

SlawH, David E,, The Progress n] Arithmclio in the Last Quarter of a 
Century (Ginn & Co„ 1025). An analysis of the factors thafc made 
for progress in the teaching of arithmetic and a presentation of 
current problems. 
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- , History of Mathematics (Gim & Co., 1923). An excellent refer-^ 

enoe book. 

- ,The Teaching of Arithmetic (Ginn & Co., 1013). A manual on 

methods that contains much that is helpful. 

- ,The Teaching of Elementary Mathematics (Ginn & Co., 1900). 

A textbook that influenced the teaching of elementaiy mathe¬ 
matics. 

Smith and B,ebvd, The Teaching of Junior-High-School Mathematics 
(Ginn & Co., 1927). The sections on arithmetic are helpful. 
Spebb, William W., Introdwlions to Primary Arithmetic and Advanced 
Arithmetic (Ginn & Co., 1899, 1902). An exploitation of the ratio 
theory of number. Interesting to the specialist in methodology of 
arithmetio. 

Stamps®, Alva W., A Textbook on, the Teaching of Arithmetic (Ameri¬ 
can Book Co,, 1913). Title descriptive of the book. 

Stonb, John C., The Stone Arithmetics, Teacherit Manual, Grades 1-.6 
(Benj. H. Sanboin & Co., 1928). Although designed to accompany 
the Stone Arithmetics, this manual is replete with excellent teach¬ 
ing aids. 

SuzzALLO, Henry, The Teaching of Primary Arithmetic (Houghton 
Mifflin Go., 1012). A small book that still has interest for the 
specialist in the field. 

TnoaNDiKBi, E. L,, The New Methods in Arithmetic (Hand McNally k 
Co,, 1921). The book is replete with many corrective measures.' 
- ,The Psychology of Arithmetic (Macmillan Co., 1922). A sum¬ 
mary of psychological principles and their application to the 
teaching of arithmetic. The analysis of arithmetical abihties and 
directions for habituation of arithmetic skills are especially note¬ 
worthy. 

Wheat, H. G., The Psychology of the Elementary School (Silver, 
Burdett & Co., 1931), CL iv. A well planned discussion of the 
psychology of arithmetic. 

Wilson, G. M., Motivation in Arithmetic, U. S. Office of 'Education, 
Bulletin, 1926, No. 43. Contains helpful illustrations of effective 
approaches in teaching. 

Young, J. W. A., The Teaching of Mathematics (Longmans, Green & 
Co., 1920). A textbook in the methodology of arithmetic and 
elementary-school mathematics. 

Rbfobts, Studies, and Compilations 

In this section are included selected references to sources that 
are' essentially secondary. The implication is not that this material 
is leas original or less valuable than the primary sources in the sucr 
' oeeding section, but rather that the writers worked, in the main, ■with 
materials supplied by others. Those who collect, inteipret, md 
evaluate data obtained, by others make contributions no 1^ im¬ 
portant to scholarship than those of the research workers. 
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California Btato Department of Education, Evaluation of Anthmetic 
Textbooks, Bulletin.No. 19. Saoimento, Calif,, 1932. 

An analysis of six series of textbooks in arithmetio. An in¬ 
valuable guide to teachers and supervisors in evaluating the 
merits of competing books. 

CouBT, Sophie R. A., "Number, Time and Space in the First Five Years 
of a Child’s Life," Pedagogical Seminary, Vol. 27 (March, 1020). 

, pp. 71-89. 

-, “Self-Taught Arithmetio from the Age of Five to the Age of 

Eight,” Pedagogical Semimry, Vol. 30, March, 1923, pp. Bl-68. 
Two studies of the development of number sense in an individual 
child. Will interest the student who seeks to determine when to 
introduce the teaching of arithmetic. 

Denver, Colorado, Public Schools, Arithmetio—Elementary , School, 
Research Monograph No. 2, 1926. An excellent analysis of each 
of the fundamental operations into unit skills. Very helpful in 
preparing diagnostic teats and in grading material for teaching. 

Diokbt, John W., "Much Ado About the Zero," Elementary School 
Journal, Vol. 32, November, 1931, pp. 214-222. Inductive pro¬ 
cedures are presented to minimize the difSculties caused by the 
zero, the "trouble-maker" in arithmetical computation. 

Fohan, T. Q., “Drill in Arithmetic,” Catholic Mueational Review, Vol, 
31, April, 1933, pp. 232-243. A presentation of many of the major 
phases of drill in arithmetic. Very well done. 

- ■ — ,''MeaBurementB in the Fundamentals in Arithmetio,” Part I 
and Part II, Educational Research Bulletins, Vol. 1, Nos. 4 and 5 
(Washington, D. C., The Catholic University of America, 1926). 
Principles involved in arithmetical measurements; critical obser¬ 
vations on measuring instruments in use up to 1926;.a diagnostic 
computation scale is suggested. 

Gbednb, C. E., and Buswell, G. T., Testing, Diagnosis, and Remedial 
Work in Arithmetic," in the Twenty-Ninth Yearbook of the 
National Society for the Study of Education (Public School Pub¬ 
lishing Co., 1930), Ch. V. A survey of recent trends and techniques 
in testing and diagnosing. 

i , "Criteria for Remedial Drill in Arithmetic," in the Fourth Year¬ 
book of the Department of Superintendence of the National Edu¬ 
cation Association (1926), pp. 213-219. An attempt to formulate 
' specifications for remedial drills in fundamentals. 

-,“A Critique of Remedial and Drill Materials in Arithmetic," 

Journal of Educational Research, Vol; 21, No. 4 (April, 1630), 
pp. 262-276. The study tends to establish that drills "must be 
constructed to fit a particular purpose and type of use.” The use 
of remedial materials, the study ^ows, invariably brings gratify¬ 
ing improvement. 

Haynes, Jessie P., "Problems of a Supervisor of Arithmetio in Elemen¬ 
tary Schools," in the Second Yearbook of the National Council 
of Teachers of Mathematics (Teachers College, Columbia Uni¬ 
versity, 1927), pp. 94--121. Twelve problems are discussed from the 
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viewpoint of n siiprrviwir. Aniuii); these are; failure to diagnose 
diWcuhiefl; RratiaUim; ]ii'obleiii-Molving; n»e and abuse of objec- 
livi! iiialfrialH; liiiiilnliona of ratiunulisution, etc. 

HERBrorr. M. K., "liow l« Make a flniirsc of .Study in Arithmetic,” 
Uuivemity of IllinuiM Uullelin, Vol. 23, No. G (Oelober, 1925), 
Jiacmfi dimhiT K(». 37. A siiu]ilt! and direct niialysw of the 
major prnlilcias iuvulvril in iimking a ciirrieiiliiiu in arithnictic. 

J«6», C. n., "rHyrholoRiiad Analym of the Vundamenlala of Arith- 
raclic," tSu}i]iUmi:nlnry Kituenlinml Mmuififajilin No. 32 (Uni¬ 
versity of (lliieagti, 1027). InvcNliKnlioim dealing with the mental 
prucc.s.s of nduitH and chitdriHi in learning primaiy number 
roneci!l.s, 

Kmuiit, 1‘\ ])., '‘Aeeiinliiig to What Crileriii Should Lrill be Organ¬ 
ized?” Thhtl Yimbmk of the Deiuirtment of .Siiperintondenoe 
of tins Nnliomil Kdiieation yWoeiatinn (1925), pp. 63-01. An 
excellent study of liie drill iu aritlimclk. 

Kkiout, P. 11, '‘iSoiiic (JoiiNuliM'utimis of Met hod,’' in the Twcnly-Ninlh 
Ymirlmnk of lli(! Niitional Soeiely for Ihu .Study of Education 
(Public ,‘^eluMd Publishing Co., 19.30), Ch. iv, A survey of fimda- 
uu'utal iirnbleiiis in meliimlutogy in thorough keeping with tl\e 
Iftsaona of itsycliology of (he day. 

Lid*, Edwin S., “Iiwlruction in MatheumlicB,” JiullHin. 1932, No. 17, 
National S\irv(\v of .Secomlnry Edtiraliim, Monograph No, 23 
(U. S. Ollicfi of Education, KKIS). A reecnt disensHion of courses 
of sUidy and iirescnl )jrarlires in junior ami senior high schools. 

MoFahwsb, II fl, "A Plea for Arillinu'lii! in the First Grade," Kindtr- 
garfm and Fmt Gradr., V«I. 7, January, 1022, pp. 1-7. A discus¬ 
sion for those seeking to dittumiinc when to introduce the teach¬ 
ing of iiridiinetic. UefcreiiccH aro made to over seventy-five 
courecs in arithiuelitj, 

Monboe, iv. iS., Dcvrhi-pmvnl oj Arithmclk an a Moot Subjeet, U. S. 
Uurciiu of Education, Bnlktin, 1917, No, 10. A valuable review 
of firitliiuelic in the colonial pcriotl, conlribiitions by Colburn, 
Pcstidosxl, etc,, newer t(!ndm(!icH, etc. 

-, “A I’rcliiuinary llnport of an Inveslignlion of the Economy of 

Time in Arithmetic," Bixlrmlh Yearbook of the National Society 
for the Study of Kduwvlion, Part, I (Public. School Publishing 
Co., 1917). A stimulating pre-sentation of the problem. 

-, "Prlnciploa of Method in Teaching Arithmetic," in the Eighth- 

ieenth Yearbook of the Notional Society for the Study of Edu¬ 
cation, Part II (Public School Publishing Co., 1919), Oh. iv, A 
very helpful survey of basic principles and an indication of their 
application as derived from scirmtific investigations. 

-,and Bnoelhaut, M. I)., “A Critiisd .Sumnuiry of Kcsearch Relat¬ 
ing to the Teaching of Arithinetic,'’ TJniver.Hil,y of Illinois Bulletin, 
No. 68, 1031. Tim following aro included; problems in teaching 
and Icaming, drill, problem-solving, Icacliing reading of arithmeti¬ 
cal subject-matter. Good bibliography is included, 
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National Committee on Mathematical Requirements, "The Reorgani¬ 
sation of Mathematics in Secondary Schools” (Mathematical 
Association of America, 1923), Contains a good discussion of 
disciplinary values. 

National (Council of Teachers of Mathematics,' “Curriouliun Problems 
in Teaching Mathematics,” Second Yearbook (Teachers College, 
Columbia University, 1927). Part I applied especially to arith¬ 
metic. 

National Education Association, “Arithmetic,” in the Fourth Yearbook 
of tlie Department of Superintendence (1926), Ch. vii. An ex-, 
cellent section in a study, The Nation at Work on the Public 
School Curriculum, Chapter 'VII is concerned with many phases 
of curriculum material in arithmetic and gives summaries of a few . 
important investigations. 

Nifenboeer, Eugene A., "Diagnostic and Remedial Work in Arithmetic 
Fundamentals,” Educational Measurements for the Class Teacher, 
Bulletins Nos. 9 through 16 (Bureau of Reference, Reseerch and 
Statistics, New York City Board of Education, September, 1929- 
May, 1930). A series of compact summaries; probably the most 
helpful compilation for the supervisor and class teacher. 

—'—,Nevy York Survey Teals in Arithmetic-Manual of Directions, 
Bulletin No. 26 (Bureau of Reference, Research and Statistics, 
New York City Board of Education, 1932). 

Rbnwick, E. M., "Children’s Misconceptions Concerning the Symbols 
for Mathematical Equality,” British Journal of Educational 
Psychology, Vol. 2, June, 1932, pp. 173-183. Shows the difficiJty 
many diildren experience in recognizing the identity or equiva¬ 
lence of two mathematical expressions. 

Rpoh, Knioht, and Lutes, "On the Relative Merits of Subtraction 

Methods: Another Yiew," Journal of Educational Research, Yol. 

11, February, 1926, pp. 164-166. A summary and evaluation of 
methods of teaching. 

Ruoh, G. M., and Mead, C. D., “A Review of Experiments of Subtrac¬ 
tion,” in the Twenty-Ninth Yearbook of the National Society for 
the Study of Education (Public School Publishing Co., .1930), 
Ch. xiv. A convenient summary of the most important inquiries 
on the relative values of different methods of subtraction. • . 

Smith, David E., "Number Games and Number Rliymes,” Teachers 
College Record (Columbia University, 1912). The title is dMorip- 
tive of the content, Much interesting material is contained in the 
book. 

Stone, John C., How We] Subtract (Benj. H. Sanborn & Co., 1926). 
Gives the development of various methods of subtraction and 
compares current methods. 

'Washdubnb, Carleton, "When Should We Teach Arithmetic? Com¬ 
mittee of Seven Investigation,” Elementary School Journal, Vol. 
28, May, 1928, pp. 669-666. A careful inquiry into the old question, 
when to inteoduce pysteroatio instruction in arithmetic. 
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W.MIHI Hint Vm*; -Arp fhn C\.n,l,ituition« Inherently' 

I itli-nl!. Jii dmI f,j hiuriilum limrnrrh, Vol. 17 (1828) n m 
Wkkt. niel -TIu. Arithin.dc Currie,iS?*’fn £ 

/mi hnrhiftik „i (h.. Xaiinrijil Snriely for the Study of 

lvlu-;i»i!„i Uiil.hi- Srhoot Pul.lif.h)n(( Co., 1830), Ch. i/A 
InMone ^-urvi v of r],,-,i„. nt nf cniirMp.s of itudv 

11‘iX or.o'.r d’ly’"' 

''"''’v Mmrofrtr,/ Muol Journal 

ilinlrutty!^*'^* ■ ' ^ '"'"""“'■y of fhe *ero 

Ji'iy M.. “Arifliuii lir,-’ in ii,o Tliml Yrarhunk of the Depart- 

T.S;^ "E::r;7 

nrithnu MV ^ ^ of mimeiilum miitorials in 

of Arilhtnntic," in 
iiinhiiiih 01 fill! National Kociclv for the Study of 
Kijmafion, Part. I (I'lililio Si-hrud PuldisliiiiK Co.. 1017). 

‘ ~''r, ''r,'"'* •‘^'■*“*'■'■‘0 Soluliou," in the Third 

l/i, ‘ "I of .Su|.iTinl,n(l('n(R of the National 

I^h .«imu AsMinafiou (182.-.),a’-llO. Disru.Ksiou of mo.st im- 
irlaut |ii„l,lriuH of wirrieiiliiin-iiuikiiig will, atlcinpt to intro- 
nu(,' a M’lr'ntilii! npiirnfirh. 


^ f>nrh? (IIoiiRhUm Mililin Co., 

i.L0). Jh j title iu.lual.'.« the miiM, of Iho hook find the quostions 

It ntiPUiplM III niiswi r. 

mitv. (lilT.jrd '■The Arifhiiielinil HriekKioun.lM of Young Children," 

;r7w f'*'•'‘''"''■f'■ V"!. 2'i. Xo. 3 (October, 1031), 

pp. I.’W-.III. C,.hildi't n paH-ess iiiiieh iibilily in arithinetic; this ox- 
emhi till! wni(ile leclinUmen of nthliiig iiuil coiiiiting. 

Ski.k(;ti;o Rkskaiicii STuniBa 

Brito, IS. A., .nud HuuKrKNKU. L. J,. "A Mci,.surer„™t of Tinn.sfor in the 
J^famiiiE of ^uiiilier Cimibimilione," i« the Tunty-ifinlh Year- 
4eh>«,l I.. "f 1^'focotion (Public 

form, 4 + 7. An unusually 

hopeful tian-sfer w iiulieated. 

aooK.i, ,S. ,S., A Hl udy of the Toehnicnl and .Somi-teehnienl Vocabulary 

Ediicaliimat Research 
„( ***■ pp. 219-222. The tcehnieul vocabularies 

nn ^ hvu .anthnietie Knrle.s are nuiilyzeil. 

unuECKNiin I- J.. ''An.aly.-iiH of ISrron, in FraetionH," Rlmcntary School 
\ ol. 28, .Tune, 1928, pp. 700-77n. Helpful for Rrading work, 
_ o niulatmg diiignoHlie teHta, or iloviHing eoiTeelivc exorcians. 

wT tv/I o lilcmmlarv School 
Journal, Vol. 20, Septeiulier, 1028, pp. 32-41. nelfiftil aualygis. Will 
aia in dovwmg corrective practice. 
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—, and Elavell, M., “REliabilitjf of Diagnosis of Errors in Multipli¬ 
cation of Fractions,” Journal of Educational Research, Vol. 26, 
No. 3 (November, 1932), pp. 176-185. Unreliability of diagnostic 
tests, consisting of one example of each type, is shown. At least 
three examples of each type should bo included. 

- ^,and Hawkinson, “The Optimum Order of Arrangement of Items 

in a Diagnostic Test,” Elementary School Journal, Vol. 34, No. 6 
(January, 1934), pp. 351-357. In diagnostic tests designed for indi¬ 
vidual diagnoses, the four test examples of each type should be 
ananged togetlier in one row. The teat should be given during the 
time when the pupils are learning the process. 

BusWELL, Gr. T. and John, Lenor.e, “Diagnostic Studies in Arithmetic,” 
Supplementary Educational Monographs, No. 30 (University of 
Chicago, 1926). Report of over SCO individual diagnoses. Difficult 
combinations are identified and children’s habits of work in arith¬ 
metic are indicated. 

Chbistoffehson, H. C., "College Freshmen and Problem-Solving in 
Arithmetic,” Journal of Educational Resecnch, Vol. 21, No. 1 
(January, 1930), pp. 16-20. "College Freshmen, at entmnce, have 
about eighth-grade ability in problem-solving.” Most of the 
errors are computational. 

Clapp, F. L., "The Number Combinations,” Bureau of Mucational 
Research, Bulletins No. 1 and 2 (University of Wisconsin, 1924). 
A presentation of the relative difficulty of the various combina¬ 
tions and the frequency of their occurrence in textbooks, See 
bibliographical items. Eniohi! and Beheens; Nokem and 
Knight, 

Clakk, J, R., and Vincent, E. L., "A Study of the Effect of Checking 
upon Accuracy in Addition,” Mathematics Teacher, Vol. 19, 
Febniary, 1926, pp. 66-71. Children taught, to check performed 
fewer examples but had greater number correct. 

-, "A Comparison of Two Methods of Arithmetic Problem 

Analysis,” Mathematics Teacher, Vol, 18, April, 1925, pp. 226-233. 

Immaoulata, Sister M., "A Critical Study of Arithmetic Reasoning 
Testa,” Educational Research BvMelins, Vol. 2, No, 6 (Wash¬ 
ington, D. C,, Catholic University of America, 1927). "The results 
of this experiment, although based on the scores of a rather small 
number of pupils” (quoted from this study, p. 34) show that, 
the Buckingham Tests are superior to others in use in 1926. 

John, L., "Difficulties in Solving Problems in Arithmetic," Elementary 
School Journal, Vol. 31, November,T630, pp. 202-216. A study of 
errors in solving two-step problems in Grades 4-6 in the Uni¬ 
versity Elementary School of the University of Chicago and in a 
Chicago Public School. 

Knwht, F. B., "Comments on Long Division," in the Fourth Yearbook 
of the Department of Superintendence of the National Education 
Association (1926), pp. 208-213. "Psychological and pedagogical 
analysis” of over 40000 division examples with two-digit divisors, 
designed to simplify the teaching of long division. 
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HhitiiKNiSi, M. s., thv Lrurniny uf lha 100 Adililion Com- 
binaliow find lha 100 Hublraelum Combinalinns (Longmans 
Cirm-n it t'li., 1^1118), Hi'sults olilainrd hy a iimiuisang technique 
aro iin w-nli'iJ. Thcao difler mgnilicantly from those obtained by 
(.'Japp. 

Kwamsk, tiRiCf! A., fhr ESi ci af (U ttain FaHotn in the. Verbal Arith- 
mclif. Probb'iii ujmn I'hililren’ii iSWoss i)i the Solution, Johns 
Ibipkins T’iiivi'i»iit.v Stiidica in Kdnciilion, No. 20 (Johns Hopkins 
I’n'.'w. iniW). A carefully iihuiiied and excciitcil study t»f the ways 
in which cliildtcn rciwon in prohliiin-solving. Tho chapter, 
‘'Griliciil Analysis of Children's Work," is espocially stimulating. 

1.AZAK, May, Diagnoatic and Rewrdinl ll'orfc in ArillmcLic Funda- 
mantnb jor Inlermndiale Ortulm (Rureiiu of Reference, Research, 
and iSlatistics, Hoard of Kdiicalion of the City of New York, 
192ft). A very heliifuldiugiioHticanulysw with appropriate remedial 
snggeslitms and case study. An iiuporlaut contribution. 

LAZABittK, M. Thu Daih'topmvnl o) Frablrm-Solving Ability in 
Arillimrlw (I’ormitu, Clarkn, Irwin & Co., Ltd,, 1033). Considered 
a major coiitriliution to this field hy niiswoll. 

Lutes and Ha.muhIiWin, “A Mcthoil (or Hutiug the Drill Provisions in 
Ariilmudic Tc.\tl>(iok,s," Viimnity oj Iowa Monoi/raphs in Mu- 
ration, Pirst Meries, No. 3 (1926). Somn sludcnU regard this as 
the mo.st vnluiitilc uiil in delnrmining the value of drill material. 

MitcheUi, Cliiude, "Problem Aiialyeia nml Problem-Solving in Arith¬ 
metic," Klamr.nlary Srhrml Journal, Vol, 32, Pebruary, 1032, pp. 
481-165. D(!lailed analytical (lueslions asked by the tenehor on 
Iirobloms to facilitiile solution by the children. 

Monbok and Ci.ahk, ''Tim Teacher'a Responsibility for Devising Learn¬ 
ing Exerci.io.s in Arilhmntic," tlnivcmity of Illinois Bureau of 
I'Miicational Hcsran!li, linlktin No. 31, Vol. 23, No. 41, 1026. A 
careful and Iiclpful uualysis) ia matte of tho problems in ten text¬ 
books. 

Momaw, R. L., "An Annlysw of I’ttpils' Errors in Eraetions," Journal oj 
EdwatUmal licHcnrrh, Vtd. 0, Pchniary, 1024, pp, 117-126. Excel¬ 
lent diugnn.slie atudy with indications for remedial measures, 

Nbulen, Loon, Fniblem-Snluiuy in Arilhmidie (Columbia Univeraity, 
1031). The aim of the study is to ascertain grade placement of 
various written problems, depending on tho number of steps in¬ 
volved, 

Newlano, T. E., "A Study of tho Specific Ilteglbilities Eoimd in the 
Writing of Arabic Numerals," Journol o/ Educational Research, 
Vol. 21, No. 3 (March, 1030), pp. 177-186. Tho extent of illegi¬ 
bility. 

Nosem, G. IL, and Kitimir, E. B„ "The Learning of the 100 Multipli¬ 
cation Combinations," in the Twenty-Ninth Yearbook of the 
National Society for this Study of Education (Public School 
Publtehing Co., 1030), Ch. vii. Seeks to determine the amount.of 
praoticB needed for each of these coraliinationa, Tho relative diffi- 
_ culty of the eombiaations differs from that indicated by Clapp. 
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Oiandeih, H. T, “Transfer of Learning in Simple Addition and Subti'oo- 
tion," I and II, Elemeniary School Journal, Vol. 31, January and 
February, 1931, pp. 368-369 and 427-437. The study shows that 
ability developed in fifty-five simple combinations' in addition 
and in fifty-five combinations in subtraction is transferred to a- 
surprisingly high degree to the other combinations in these two 
processes. 

__,ond Shabp, E. T„ “Long Division vs. Short Division,” Journal 

of Educational Research, Vol. 26, No. 1 (September, 1932), pp. 
6-11. Study allows that children prefer long division and are more 
accurate in it. The author concludes that long division should be 
taught first and that short division be taught as a short cut. 

Overman, James B.., "An Experimental Study of Certain Factors Affect¬ 
ing Transfer of Training in Arithmetic,” Educational Psychology 
Monographs, No. 29 (Warwick and York, 1931). An extended 
research, interesting for its technique rather than its conclusions. 
Transfer takes place “in useful amounts” and is quickened by the 
extent to which the methods of instruction help the child to 


generalize. . t 

Pbbssbt, L. “C., and Emm, M. K., “The Fundamental Vocabulary of 
Elementary-School Arithmetic,” Elementary School Journal, Vol. 
33, September, 1932, pp. 46-60. A fundamental vocabulary for ele- 
mentai'y arithmetic is presented. The authors derive their date 
from (a) four previous studies; (b) ratings of 100 grade-school 
teachers; (c) a study of social value of words. 

Ruoh G M., "Relative Difficulty of the 100 Muliplication Facts TOth 
Special Reference to Textbook Gonatruotion,” EUmentary School 
Journal, Vol. 32, No. 6 (January, 1932), pp. 369-377. Summ.^ 
and comparison of the facts in the three studies, by Clapp, by, 
Norem and Knight, and by Foulkes. . „ , i i nj 

Stevens, B. A, "Problem-Solving in Arithmetic,” Journal ofJEduca- 
lional Research, Vol. 26,'Nos. A-6 (A.pril and May, 1932), pp. 
263-260. Ability in fundamental operations is more closely coire- 
lated with ability in problem-solving than is general reading, 
ability. Do children solve problems by following type solutions or 
by “vital reasoning processes"? 

Stretch, Loma B., The Relation of Problern^Solym^ AbiMy in ArUh- 
melie to Comprehension in Reading, Contributions to Eduoation, 
No 87 (George Peabody College for Teachers, 1931). Investiga- 

■ tion shows the value of training for specific purposes. 

Washburne and Osborne, “Solving 

School Journal, Vol. 27 (November and December, 1926, pp. 219- 
226 and 296-304; Three methods of teaching problem-eolvmg are 

WASHBrnS^^Carieton, "Mental Age f ^ Ari&metio torieulm " 

Journal of Educational Research, Vol. 23, No._3 (March, 1931), 
no 216-231. Indicates the placement of arithinetio topics with re^ 

■ to to-mental age. For each topic the i^um and the opti¬ 
mum mental age is indicated. Very suggestive. 
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APPENDIX II 


SAMPLES OE STANDARDIZED TESTS AND RELATED 
MATERIAL 

Thb Rici Tebtb^ 


Fourth Year 

1. A man bought a lot of land for $1743, md built upon it a 
house costing $5482. He sold them both for $10000. How much 
money did he make? 

2. If a boy paya $2.83 for a hundred papers, and sells them at 
four cents apiece, W much money does he make? 

3. If there were 4839 classrooms in New York City, and 47 chil¬ 
dren in each classroom, how many children would there be in the 
New York schools? 

4. A man bought a farm for $16675, paying $85 an acre. How 
many acres were there in the farm? 

5. What will 24 quarts of cream cost at $1.20 a gallon? 

6. A lady bought 4 pounds of coffee at 27 cents a pound, 16 
pounds of flour at 4 cents a pound, 15 pmmds of sugar at 6 cents a 
pound, and a basket of peaches for 95 cents. She banded the store¬ 
keeper a $10 note. How much change did she rccdve? 

7.1 have $9786. How much more must I have in order to be 
able to pay for a farm worth $17 225? 

' 8. If I buy 8 dozen pencils at 37 cents a dozen, and sell them at 
5 cents apiece, how much money do I make? 

Sixth Year 

1. If a boy pays $2.83 for a hundred papers, and sells them at 4 
cents apiece, how much does he make? 

2. What will 24 quarts of cream cost at $1.20 a gallon? 

3. If I buy 8 dozen pencils at 37 cents a dozen, and sell them at 

5 cents apiece, how much do I make? _ 

1 Tests for the fifth and seventh years are not reproduced. For full 
reference, see page 167, 
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4. A flour merchant bought 1437 barrels of flour nt 47 n i I 
He fltjlil of these liiirrcls at »9 a barrel, and the rem^nder^irSfl • 

a barrel. How muehdirl he make? renmmaeratifl 

6. If 11 train runs 31% miles an hour, how long will it take the A 
Imin to run from Builalo to Omaha, a distance of 1045 miles? 

„ ^ 10 j“elK?8 long is made on a - " 

scale of WJ Hules to the inch, what is the area in square miles that ' 
the map reprcwcnt.s? ,i 

7. l^e «dt water which was obtained from the bottom of a 

‘>1 '™Kht of pure salt, mat ' 

w “,7“ “ : 

fJ. gentleman gave away Vr of the books in his libnarv, lent % 
of the remainder, and sold of what was left. Ho then had 420 books 
rcmnuuiig. How nmriy had he at fimt? 


Eighth Year 


}• map 10 inches witle and 16 inohes long is made on a scale 
Of .10 miles to the inch, what is the area in square miles that the man 
represonts? 

2, The salt water which was obtained from the bottom of a mine 
of rock salt contained 0.08 of its weight of pure salt. Wluit weight 
Of salt water was it necessary to ev.'iporatc in order to obtain 3896 
pouiida of salt? 


3. A gentleman gave away H of tlie books in liis library, lent % 
of the mniimder, and sold U of what was left. He tlien had 420 books 
remaining. How many Imd he at first? 


4. A man sold 50 horses at |12G.0() each. On one-half of them 
ho J^do 20 per cent, and on the other half he lost 10 per cent. How 
much did he gain? 

6. Sold Btral at $27.60 a ton, with a profit of 15 per cent, and a 
total profit of $184.50, What quantity was sold? 

bought 300 apples at the rate of 5 for a cent, 
and 300 at 4 for a cent. Ho sold them all at the rate of 8 for 6 cents, 
What per cent did he gain on his investment? 

““d furniture cost 

5^0.00. The rate being 70 cents on $100.00, what was the value of 
the property? 

Gunpowder is composed of niter 15 parts, charcoal 3 parts, 
and sulphur 2 parts. How much of each in 360 pounds of powder? 
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Stone’s Test ® 

The main purpose of the reasoning test is the determination of 
the ability of 6A children to reason in arithmetic. To this end, the 
problems as selected and arranged are meant to embody the follow¬ 
ing conditions: 

1. Situations equally concrete to all 6A children. 

2. Graduated difficulties 

a. As to arithmetical thiiUdag, 

b. As to familiarity with the situation presented. 

3. The omission of 

а. Large numbers, 

б. Particular memory requirement, 

c. Catch problems, 

d. All subject matter except whole numbers, fractions, and 
United States money. 

The test is purposely so long that only very rarely will any pupil 
fully complete it in the fifteen-minute limit. 


The Test in Fundamental Operations 

Work as many of these problems as you have time for; work 
them in order as numbered. 


1. Add 

5. Multiply 768 by 604. 

2375 

6. Divide 1918962 by 643. 

4052 

7. Add 

6354 

4695 

. 260 

872 

5041 

7948 

1543 

6786 


667 

2; Multiply 3265 by 20. 

858 

3. Divide 3328 by 64. 

9447 

4. Add 

7499 

596 


428 

8. Multiply 976 by 87. , 

04 

9. Divide 2782642 by 679. 

76 

10. Multiply 6489 by 9876. 

302 

11. Divide 6099941 by 749. 

646 

12. Multiply 876 by 79. 

984 

13. Divide 62693266 by 859. 

897 

14. Multiply 96879 by 896., 


® For full bibliographical reference, see page 169. 
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ARITHMETIC—Test No. i. Speed Test—Multiplication 
Ifame —- School __Grade__ 

Write on this paper, in the space between the lines, the answers 
to {IS many of these multiplication examples as possible in the time 
allowed. 


3 4 9 0 5 

2 7 8 2 0 

4 2 7 4 9 

1 9 0 0 r> 

9 5 4 7 C 

1 2 8 0 5 

2 3 9 0 7 
1 3 6 6 4 

12 8 15 

9 5 7 1 3 

M ^ ah M 

1 2 7 0 8 

6 8 7 6 3 

2 6 6 0 7 

3 5 0 S 3 

8 2 7 6 4 
1 6 9 0 6 


ARITHMETIC—Test No. 4. Speed Test—Division 

Name -—— — School ---- ffrade _ 

Write on this paper, iu the spjico between the lines, the answers 
to ns many of these division examples as possible in time allowed. 

1)8 5)£0 8^2 1)0 0^ 2)0 4^ 7^1 0)0 8)»2 9^9 3)21 6)^ 1)1 
5)W 3)9 4^ ())J)(3 2)0 7)ffi r))r> 4)J|0 9)iU 8)0 4)r2 1)5 2^5 8)« 
1)2 9^ 1)J 5VW 9)jW 2)2 .3D2 8^ 4m fi]£) 2^ 8)J16. 

ARITHMETIC—Test No. S. Speed Test—Copying Figures 

Name _ School -^ ffrade- 

Copy on.tliis paper, in tho space between the lines, ns many of ' 
the printed figures as possible in the time allowed. Write as rapidly, 
as possible, but form the figures as cfirefully as in working examples. 

24967 42976 62947 72964 24970 42967 62974 72946 

V' 

26974 46027 04072 74926 20947 4G972 04927 74962, 
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ARITHMETIC—Test Mo* ■ 6. Speed Test—Reasoning 

Name - School _ ^ Grade__ 

Do not work the following examples. Read each example through, 
make up your mind what operation you would use if you were going 
to work it, then write the name of the operation selected in the blank 
space after the example. Use the Mowing abbreviations: "Add.” 
for addition, "Sub.” for subtraction, "Mul.” for multiplication, and 
"Div.” for division. 


1. The children of a school gave a sleigh-ride party. 

There were 9 sleighs used, and each sleigh held SO chil- 
dran. How many children were there in the party?. 

2. Two school-girls played a number game. The score 

of the girl that lost was 67 points and she was beaten by 
16 points. What was the score of the girl that won?. 

3. A g^rl counted the automobiles that passed a 
school. The total was 60 in two hours. If the girl saw 27 
pass the first hour how many did she see the second?.... 

6. A teacher weighed all the children in a certain 
grade. One girl weighed 70 pounds. Her older sister was 
49 pounds heavier, How many pounds did the sister 
weigh? .... 

6. A club of boys sent their treasurer to a store to 
buy baseballs. If they expected him to buy 7 balls at 45 
cents each, how much money (hd they give him to spend? 

9. A girl was five times as strong os her small sister. 
If the stronger girl was able to lift a weight of 100 
pounds, how large a weight could the smaller prl lift? 

16. Five boys gathered nuts which they put into one 
large pile. Out of this they made five small piles of 197 
nuts each. How many nuts were there in the large pile? 


Opera¬ 

tion 

— 



















£00 
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AfiimMETIG-Tert No. 7. Fundamentals 


Sam . .. School —— - Grade __ 

In the blank apace below, \4ork as many of these examples as 
powible in the time allowed. Work them in order os numbered, writ¬ 
ing each answer in the '‘answer” column'before commencing a new 
example. Do no work on any other paper. 
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Arithmetic—Test No. 8. Reasot^, 

Na^e - School _ Grade _ 

In the blank apace below, work as many of the Mowing examples 
as possible in the time allowed. Work them in order as numbered, 
entering each answer in the “answer” column before commencing a 
new example. Do not work on any other paper. 


1. A party of children went from a school to a woods 
to gather nuts. The number found was but 206 so they 
bought 1955 nuts more from a farmer. The nuts were 
shared equally by the children and each recdved 45. 

How many children were there in the party?.... 

3. A girl found by careful counting that there were 
87 letters more on a page of her history than on a page 
of her reader. In the first 29 days of school she read 31 
pages in each book. How many more letters each day 

did she read in one book than in the other?. 

5. A girl’s record in spelling for 5 days was 19,18,20, 
16, and 20 words spelled correctly out of 20. If each of 
the 16 cliildren in the grade had had the same record, 
what would have been the total number of words spelled 
correctly by that grade in 5 daye?. 

7, A teacher corrected 2400 arithmetic test papers, 

2295 of these he marked "poor,” “fair,” "good,” etc. All 
the others were marked "unsatisfactory," If each of the 
papers in this group had 47 mistakes, what was the total 
number of nustakes in the unsalisfactory papers?. 

8. In two schools five teachers recoiri^ the number 

of blocks the children walked in going td and from school. 
The total for one school was 3000 blocks; for the other 
2400. The number of children in both schools was 216. 
How- many blocks did each child walk a day?.. 

Total 


An¬ 

swer 

- 








r 
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CowHTts’ Tuiita IN Funoamentai. Operations * 


m 


Sebieb B 

j^p^hmfttie—Test Ho. U Addltioii 
Form 8 


Score 

No. Attempted. 
No. Right. 


You will he given eight minutHi to find the nnswers to as many 
of these nddilicm examples as possible. Write the answers on to 
mper directly underneath the examples. \oii are not expected to be 
able to do them all. Yon will he marked for both speed and accuracy, 
C “ “m® to ho,, you. « »Jht tlm to try . 

great many examples. 


127 

375 

953 

333 

32S 

9U 

554 

167 

554 


096 

320 

778 

880 

913 

164 

897 

972 


386 

403 


237 
949 
480 827 

987 240 

354 816 

600 261 

744 75.5 

195 


833 


186 

775 

684 

260 

372 

346 

595 

254 


119 234 959 137 


474 

787 

591 

106 

869 

451 

336 

820 

533 


877 

845 

981 

693 

184 

772 

749 

256 

258 


537 

685 

452 

904 

511 

088 

569 

127 

323 


Arithmetic-Test No. 2. Subtraction 
Form 1 

You will bo given four minito to find the answers to as raray 
.1 £ JmL oxompta a. p<«iMo. Writo the ..ovrota «^h. 
iwoor (litMtly untlornwith the cxomplra. \ou ore not expec^ 
Bb “do S™ .11, You tdU be martad for both ^.d^. 

but it i. more i».l»rt»t to tavo your — rtsht tto 
to try a great many examples. 

107796491 75088824 91500053 

77197029 67406394 19901563 72-- 


160020971 

80361837 


51274387 

26842708 


117359208 

36955523 


47222970 

17504943 


iPor lull reference, see page 170. Each test lU Senes B is eb re 
vlftted by about 60%. 




SAMPLES OP STANDARDIZED TESTS 503 

Aiitbmetic—Test No. 3. MultipUcation 

Form 1 

You ■will be given six minutes to work as many of these multipli¬ 
cation examples as possible. You are not expected to be able to do 
them all. Do your work directly on this paper; use no other. You 
will be marked for both speed and accuracy, but it is more impor¬ 
tant to have your answers right than to try a great many examples. 


8246 

3597 

5739 

2648 

9537 

29 

73 

85 

46 

92 

-- 

‘ 

^ ' ' 

■* 

' 

4268 

7593 

6428 

8563 

. 2947 

37 

640 

58 

207 

63 

- 





6385 

8736 

5942 

6837 

4952 

48 

502 

39 

680 

47 


Arithmetic- 

-Test No. 4. 

Form 1 

Division 



You will be given eight minutra to work as many of these division 
examples as possible. You are not expected to be able to do them 
all. Do your work directly on this paper; use no other. You will 
be marked for both speed and accuracy, but it is more important 
to .have your answers right than to try a great many examples. • 


26)6775 

94)8^ 

37)^ 

86)80066 

73)68766 

49)^409 


52)44^ 

68)39608 

49)28420 

62)21112 

73)3MB3 

28)23643 

54)48708 

39)32760 

, 67)61707 
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WoODT SCAtES, SeIUEU A® 


Addition Scale 


Name 


Whan is your next birthday?.How old will you bo?. 

fViiwM •« * «,1,1*1. ir\*iir1n orft VAIi 


(0 

2 


( 8 ) 

2 

3 

4 


C3) 

17 


(-« 

53 

13 


('*) 

72 

20 


(/]) 

(7) 

(3) 

(0) 

60 

3 + 1 « 

2 + 5 + 1 = 

20 

37 



10 




2 




20 




36 


(10) w) 

21 32 

33 SO 
85 17 


(W 

43 

1 

2 

13 


(IS) 

23 

25 

16 


(74) 

23 + 42 ’ 


(16) 

(iff) 

(17) 

(18) 

100 

0 

100 

2563 

33 

24 

104 

1387 

45 

12 

205 

4954 

201 

15 

166 

2066 

46 

19 




(10) (80) 

6 .78 $12-50 
1.26 10.75 

,40 18.75 


( 81 ) 

$ 8.00 

S.78 

2.3;} 

4.16 

.04 

0.32 


(SO) 

12H 

m 

12H 

87^ 

(35) 

.40 

.28 

.63 

.05 

1.60 


(87) 


( 88 ) 

H+H” 


(gs) (8.9) 

.w H+H®” 

107 

68S 

678 

456 

308 

626 

240 

162 


(g4) (83) 

4.0126 %+%+%+H’^ 

1.5007 


4.10 

8.673 


(83) (SO) 
4 % 2J4 

6«/i 

SH 3g 


(81) (88),^ 
113.46 
40.6007 
10.0 
0,87 
,0080 
18.253 
0,04 


.22 

^ _ _ 

i ; '^jpor full bibliopaphioal reference, we page 171. 
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% 


.36 

W) 

(S$) 

(se) 

. (S7) 

1.01 


2 fi 6 in. 

2 yr. 5 mo. 

m 

.56 


3ft, 6in. 

3 yr. 6 mo. 

12H 

.88 


4 ft. 9 in. 

4 yr. 9 mo. 

21H 

.76 



Syr. 2 mo. 

m 

.56 



6 yr.,7 mo. 



1,10 

.18 

'.56 (S8) 

- 25.091+100.4+26+e8.28+19.3614» 


Sttbtniction Scale 


Name.... 

When is your next birthday?... .How old will you be?. 

Are you a boy or girl?.In what grade are you?. 


(1) (3) (8) 

(4) 

(S) (S) 

(7) (S) 

(9) (10) (11) 

8 6 2 

9 

4 U 

13 59 

78 7-4= . 76 

J _0 _1 

J 

J i 
i 

i IE 

37 80 

(W (IS) (U) 

(15) 

(m (17) 

(18) 

(19) (80) - 

27 18 50 

21 

270 393 

1000 

667482 2J4-1=- 

.3 0 25 

' 9 

190 178 

537 

106493 






(W) (2*) 


(«S) 

(24) (24) 

1 m 

10.00 8)i-H 

8 

80836465 

8H 27 

4 yds. 1 ft. 6 in. 

3.49 


49178036 

6M 12Ji 2 yds. 2 ft. 3 in,. 

(IT) 


(«S) 

(29) 

(30) ■■ . 

5 yds. 1 ft. 4 in. 


10-6.25= 

7654 

9.8063 -9,019= 

2 yds. 2 ft. 8 in. 



6^ 

' - 

(SI) 


(5JS) 

(SS) 

(34) _.(S5)'. 


7.3 -3.00081= 1912 6 mo. 8 da. Hj-Ko” 6)i!, 
1910 7 mo. 15 da. 
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Multiplication Scale 


Name. 

When is your next birthday?.. How old will you be?,. 

Are you a boy or prl?.. In what grade are you? 


(1) 

m 

(6) 

«) 

(6) 

(6) (7) 

3X7. 

“ 5X1“ 

2X3“ 

4X8 

« 23 

310 7X9=. 





1 

_4 

(S) 

(6) (W) 

(11) 

(12) 

(IS) 

(14) (16) 

60 

254 023 

1036 

S09B 

8754 

165 236 

1 

J J. 

8 

6 

8 

JO J3 

(16) 

(17) (16) 

(16) 

m 

(21) 

(22) 

7898 

145 24 

9.0 

287 

24 

8X6)i = 

9 

2QG 234 

j4 

^5 



(SH) (i?^) 

(66) 

(26) 

m I 

:65) (66) 

IHX, 

8 “ 16 % X ” 

0742 

6.25 

.0123 J4X2 = 

_2fi 


60 

3.2 

0.8 

(SO) 

(61) 

(62) 


(6.6) 

(64) 

2.49 

X Hh “ 

6 dollars 49 cents 

2HX3)i“ HX^ = 

30 


f 

! 



(S6) 

(66) 

(67) 


(65) 

(66) 


2 ft. 6 in, 2HxmX 

m 

.0963)4 

8rt.9Min. 

25 

5 



.084 

9 


Bivialon Scale 


Name. 

When is your next birthday?., 
Ate you a boy or girl?. 

( 1 ) («) ( 3 ) 

850 9527 4)28 

(r) (S) { 0 ) 

4 + 2 - 9)0 l)'f 


.Ho wold will you be?. 

.In what grade are you?. 

W) (5) (fl) 

1)5 9)30 3)39 

(1(7) (11) (12) 

OX.. = 30 2)13 2 + 2 = 
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(13) 

(U) (IS) . (16) 

(17) 

4)24 lbs. 8 oz. 

8)^6 ^ of 128 = 68)^ 

50-r 7 = 

(18) 

(19) (20) (SI) 

(22) 

13)66066 

248 T 7 = 2.1)^ 15)9^ 

2yi3l^ 

(33) 

1 

§ 

(S6) 

23)469 

75)2250300 2400)604000 

12)0 

(27) 

(S8) (S9) 

. . (30) 

of 624 “ 

.003) .0936 3^ + 9 = 

^ + 6 = 

(31) 

(3S) 

(SS) 



62)3766 

(S4) 

(SS) 

(36) 

62.60 + IJi 

631)37722 

0)60 lbs. 0 oz 


Mixed Fundamentals 



A scale for measuring ability in all four fundamental opera¬ 
tions of whole numbers consists of thirty-five examples. Form I 
selects its thirty-five examples as follows: 

10 ey^Tnpl RH from the addition scale: nos. 1, 3, 7,1'3,16, 20, 22, 
25, 33, 38. 

7 examples from the subtraction scale: nos. 3, 7, 13, 17, 20,, 

10 examples from the multiplication scale: nos. 3, 6, 9, 12, 16, 
20, 26, 29, 35, 38. 

8 oxanipleB from the division scale; nos. 7^ 11,, 15,19,27j 30, 

36. 

There are additional forms of the Mixed Fundamental Scale made 
up in similar manner. 


CuSVELAND SmiVET ARITHMETIC TbSTB “ 


This survey or inventory trat consists of fifteen sets. The scope 
of eac-li set is indicated below: , , 

Seta A, B, C, and D, similar to Tests 1, 2, 3, 4 of the origmal 
Courtis Tests, are concerned with combinations ui addition, subtrac¬ 
tion, multiplication, a nd division. __ J. 

“For full bibliographical reference, see page 171. 
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Set 3 eoitfilsts of sixteen oxiunples in single-colitmu addition of ' 
five addends. Set P is made up of twenty examples in subtraction of 
m 1236 854 

tbo type of —, , anil —. Set G consists of 20 examples m 

wWch a four-plttre multiplica nd is m u ltiplied by a digit; Set I, of 
12 examples in division like 4)55424, 0)75933, and 4)38008. 

Seta J, K, L, and N are tests in the four fundamental operations 
requiring sltill of a dutinctly higher order. Thus, in addition, there 
are fourteen examples in single column addition, each having thirteen 
addends; in division and in multiplication the divisors and the multi* 
pliers are of two places. In. Set M five addends of four places each 
ate introduced in twelve examples, 

Sets H and 0 arc devoted to common fractions. In the former 
there are twenty-four e-xamples in addition and subtraction, but 
always with simitar denominators; in the latter, twelve examples 
introduce all the fundamental operations with dissiimlar de- 
nominatara. 

Monroe's Diagnostic Tests in Arithmetic^ 

Operatiana with Megers 

Below is given one section of Monroe's Diagnostic Test. The, 
reader is advised to solve e.nph of the examples and thus identify each 
of the common errors this test is designed to reveal. The other parts 
of tile tests arc concerned with the other fundamental operations. 
Test 10, reproduced below, is allowed two minutes. 


Test 10—Multiplication 

Attempts 
Rights.. 


660 

807 

617 

840 

730 

609 

37 


J8 

JO 

JO 

JO 

435 

790 

940 

307 

682 

870 

308 

JO 

J3 

J2 

409 

JO 

780 

602 

386 

160 

850 

401 

JO 

J2. 


_90 

_72 

JO 

817 

400 

730 

605 

392 

690 

109 

30 

52 

84 

300 

30 


MW 


—— 




r For full bibliographical reference, see page \72, 
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Monrob's Standardized Reasoning Test in Arithmetic * 

For Grades 6 and Test H, Form I. 

This reasoning test in arithmetic, is made up of fifteen problems. 
Each is allowed credit for correctness of principle (P) and correct¬ 
ness of answer (C). These are indicated with each problem. Without 
the norms supplied by the author of the test, the score of a pupil 
has relatively little significance. 


1. A girl having % yd. of ribbon, bought % yd., more. 

TOat part of a yard had she then?. P, 2; C, 1., 

2. A piece of ribbon 4% yards long is out from a bolt 

containing 10 yards. How many yards are left?.. P,2; C,2. 

3. There are 31.6 gallons in a barrel. How many gallons 

are there in 63 barrels?..... ,P,2; C,2. 

4. If a horse eats % bu. of oats a day, how long will 6 

bu. last?.. P,3;C,2. 

5. When a 20-pound cheese is worth $1.90, how much 

will a 10-pound cheese cost?.P, l; C, !.■ 

6. Pour loads of hay are to be put into a bam. The first ■ 

load weighs 1.125 tons; the second, 1,76 tons; the 
third, 1.8 tons; tlie fourth 1.9 tons. Find the weight 
of the four loads.. P, 1; C,2. 

7. A baker used % lb. of flour tb a loaf of bread. How 

many loaves could he make from a barrel (196 lbs.) 
of flour?... P,3;0,2. 

8. My telephone bill is $12.85 a month. At that rate bow 

much should I pay in 2% years?. P,2; C,2. 

9. A man spends $6.50 for board, $12.25 for clothing, , . 

$5.20 for books, and had $12 left. How many 
dollaiB and cents had he at first?.P, 1; C, 2; 

10. A boy saves 1% cents on a picture by doing his own 

developing and printing. This makes a saving of . 
how much on each dozen pictures?... P, 2; C, i. 

11. Make out the following account for a day. Cash on ' 

hand, $174.30; Receipts, mdse., $12.60; $6,76, 

$0,42, $17.30, $9.50, $42.76; Expenses, Perry and ^ 

Co., bill, $75.82..... P,3;C;3,; 

.12, Muslin is to be boughtlor 12 new curtains each re- , 
quiring 2% yds. How much will the muslin cost at 
12% cents a yard... P, 3; C, 3.;^ 


«For full bibliographical reference, see-page 172. 
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13. 


A. roiirket man has 7850 pounds of ice put into his 
^ Srigemtor at one time. How much docs it cost at 

!4 A costing p5.75 

^ jrr other $^.50. How much more did the one 

15. A fanner rawl 500 luishcls of wheat jm a held of 40 
Kcrea. What was the average yield per acre?. 


P,2;C,3. 

P,1;C,1. 

P,2;C.2. 
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„ , ^ , DuONOBTICCHiET PuUlBhedliraie 

Tmohei'BDItgnosta SnWle Schod PaUJililng Oo. 

for Pnpil _____ Bloomington, niinoiB 

iNOrnDtlAL Dimcui/rnis Printed in TJ, S. A, 

FUNDAMENTAL PROCESSES IN ARITHMETIC 
Prepared by G. T, BuaweU and Lenore John 


Name-School-^Grade_Age_IQ_ 

Date of Diagnoflia:--Add—; Bubt_; Mult,_■ Div_ 

Teacher’a preliminary diagnosis-^_ 

Diviaion: (Place a check before each habit observed in the pupil’s 
work) 

_dl Errors in dimmon oombi- 


nationa 

_d2 Errors in subtraction 

_d3 Errors in multiplication 

_d4 Used remainder larger 

thaiL divisor 

_d6 Found quotient by trial 

multiplication 

_d6 Neglected to use re¬ 
mainder within problem 

__ d7 Omitted zero resulting 

from another digit 

_d8 Used wrong operation 

_d0 Omitted digit in dividend 

_dlO Counted to get quotient , 

_dll Repeated part of multi¬ 
plication table 

_dl2 Used short division form 

for long division 

_dl3 Wrote remainders within 

problem 

_dl4 Omitted zero resulting 

from zero in dividend 

_dl5 Omitted final rem^der 

difi Used long division form 
for short division 

_dl7 Counted in subtracting 

_dl8 Used too large a product 

_dl9 Said example backwards 


—d2D Used remainder without 
new dividend figure 
—d21 Derived unknown combi¬ 
nation from known ope 
_.d22 Had right answer, used 
wrong one 

_^d23 Grouped too many digits 

in dividend 

_d24 Error in reading 

_d25 Used dividend or divisor 

as quotient ' 

_d26 Found quotient by add¬ 
ing 

_d27 Reversed dividerid and;; 

divisor 

_d28 Used digits of divisor 

separately 

_d29 Wrote eiU remainders at 

end of problem 

_d30 Misinterpreted table 

_d31 Used digit in dividend ■ 

twice 

_d32 Used second dipt of, 

divisor to find quotient 

_d33 Began dividing at units 

digit of dividend 

'_d34 Split ctividend 

,_d35 Used endings to find ; 

[ quotient 
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DIVIDE; 


(1) 

(2) 

(3) 

2)8 m 

4)1684 3)iMl 

3)l3 2)45 

(4) 

(8) 

(0) 

8)8 12)12 

3)18300 2),S6W 

3)1200 8)68M 

(7) 

(8) 

(0) 

8 + 1 - 

2)9 5)48 

23)483 32)992 

8 + 2 - 



(10) 

(11) 

(12) 

STlOtiS 0)8O(KK) 

2)0«4 7)31M2 

2)6140 0)84036 

(13) 

(14) 

(16) 

OT 4 WO 3)1)388 

16)870 25)925 

21)1491 34)T635i 


(16) 


G)3^ 8]100&00 


(17) 


tt)ifir 6)204183 


( 18 ) 


17)189 78)5144 


(19) 


37)r6133 46)23n3'4 ’ 


( 20 ) 


400'P85o5 630)35140 


( 21 ) 


924)Bg0m 396)302!7g 


SLmllia diagDOBtio amilyscs oro provided for the other fundamental 
operationa. 
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Sahqbbn-Reidt Instructional Tbsts in Abithmbtic ®' 

This series of tests identifies the majoi unit skills in each arith¬ 
metical process as an aid in developing arithmetical ability. For each 
grade, the authors offer a- series of tests, one test for each month.. 
Each test is designed to. reveal, "The particular types of difficulty 
of the individual pupil” in both fundamental operations and prob¬ 
lem-solving. 

The following specimens present the framework around which- a . 
test is constructed, 


Grade lH—Teat 1 


Unil of 

sm 


Deicriplion of SMU or AMUy 


Ability to add single column (keeping one’s place 
in the oolumn): 

Three or more digits. 


B 

0 


Ability to identify columns. 


Ability to add with carrying one. 


Ability to add with carrying two. 


22 

23 ' 


32 

69 


20 

45 . 


E 

F 

G 


Ability to write in correct position the numbers 
which should be added: 

Sum less than 10-... 

Greater than 10 and written.. ■ ■ 

Sum includes aero..-. 


3, 4, 2 
6, 4, 6,2- 
60, 20, 40 



•For bibliography reference, see page 172. 










Grftde V--TeBt II 


n/Xihfi nr I EtavuaIa 



A# to pwetlurc: 
frac.liariH 

A When one given (Icttominahir is common 

tlciiotniniUor... J^ + }^b 

B Ailticiul a whole miinher niul preceding addend 

iaafraelioii... H+3 = 

Adilcml a ijriiiKT fMction uiiil preceding addend 
a tnixnl nurulier 

C When oim deimmiiwior is emiimon denom¬ 


inator. .... 2}^ + s 

B When (leimmimilora have common factor 

only... 214 + 3^(1 = 

B One ndilend n mixed miinlicr nnd prtKieding 

ttdilciid a whole immher. 4 + 2?^ = 

F Vico vema of the iihove.. lJ^ + 6“ 

Tliree or morn fmelioiis or mixed uumbera 
lulded in a enhimit 

2k 

G DisNiinilnr fmetiuns... 3^ 

BH 

H Atinlysis of anewera ■'■irredueihlc... H 
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Grade V—Test XI 


Unit 0 / 

m 


A 

B 

C 


Pesaijiiion iff Skill or 


D 

E 

f 


G 

H 


Ability to read and write decimals and 
(i flftiTnH.1 mixed numbers; 

Thousandths. 

To change a common fraction to 

tenths.... 

To a common fraction to hun* 

dredths..... 


Change mixed number to fraction ., 1 . 
Ability to recognise and use the deci¬ 
mal forms of important fractions.. 


Ability 1 
Fraction, in words. 


Number of zeros necessary. 

ibllity to recognize differences in notsr 

tion of .. 


seren hundred thirty- 
two thousandths 
Write .623 in words 

Mo 

Moo 
.3 
1.36 



.1 tenths (1.3) 

.01 hundredths (6.32) 
.001 thousandth 
(9.124) 













m THE TEACHING Of ARITHMETIC 


Grade VI^Test X 


VnUol 

sm 

Dmiplim aj Skill or AUlili/ 

1 Sxamplc 

A 

Ability to cbanKO fmetiona to ])ercoDt8: 
Mixed numtten. 


B 

Dkjouot; 

BetCGntogeCasoII..... 

A suit is marked down 

C 

Ability to uiuloratand commiaeioti. 

from 136 torn Wbat 
percent is it marked 
down? 

Aboyactls 36 magazines 

D 

Froiit and 

Fereentnfie Qun I. 

at 26a. each and gets 
10% commission. What 
aommission does he 
make? 

Julm’s father bought a 

i 

B 

Feteeatage Cnao II. 

ear for $1360. He sold it 
later at a 25% loss. 
What was the loss in 
money? 

1 bought a suit for $60 

f 

Understaoditte intereet: i 

Casel.. 

and later sold it for $40. 
What percent of the cost 
is the selling price? 

Find interest for lyr. on 

G 

Using fractions of a year. 

$200 at 6%. 

Omo. on$100at6^%B 














INDEX 


Abstract vs, concrete numbers, 802- 
303, 410-420 

Abstract probleme, 466-457 
Accuracy, 167, 164; development 
. of, 112-117; in relation to speed, 
112-113 

ActivitieB ns. subjects in the 
course, 207 

Adding up and dom, 264-265 
Addition, 91, 04, 262-272; checks 
in, 325-326; cnitohes in, 77; 
of decimals, 383; of fractions, 
360-366; short cuts in, 330; 
through counting, 261 
Additive subtraction, 166,281-285; 

SeCj Austrian method 
Adjustment of subject-matter to 
pupil ability, 30-34 
Age of pupil in relation to profi¬ 
ciency, 166 _ 

Aimless teaching, 217 
Aims, in teaching, 3-19; in testing, 
141-142; and motivation, 84-85 
Algebra in arithmetic, 43-44 
Algebraic solutions in arithmeUc, 
466-468 

Algorism, 27, 79, 118-119, 332-333, 
363 

Aliquot parts, 407 
Analysis, reduction of, 118; iScc, 
Method of snalysia 
Answers to problems in text books, 
106 

Approximating answers, 144-145, 
323-324, 476 

Area, of oirole, 191-194 (See, CS> 
cle); of parallelogram, 419-420; 
of triangle, 421 

Assignment in limited time, 118; 

according to ability, 119 
Assignments, 217; See, Eecita- 
tdons; Homework;. Aim 


Austrian Method, of siibtmction, . 
281-286; of division, 318-319; 
Sea, Additive subtraction 
Authoritarian teaching. See, Ra¬ 
tionalization 
Averaging, 438 


Badanes, J. B, and Badanes, 6., 
481 

Ballard, F. B., 283 
Bar graphs, 431-434 
Beito, E. A., and Brueqkner, L. j,,' 
272, 488 . 

Bens, E. E., 29 
Bills, 426 

Bond theory, 93, 123, 238 
Bookkeeping, 426-428 
Borrowing in subtraction, 279-286 
Bridging ten’s, in addition, 269- . 

261; in subtraction, 276-277 . , ' 
Brooks, S.S., 76,488 ^ : 

Brown, J. 0., 484; and Goffman, 
L.D., 116,481 . ^ 

Brownell, W. A, 123,240,245,484 
BruBokner, L, J., ttl, 488; and ; 
Anderson, Banting, and Merton, 
492; and, Hawkinson, 489; and - 
Elwell,M:,.489 

Buckingham, B. R,, .11, 60, 265b 
267, 274, 284, 484; and MaoLat; 
chcy, 223; and Osbum, W.J„ 481 • 
Buckingham Scale for’Problems in. 

, Arithmetic, 172 

Buswell, G. T, 198,238, 268, 484;-;; 

and John, L, 489 
Buswell-Jobn Diagnostio Chart.' 
172,611-612 

' Business, applications of percent'., 
age, 401-408; fonns, 426-^.;; 
.fractions and percent equiva*-,; 
•lfflits,:899 ■■ '■ 
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INDEX 


faiuri. Florian, 481 
C»ni*pllttli(m, 366*368. 407-406 
Cnn’liwir#, «« Mturw of crrora, 
IM; Ikr, Kirotii 

Can>’iut(. in BiUtilian. S05-267,270- 
371; in division, SII-SIS, 313, 
321; in mniiiirilifttlion, 302; 
iisB. Ailtlilivp mihlniction 
Ciwe n, 28, 33, 60. 80 
CmtCB of pw'fintnj*', 399-403 
Ouiting out nine’!!, 32S, 327 
Checking of mmlU, 115-110, 285, 
823*327, 474-476 
Chcpke (Imnk), 427 
Chrietoffmon, H. 0„ 489 
Circle, 423-124 

Ckpp, F, h, 254-255. 203, 460 
Clerk, J. II., M»1 Vinrenl, U. I... 
461, 489 

Cleea nuuiegemont aa a fnclor in 
loarhiiig, 218-214 

Clevclautl Hiirvry Arillimetic 
Tcala, 171, 607-608 
Colftniin, If, D., 62 
Cellar, D. Jm 12. 158 
Collet’livo record of puriila' work, 
212 

Cotnbinfttionit in ntlJition, 2.52- 
259; in aiiblmclian, 274-276; 
In muItiplicBlion, 292-2W; in 
diviaion, 300-311, 320 
Commercial Arithmetic, 46, 67- 
60, 420-429; See, Vacationulieed 
arithmetic 

Cotamissiott and Brokemge, 403- 
406 

Common fractiona, 334-377 
Completion queationa, 143-141 
Complex fractions, 376-377 
Compound fractions, 370 
Consnt, L. L,, 481 
Concrete teaching, 120-130, 410- 
412,416-418, 401-463; See, Objcc- 
tivo aids 

Conferences ns aids in supervi¬ 
sion, 130-138 

Conflicts in learning, 67-71 
Content of eourscs of study, 14, 
28-20; iSes, Course of study 


Copying of figures, 116, 161-162 
CorrertivB teaching, in addition, 
269-271; in subtraction, 287- 
291; in muliplication, 306*307; 
in division, 326-322; iu addition 
of tractions, 367-i^, 369-360; 
in imiltiplicnlion of fractions, 
36,5; in division of fraotions, 
374; in decimal imtatiott, 382; 
in decimal compiilnllons, 392- 
394; in percenlage, 398-390; in 
denominate DUmhers, 414-115; in 
problem-solving, 440-441 
('ciiTcclinn of homework, 202 
CorrcrIncRs, duo to planning, 116; - 
nf alutfiiipiite, 116 
Correlation, among branches of 
arithmelic, 11, 42, 157, 168; due 
to it[itral plan, 64; nf iulclligcnce 
and proficiency, 60 
t'minlmg, 230-235, 239-241, 241- 
216 

Coiirso of study, 3-19, 23-46, 168* 
169 

Cdurt.S.U. A., 485 
Cmirlis, R. A., 112, 167, 169-170, 
402 

Cnurlifl Tests, 169-171, 497-503 
Crutches, 77-80, 266, 312-313 
Cube rnoi. 41 
Cubical rimtent, 421-423 
Cultural values, 10-17 


Dalton plan, 68, 157, 203 
Davies, G. H., 157 
Decimal fractions, 379-394 
Decomposition method of subtrao- 
tion, 280 

Deductive recitation, 186*194 
Definiteness in course of study, 23- 
26 

Definition of terms, 26, 80-82 
Denominate numbers, 39, 409-424 
Developmental teaching, 102-104 
Dingnostie testing, 116-117,138-139, 
177; in aildition, 200-271 1 in 
miblmclion, 287-291; in multi- 
plication, 306*307; In division, 



INDEX 


320-322; in addition of fractions, 
36T-358; in subtraction of frac¬ 
tions, 359-360; in mnltiplication 
of fractions, M5; in division of 
fractions, 374; in decimal nota¬ 
tion, 3S2; in decimal computa¬ 
tions, 392-394; in percentage, ] 
398-399; in denominate num- | 
bars, 414-41B; in problem-solv¬ 
ing, 440441; See, Errors 
Diagnostic teks, 164, 173-178 
Diagrammatic representation, 432, 
476477; /See, Graphs; Concrete¬ 
ness in teaching 
Dickey, John W., 486 
Differentiated assignments, 202 
Differentiated courses of study, 33, 
167 

Differentiated drill, 179, 217; See, 
Diagnostio testing 
Difficulties of the learner, 67-71 
Direct cases, 399403 
Distributed learning, 108 
Distribution, arrangement of sta¬ 
tistical, 437438 
Disciplinary values, 8-16 
Discount, 403 

Division, of whole numbers, 124, 
309-321;' concept of, 309, 322, 
369-370; checliig the process, 
327; by decimals, 85, 96-97, 386- 
M9; of fractions, 368-377; short 
cuts in, 331-332 
Drawing to scale, 418-419 
Dramatization, 404, 429; See, 
Games ^ „ 

Drill, 99-111, 161-162, 167; See, 
Habit 

Drushel, J. A., 388 


Eighty-one additive combinations, 
262-264 

Enriched course of study, 33, 38, 

53 , j r . 

Equal addition, method of, m 
subtraction, 279^ 

Errors, common, in addition, 269- 
. 271; in subtraction, 177-178,287- 


M9 

291; in multiplication, 306-307; 
in ffivision, 320-322; in copying 
of figures, 115; in addition of 
fractions, 367-368; in multiplica¬ 
tion of fractions, 366; in division 
of fractions, 374; in decimal no¬ 
tation, 382; in decimal compu¬ 
tations, 392-394; in percentage, 
398-399; in denominate num¬ 
bers, 414416; in problem-solv¬ 
ing, 440-441 

Errors due to speed, 113 
Examinations, 160; See, Tests 
Example vs. problem, 439-440 
Bye movement in column addi¬ 
tion, 263-265 
Eye strain, 140-161 


PactOM, 346-347 

Failure in arithmetic, causes of, 
68-71 

Fatigue, 68, 69 
Figure vs. number, 224-226 
First grade, 37, 6041,167,164 
Flexibility’of coutsbb of study, 29- 
34 

Foran, ,T. G., 486 
Foreign exchange, 41 
Formal recitations, 186-196 
Forty-five additive combinations, 
262-264 

Fraction, as division, 340-341; aa^ ,. 
ratio, 341-342 

Fraction concept, 335443 ^ 

Fractions, 39; .short cuts m, 332;. , 
See, Common fractions; Deci¬ 
mal fractions 

Frequency of error as measure of 
difficulty, 264 

Frequency of ocouitenoe as meas- ■, 
ure of importance, 28-29 
Functional vs. formal drill, 100 
Fundamental operations in de¬ 
nominate' numbers, 413414 . 


Games, 128-129,268-259 
Garrison and Garrison, 60, 
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INDEX 


Oemam! «». Bpecific «kilb, M. 

I6M$7j See, Bkills 
G«neraIi»ttioa, 187 
Oeom«try !n tJie elcmentAry 
etnirm, <^<45 
0«sl«U jpnychototcy, 13 
OltuH, J. M., SO 

Gmdation, 0148; in addition, 01- 
M) 203; in Addition of fnur- 
tiona, 3S0-351; of additive com- 
binatiotui, 2S4-2$0; in caotvlla- 
tioa, 366; in concept of fmctioa, 
337-341; in dccimAl notation, 
SeWSl; in diviaon of fmctione, 
370, 375; in multiplication of 
fractions, 36(1401; in mensura¬ 
tion, 400-410; in number, 330- 
341; in percentage, 396-308; in 
problems, 451-462; in spiral plan, 
63; in M.jhtriiietion of fractinns, 
352-353; in written division, 310- 
311, 313-314, 310; in written 
multiplicdtion, 300, 303405. 306; 
In Witten subtractian, 275, 278 
Grading, of pupils, 180; of the 
muitipbeation combinations, 
203-306 

Qiaphs, 403-408 

Graphic method of problem-solv¬ 
ing, 401-463 
Gray, Olivo, 76 

Qreateat common divisor, 344 
Green, J. A., 150 

Greene, C. B., and Buswell, G. T, 
485 

Group teaching, 163-164, 218 


Habit, as related to ration¬ 
alisation, 123; of planning solu¬ 
tion, 116; of self-correction, 140; 
in relation to accuracy, 114; in 
relation to speed, 118 
Habituation, 00-111; in relation to 
rationalisation, 125-128 
Hall, G. Stanley, 2^ 

Hamilton, E. H., 447 
Haynes, J. P., 486 
Heilman and Shullis, 255 


He^rlian recitation, Sm, Induo-l 
live recilation J 

H^otl, M. E., 486 
Higher-decade addition, 250-261 fl 
nillegas, M, H., 481 
History of standaniised tests int 
arithmetic, 165-173 i 

Homework, 200-205; in relation to ^ 
proScieney, 107 

Homogeneous grouping of pupilsj ^ 


Howell, H. B., $30, 241, 451, 482 “ 
Hypothntiral problems, 446 
Hygiene of arithmetic, 149-161 


Hlustrativc aids, 100; See, Con--, 
Crete leaching; Objective aids 
Imagery utirretl by number, 16-17 
Iinmneulato. SisU-r M., 480 
Incidental teaching of arithmetic, 
6042, 157, 335-337 
Incomplete problems. 454 ->•' 

Indicating solutions, 146 
Indii'iment of aidiool gniduates, 07 
Indirect (-.aseH, 40, 69, 86,306-401; 

See, Case II; Case III 
IndividiiHl differences. 30, 33, 38- 
37, 110, 124-125. 180, 310; See, i 
Group teaching . ■ 

Indivirliml diagjiosis, 177 
Individual records of progress, 146 
Inductive recitation, 186-193 
IndiiHtrialiicd aritlimelic, 40; See, 
Vonalionalized arilhraelio; Com¬ 
mercial arithmetic 
Lifomial teaching of arithmetic, 
00-62 

Informal tests, 140-144 
Instinctive demand for number 
experiences, 14, 84-00 
Insurance, 403-405 
Intelligence in relation to proE- 
ciency in problem-solving, 440 
Interest, 403-408 
Interests in arithmetic, 14, 34-00 
Intervisitation, 138 
Introduction of arlthmetie—whwi, , 
60-61 
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irelevant material in problems,. I JjSSnd! 


214 

Inventory teats, 138-139 
Inverse ratios in multiplication and 
division of fractions, 364-305 
Inversion of divisor, M9-370, 874 
Invoice, 426 


lessup, W. A., 62 
lohn, L„ 489 

Judd, C. H, 69, 74,171, 242, 
Junior high school, 42,68 


kindergarten, arithmetic in, 62 
rnight, F. B., 264, 271, 287-290, 
376, 485, 489 

Knight, F. B., and Behrens, M. S. 
490 

Kramer, Grace A., 490 


.abeUng, 76-77i as a type of test 
question, 144 a, 

,adder plan in, courses of stuuy, 

47-49 

language in arithmetic, 73-82, 402- 
404,447-491 . 

jaws of fractions, 348-349; Ses? 

Fraction concept 
Lasar, May, 490 
[issarette, M. B., 490 , . 

beast common denominator by m- 
spection, 347-348 
Legibility of figures, 114 
Lesson aims, 3 
Lesson patterns, 186-208 
Lennes, N. J., 482, 492 
Lide, Edwin B,, 486 _ 

Limitation of time for assignment, 

118 

Lindquist, T., 482 
Line graphs, 434^ ' 

Longitude and time. 41 
Long vs. short division, 314-316 
Lutes and Samuelson, 4?0, 


Moujeuan anu " 

McClelland, W. H„ 2K 
McFarland, B. B., ^ 

MoMurry, 0. A,, 482 

Matching— questions, 144 
Maximum courses, 30. 

Measurement in leammg number. 
230-236 

I Measurements, 409-424 
I Mensuration, 409-424 
• Messick, A. I., 113 . . ,, , 

' Method of analysis in. problem- 
solving, 463-467 . , , 

Method of teaching as factor in ,, 

pupil 

Metric system, 41, 414416 
Metropolitan Achievement Test,, 

Mi^mum courses, 30, 34-36 
Mitchell, Claude, 400 
I Mitchell, H. E.. 29 
Mixed vs. isolated (lnU,-iUD 
Model lesBOM, 138 ^ 

Monitorial aid, 156. 213 214 

Monroe, W.S., 1 2-113, 388, 448, 

449, 486; and Olaih, 400 
Monroe Diagnostic Tests in Arith¬ 
metic, 172, 608410 . ,, ' 

Monroe General Survey Anthme-.. 

Monroe .Eeasoninf:; 

Test, 172 _ 

KriSoi^6B-169, 104-165;- 

Morton K. u, ’ , 51 ,. jj, 

Motivation, 16, 84-90,120, , 

drill, 106 ISC 

Multiple-choice l^estioM. 143 
Multiple-sense appeal, 167, . 

checking the process,, 
cinc^t ofl 209. 296-296, 
297 - of -fractions, 360^; M 

decimals, 205-206. 383-386: short 

cutsin,3M4M ,, 

Myers, G. p., 44 a, aiw ^ 
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Nenk)]], I^n, 410 
Kewcamb, R, 482 
NewlaiKl, T. IS., 490 
New t.vjx! 143«!40 
Nifraeckw, E. A, 4»7 
Noiem amt KniKbl, 203. 400 
Norm i *. SUn*iar»l, 170 
NoUtinn of whole THimbriy, 245* 
M| (.“Srr, SiimlKT rnnrptit); of 
decimal frerliaim, 370483 
Koten, 428 

NumW, and rhyihtn, 225-330; loi 
wilio, 238-335; na jtt'ttw fact, 
2^330; ua symljol, 32 - 1 ; njiiMpt 
of, 223-349; i>m. fiRorp, 224-2®} 


ObjecticB Birla. 126-1.30. 157. 410- 
416-418; for drill. 103-IOi 

ObjMlivo-lypp 143;.I40 

Objeclivily jn trttt*. 1B2 
Objpctivfa. of twito. 140; in (entih- 
ing ftrilhmplir, 3-19 
“Of" form in miiHitdiPAlinn of 
fmrtmna, 383 

Olander, H. T., 401; nml Plmrm 
E. T.. 491 ' 

Ominiona from conrao of aludv. 
aWI, 410 

One hunrirrd miditivr ('oriibina- 
tions, a52>S54 
OmI Brilhmetir, 209-211 
OntaninLlion of coiiratia of Htudy, 
47-04 

Origin of number conorpt. 224-235 
Oshum. W.J„383.440,482. 492 
O^nra'aWiaconsin Invenlory Test 
m Arithraetie, 172 
Otis Arithmetic Reasoning Teat, 

IfH 

Outcomes of teaching arithmetic, 
3-19 

Overman, J. R., 482,401 


Paper for textbooks, ISl 
Partition, 310 
Partridge, 0. M, 70 
Percentage, 40, 306-408 
Personal accounts, 427 


Pewonal grov^i as motivation, lOl 
rcwnal opinion, in measurement *' 
160; m ncIccliDg aibjeet-malter! ^ 
6; in aetling norma, 164 ; 

Pratalloasi, 334-22S 
Phrliia, C. L., 112 ; 

Picture graphs, 431 ' J 

Plaring of figures to promote ao- 5 

™«nry, 114 « 

Poat-olficp arithmetic, 427 i 

Pnwrticai value of arithmetic, 8-8 
PrarUic msleriul. 200; See, Drfll i 
Practice problems, 462 "i 

I^rcparatory value of arithmetic, 

• 7“18 

Preschool knnwiwige of Humber. ^ 
223-224, 335 

L. a. and Elam, M. K,. 


Primitive number experience, 14 
Problema, defined, 40. 439-440; 
methckl of leaching, 204-206; in 
linrri'iUngr, 300-403; solved by * 
grnplm, 436-437; teaching how to 
solve, 439-178 

Profii-iciiry of school graduates In 
nrilhiiielic, 67-70 
Profit and loan, 40.3 
Project tencliing, 206-208, 4S0 
Proportion, 40, 469-‘171 
Pniviiig calculations, 323-327 
Psychological conception of num¬ 
ber. 227-233 

Pupil-mndo problems, 466-466 
Pu**lo iutcrest in arithmetic. 16 


Quuntittttive napeot of experience, 
Quotition, 310 

Rato of work in arithmetic, 117- 
121; See, Speed; Accuracy 
Ratio, 468472 

Ratio Riiulysis, 220, 464; in multi¬ 
plication (lombimitions, 207; in 
short cuts, 327-320; In cancella¬ 
tion, 308; in multiplication of 
fraction, 364 
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Ratio and proportion, 469-471 
Ratio conception, of number, 226- 
236; of fraction, 341-342 
Rationalisation, 121-120, 105, 238- 
239; in addition, 267; in subtrac¬ 
tion, 279-286; in multiplication, 
301, 303-305; in division, 311- 
312, 813; in fraction. concept, 
337-341; in reduction of frao- 
tions, 342-349; in multiplication 
of fractions, 302-363; in cancel¬ 
lation, 366-367; in division of 
fractions, 370-376; in decimal 
notation, 379-380; in decimal 
computation, 386-388; in busi¬ 
ness practices, 404-406, 429 
Reaction time ae a measure of dif¬ 
ficulty, 254 

Reading ability in relation to efii- 
ciency in arithmetic, 158 
Rechnenmeiater’s guild, 224 
Reduction of fractions, 342-349; 
to equivalents in subtraction, 
280; to common denominators, 
347-349, 353-366, 370; to lowest 
terms, 189-190; to decimal 
fractions, 389-391 
Reliability of tests, 163 
Remedial drills, 164; See, Individ¬ 
ual differences; Diagnostio test- 
ihg • 

Remedial teaching, of addition, 
269^271; of subtraction, 287-291; 
of multiplication, 306-307; of di¬ 
vision, 320-322; of addition of 
fractions, 357-358; of subtraction 
. ,, of ^fractions, 359^0; of mulM- 
; plication of fractions, 365;. of 
divirion of fractions, 374; of 
' decimal notation, 382; of deoi- 
■ mal computations, 392-394; of 
percentage; 398-399; of denomi¬ 
nate numbers, 414-415; of prob¬ 
lem-solving, 440-441 
Renwick, E. M., 487 
Repetitions in drill, 107-108 
Review,, and drill recitation, 196; 

incidental in spiral plan, 63, 64 
Rhythmic sense of number, 14-15 


Rice, J. M„ 67,166-167 
Rice Teats, 166-167, 493-494 
Roantree, W. F., and Taylor, M. 
S., 482 

Roman numbers, 248-240 
Ruch, Q, M,, 482, 491; and Mead, 
C. D., 487; and Knight and 
Lutes, 487; and Enight and 
. Studebaker, 402 


Sangren-Reidy Instructional Tests, 
172, 613-616 

Schorling, Raleigh, 334; and Over¬ 
man and Shriner, 482 
Scott, C. A., 166 
Self-checking, 148-149 
Self-improvement as motivation, 
87-88 , 

Sense appeal in drill, 104 
Short outs, 16, 118, 218, 327-333, 
417 

Short va. long division, 314-316 
Simplification of courses of study, 
30-41; See, Elimination from 
courses of study. 

Six per cent method, 406-407 
Sise of class in relation to intmo- 
tional results, 147-148,166 
Smith and Reeve, 483 . 

Smith, D. E., 316, 482, 487 
Smith, J. H., 264 

Social studies in arithmetic, 442- 
444,453 . _ 

Social values of arithmetic, 3-8,-; 
86 -86, 187, 218 

Solution by formula or rule, 472r 

in ; ; 

Sources of problem material, 449- 
460, 463 

Speer, W. M., 483 
Square root, 41 
Spacbg in typography, 161 
Specific t)s. general skills, 10, 2i' 
93,165 - ^ ' 

Speed, 117-121, 167, 164; See. Ac ■ 
curacy » » ■ , 

I Spiral course of study, 47^7 
I Stamper, A. W., ^ * 
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Staatlftnl of ptipil achievement, 

m 

Stimiiatd teata, IfKKlSl 
BUndatd vt. norm, 170 
Standarrlitation of teaU, 102 
Stanford Achievement Teat, 172* 

m 

Starch, Daniel, 11 
Statirtica, teaching of, 430-438 
Stevene, B. A., 481 
Stevenson, P. R., 73, 440 
Stevenson's Arithmetic Reasoning 
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